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Analisi funzionale. — On boundary conditions and fixed points 
fo r  rj-nonexpansive multivalued mappings Nota di Rspedito 
de Pascale e Renato G uzzardi, presentata (**> dal Socio G. S ansone.

R iassunto. Si dimostra un teorema di punto fisso per mappe multivoche a—non­
espansive con condizioni sulla frontiera che generalizzano la ben nota condizione al contorno 
di Leray-Schauder.

i. I n tr o d u c tio n

The m ain purpose of this paper is to prove th a t a a-nonexpansive upper- 
semicontinuous m ultivalued m a p / :  B - o X ,  where X is a Banach space and 
B =  B (o , r) =  { x  e X : || x  || <  r  }, has a fixed point if the following three 
conditions hold:

i) f  (pc) is convex for every x  € B.

ii) if \ x  e f  (x) for some x  6 9B, then there exists ß <  1 such that 
fix e f  (x) (condition G).

hi) (I ■—f )  (B) is closed.

W e shall em ploy the following three m ain theorems.

T h e o re m  A  (L. V ietoris [i]). Let /  : X Y be a continuous map such 
that f  (X) — Y and f ~ x(y) is acyclic fo r  every y e  Y. I f  X  and  Y are compact 
metric spaces then /*  : H* (X) -> H* (Y) is an isomorphism .

^We rem ark th a t Theorem  A  can be form ulated in a more general setting. 
However the statem ent we have adopted is sufficient for our purposes.

T h e o re m  B (J. D ugundji [2]). A n y  convex subset of a locally convex 
metrizable linear space is an absolute retract.

T h e o re m  C (S. Eilenberg and D. M ontgom ery [3]). Let X  be a compact, 
acyclic absolute neighborhood retract and f  : X—o X an up per semi continuous 
multivalued map. Assume that f  (x) is acyclic fo r  every x  € X. Then f  has a 
fixed  point.

As particu lar cases of our theorem  we obtain several well know n fixed 
point theorem s for m ultivalued and singlevalued m aps.

(*) Work performed under the auspices of «Consiglio Nazionale delle Ricerche» and 
of « Istituto per lo sviluppo delle attività e delle ricerche scientifiche in Calabria ».

(**) Nella seduta dell’8 marzo 1975.
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2. N o ta tio n s  a n d  d e f in it io n s

2.1 M ultivalued maps.

W e recall th a t a m ultivalued m ap /  of a set X into a set Y is a triple 
(G , X , Y), where G, the graph  of / ,  is a subset of X x  Y such th a t f i x )  =
— { y  e Y : (# , y) e G } is nonem pty for each x  e X .  / ( X )  =  U { / ( ^ ) : ^ 6 X }  
is the range of / ,  while X is its dom ain.

W e shall use the sym bol /  : X — o Y to indicate a m ultivalued m ap 
and / : X - >  Y for the single-valued maps. If  A C X  and B C Y  then 
/ ( A )  =  U { /(* )-: *  € A  } while /+  (B) =  { x  e X : / ( # )  C B } and f ~  (B) =
— { x  € X : /  (a-) O B  4 = 9 } . I f  /  : X -> Y we have / + (B) =  f ~  (B) — f ~ x (B).

Let X and Y be topological spaces and / :  X — oY. W e say th a t / i s  upper- 
semicontinuous at x 0 € X if for any open set O containing /  (x0) there exists 
a neighborhood U  of x 0 such th a t x  e\J  (x0) implies f  (pc) C O . If  /  is upper- 
sem icontinuous at each point x  e X  and f  (pc) is com pact for every x  6 X 
then f  is said to be uppersem icontinuous on X.

T he following conditions are equivalent to uppersem icontinuity on X:

a) For any  open set O C Y ,  the  set / + (O) is open;
b) For any closed set C C Y, /" ( C )  is closed.

W e say th a t a m ultivalued m ap / :  X —-o Y is proper if for any com pact 
set K contained in Y ,/~ (K )  is compact. It is easy to see that a proper upper­
semicontinuous m ultivalued m ap is closed. A  fixed point of a m ultivalued 
m ap / :  X —o X is a point x  € X such th a t x  ^ f  (pc).

2.2 Kuratowski measure o f noncompactness.

L et X bç a m etric space. F or any bounded set A C X  we define a (A) 
(C. Kuratow ski [7]) as the infimum of all r  >  o such th a t A  can be covered 
by a finite num ber of subsets with diam eter less than  r. Let us recall here 
some properties of this num ber, called “ measure of noncompactness

a) oc (A) — o if and only if A  is precompact. If  X is a Banach space;
b) a (co A) =  a (A) where co A  indicates the closure of the convex 

hull of A; *
c) a (A +  B) <  a (A) +  a (B) where A  +  B — { x  y  : x  e A  and 

X e B };
d) For every positive real num ber t , a (/A) =  toe (A) where tA  — 

=  { tx  : x  € A  }.

Let / :  X —'O Y be an uppersem icontinuous map. The m ap /  is said to 
be a-Lipschitz with constant K  >  o, if for any bounded set A  C X

a (/(A )) <  Ka (A) .
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I f  K  <  i, then /  is called «-contraction; if K =  1, th e n /  is called a-nonex- 
pansive. I f  for any  bounded subset A  C X such th a t « (A) =j= o, we have 
a ( /(A ))  <  a (A), then /  is called condensing. The class of condensing m aps 
is wider than  the class of a-contractions as shown by Furi-Vignoli [4].

T he m ap /  is said to be completely continuous if  it sends bounded sets 
into precom pact sets.

2.3. Homology, A R  and  A N R  spaces.

L e t^ ” be the category of topological sp aces ,.^  be the category of graded 
vector spaces over a field F. By I / .  (X), where X e T ,  we denote the K -th 
Vietoris hom ology vector space associated to X and by H* (X) the graded 
vector space associated to X. Given a continuous m a p / :  X —> Y we denote 
by  /*  : H* (X) -> H* (Y) the induced hom om orphism.

A  nonem pty topological space X is said to the be acyclic if H ; (X) =  o 
for i~ j= o and H 0 (X) ~  F.

A  nonem pty topological space is said to be an absolute retract if for 
each hom eom orphism  h m apping X onto a closed subset of a m etric space Y, 
the set h (X) is a re tract of Y. Similarly, a space X is said to be an absolute 
neighborhood retract, provided th a t for each hom eom orphism  h m apping X 
onto a closed subset of a metric space Y , h (X) is a neighborhood retract 
in Y.

2.4. Further notations.

In  w hat follows, unless otherwise stated, X will stand for a Banach 
Space, B (o , r) =  {x e X : || a? || <  r} , B =  {x  e X : || *  || <  r} , dB =  B \ B  and 
■II : X -> B (o , r) will be the radial retraction of X onto B (o , r).

W e shall say that a m ap /  : B (o , r) — o X satisfies condition “ P ” if 
" \ x  e / ( . r )  for some *  e 3B implies X <  1 ” and we shall say  th a t /  satisfies 
the weaker boundary condition “ G ” if “ \ x  e /(Y ) for some x  e dB implies 
that there exists ß <  1 such th a t ßx (x) ” .

In  the following I denotes the identity  map.

3. Results

Lemma 3.1 (Martelli [8]). Let / :  B (o , r) •—o X be a condensing map 
with convex values.

Then II ° /  (x) is acyclic fo r  every x  6 B (o , r).

Proof. Since /  (pc) is com pact and II is continuous, II ° f (x)  is compact. 
I t is easy to see th a t II (^0 is acyclic for every y  € II ° /  (x). A pplying 
theorem  A  we obtain tha t

n* : H* .(/ (*)) H* (n o f (*)) 

is an isomorphism. Since f  (x) is convex, II «/  (x) is acyclic.
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LEMMA 3.2 (Kuratowski [7]). Let X a complete metric space and let 
Ai D A» D ■ ■ • be a decreasing sequence of nonempty closed subsets o f Pi. Assume 
that a (An) converges to o. Then A „ =  n  A„ is nonempty and compact.

»gN
Lem m a 3.3. The radial retraction is v~-nonexpansive.

Proof.^ Let A  be a bounded subset of X. Then Il (A) G eo (A U {0}). 
Since a (co (A U {0})) =  a (A), it follows th a t a (IÎ (A)) <  a (A).

T h e o re m  3.1. Let f :  B o E  be an QL-contraction with convex values. 
Let us assume that f  satisfies the boundary condition “ G Then f  has a 
fixed  point.

Proof. Since II is a-nonexpansive, I i ° f : B —o B is ana-con trac tion . 
M oreover by  Lem m a 3.1, II { f i x ) )  is acyclic for every x  6 B.

W e define inductively a sequence of sets : B0 =  B , Bn+1 =  co n<>/(Bn) 
for every n e N. It is easily seen th a t B^D Bn+1 for every n € N and a (Bn) -> o 
as n -> 00.

Let us put Bqo =  O Bn. Then, because of Lem m a 3.2, one has th a t Boo
n e N

is nonem pty and compact. Since. Il «/(B«,) CB«,, because of theorem  B and 
theorem  C, II of  has a fixed point in Boo- Let x  € B such th a t x  e U  { f (x) )  =  
=  ( / O )  n  B) u  n  ( f ( x ) \ B ) .

If  I! x \ \ < r  then x  e f  (x) n  B. T hus x € f ( x )  and the statem ent is proved. 
Suppose II x  II — r. W e have x  € II ( f  (x)f f iB).  It follows th a t there exists 
X >  I such th a t \ x  € / (# ) .  Because of condition u G n there exists ß <  1 
such th a t $ x € f ( x ) .  By the convexity of f i x ) ,  we have th a t the segment 
joining Xx w ith $x is entirely contained in f ( x ) ,  thus x  t f ( x ) .

Now let us tu rn  to the m ain result.

T h e o re m  3.2. Let f :  B o  E  be an &~nonexpansive map with convex 
values, such that (I — / )  (B) is closed. Let us assume that f  satisfies condition G. 
Then f  has fixed  point.

Proof. For each ^ € N  let us consider the m ap f n : B — o E defined by 
/»  (*) =  -— - / ( * ) .  W e have:

a ( f n (A)) =  a ( - - / ( A ) )  =  a ( / (A)) <  a (A) <  a  (A) .

This implies th a t f n is a a-contraction with constant — - — . Furtherm ore 
fn  satisfies condition G. In  fact n + i

\ x  e / n (x) and ^  e aB => - nJrf X x  e f  (x) e A  e 3B => 3ß <  i :

$x e f ( x ) =» f f -  x  e f n (x) w ith <  i .

By Theorem ' 3.1 there exists an element xn 6 B such th a t xn e f n (xn). Consequ- 
ently xn , _ xn € ( I —■/) (B) and since xn s bounded and —^------> i,

n r  1 n -f- I
as n > 00 we have o € ( I — / )  (B) and the statem ent follows.

21. — RENDICONTI 1975, Voi. LVIII, fase. 3.
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Remark 3.1. A  careful inspection and suitable modifications of our 
proofs of Theorem s 3.1 and 3.2 show th a t they hold also when /  is acyclic­
valued and the condition “ G ” is replaced by the condition “ \ x  e f  (x) 
and x  € 3B implies f i x )  convex and there exists ß <  1 such th a t ßx € f ( x )  ” .

Remark 3.2. Theorem s 3.1 and 3.2 fail to be valid if one replaces the 
assum ption “f i x )  convex for every ^ e B ” with the assum ption “f i x )  
acyclic for every ^ e B ” . This is easily seen from the following simple 
counterexam ple, where f ( x )  is contractible for every j 6 B .  Let us consider 
B (o , r) in R 2-plane and the constant m ultivalued m ap f  : B — o R 2 defined 
by  f i x )  — where F is the locus of points of R2 satysfiyng the equations

p = r &  Ü < & < 2 n + J L
i 2 2

in the standard  polar coordinates. Clearly the m ap /  is a completely 
continuous m ap, th a t satisfies condition “ G ” and does not have fixed points. 
B ut the m ap f  fails to be convex valued.

Remark 3.3. A  subset A  of a Banach space X is said to be star-shaped 
if there exists y  € A  such th a t the line segment joning y  with every point 
of A  is entirely  contained in A.

W e m ay leave open the following question: do Theorem  3.1 and 3.2 
hold if the assum ption “f i x )  convex for every x  € B ” is replaced by 
“f ( x )  star-shaped for every x  € B ” ?

It is known th a t if /  is a single-valued condensing m ap then I —  f  is 
closed. W e generalize and extend this result to the context of condensing 
m ultivalued maps.

PROPOSITION 3.1. Let E  be a closed bounded subset of a Banach space X 
and f  : E —o X be a condensing map. Then I — f  is proper.

Proof. Let K C E  be compact and set A  =  ( I — f)~  (K). Since I*—/  
is upper semicontinuous, A  is closed in E. We also have A C K + / ( A ) .

Let us suppose th a t a (A) >  o.
T hen a (A) <  a (K) +  a ( / (A ) )  <  a (A) which is impossible.
Hence a (A) =  o and A  is compact.

C o r o l l a r y  3.1 (M artelli [8]). Let f :  B —o X be a condensing map with 
convex values. Let us assume that f  satisfies condition P. Then f  has a 
fixed  point.

Proof. Follows from  Proposition 3.1.

COROLLARY 3.2 (A. G ranas [5]). Let / : B ( o , r ) —-o X be an tip per semi­
continuous map with closed and convex values. Let us assume that f  is compact 
and f i x )  C B (o , r) fo r  every x  € dB. Then f  has a fixed  point.

Theorem  2 contains also, as a particular case, the well known result 
of Röthe [10]. It contains also several other theorem s which would be too 
long to m ention here. As examples we will give only the following two.
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C o r o l l a r y  3.3 (M. Krasnoselskij [6]). Let / : B ( o , r ) - > H  be a 
continuous compact mapi where H is a Hilbert space. I f  fo r  every x  € aB

(/« >*)<  IMP,
then f  has a fixed  point.

COROLLARY 3.4 (W. V. Petryshyn [9]). Let f  : B (o , r) -> X be a condens­
ing map which satisfies condition P. Then f  has a fixed  point.

R e f e r e n c e s

[1] E. G. Begle (1950) -  The Vietoris mapping theorem for bicompact spaces, «An. of 
Math. », 81, 534-543.

[2] J. D ugundij (1951) -  A n extension o f Tietz's theorem, « Pac. Jour, of Math.», I,  

353- 367.
[3] S. E ilenberg and D. Montgomery (1946) — Fixed point theorems for multivalued tran­

sformations, «Am. Jour, of Math.», 68, 214-222.
[4] M. Furi and A. V ignoli (1969) -  Fixed points for densify  ing mappings, « Rend. Accad. 

Naz. dei Lincei -  Classe di Scienze fisiche, mat. e naturali », 47, 465-467.
[5] A. Granas (1950) -  Theorem on antipodes and theorems of fixed points for a certain class 

of multivalued mappings in Banach spaces, « Bull. Ac. Pol. Sei. Ser. des sci. math. astr. 
et phys. », 7 (5), 271-275.

[6] M. Krasnosel’SKIJ (1951 ) — New existence theorems for solutions of monlinear integral 
equations, « Dokl. Acad. Nauk. SSSR », 88, 949-952.

[7] C. KURATOWSKI (1958) -  Topologie, «Monografie Matematyczne », 20, Warszawa.
[8] M. M a r te l l i  ( 1973) -  Some results concerning multivalued mappings defined in Banach 

spaces, « Rend. Accad. Naz. dei Lincei -  Classe di Scienze fis. mat. e nat.», 54, 865-871.
[9] W. V. Petryshyn (1971) -  Structure of the fixed point set of K -s et contractions, «Archiv. 

Rat. Mech. Anal. », 40 (4), 312-328.
[10] E. RÖTHE (1937) -  Zur théorie der topologischen Ordnung und der Vektorfelder in Banach 

sehen Raumen, «Comp. Math.», 8, 177-197.


