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Fisica matematica. —  On the Eigenvalues of the Bounded Harmonic 
Oscillator(,). Nota di V alter F ranceschini, S andro G raffi e 
Sergio L evoni, p resen ta ta^  dal Corrisp. G. F ichera.

R iassunto. — Il metodo degli invarianti ortogonali di Fichera viene applicato al 
problem a di autovalori per l’equazione di Schrôdinger per l’oscillatore armonico lim itato 
in meccanica quantistica. In  ta l modo viene ottenuto un procedimento per l ’approssimazione 
di ogni autovalore che conferma in  modo rigoroso, e m igliora num ericam ente, precedenti 
calcoli compiuti da altri A utori usando differenti metodi.

i. Introduction

This paper deals with a rigorous treatment of the computation of the 
eigenvalues of the quantum mechanical system known as bounded harmonic 
oscillator. By this we mean a harmonic oscillator placed in the center of an 
infinitely high potential well of length L , o <  L < 0 0 . The Hamiltonian 
of such a system reads:

(1.1) H = A | J _ w a 2 ^ | V WX 7 2 ^ 2  V '

where m is the mass of the oscillator and to its frequency, and:

( o , \ z  I <  —-
(1.2) V(S) =

I 00 , \z  I >  —  •

Putting:
/ v /  mm \i/2 . 2 E 7 /  mtù \  1/2 T
h -3) * =  b r )  * - x =  ’ /  =  h r )  L ’

the Schrôdinger equation leads to the following Sturm-Liouville problem:

C m ) . (— £ 2 -  +  * 2) 4* (x ) =  (?)  . <1» (— - )  =  4» ( ^ - )  =  0  •

Such a problem, although very simple, is not exactly solvable: whence the 
necessity of approximate computations, already performed by several Authors, 
[ï], [2], [3], [4], [5], [6], in view of the importance of the present system 
in an astrophysical problem, [1], and also in various problems of theoretical 
physics, such as the magnetic properties of metallic solids and the anhar- 
monic effects in crystal solids.

(*) This work was supported by the “ Gruppo Nazionale per la Fisica M atem atica del 
C.N.R. ” .

(**) Nella seduta dell’8 febbraio 1975.

.15 — RENDICONTI 1975, Vol. LVIII, faSc. 2.
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The approximate methods so far employed (perturbation theory, [3], 
WKB methods, [5], [6], approximate solutions of differential equations, [1], 
[2], [4], [5], [6]), although numerically effective, are not completely satis
factory from a rigorous standpoint. Therefore in this paper the problem is 
treated in the light of the methods for rigorously computing the eigenvalues 
of differential operators: for any eigenvalue we will compute a non-increas
ing sequence of upper bounds together with a non-decreasing one of lower 
bounds. Both sequences, in addition, do converge to the exact eigenvalue. 
The upper bounds sequence is given, as usual, by the standard Rayleigh- 
Ritz method. The much more delicate problem of computing the lower 
bounds sequence is solved through an application of the recent, and already 
classical, orthogonal invariants method of Fichera [7], [8], [9]. The
numerical analysis, as it will clearly appear later on, essentially confirms 
the numerical results so far obtained through the other methods and in 
addition shows that the present computation is not only rigorous but also 
the most effective numerically so far performed.

In the next section we treat the application of the Rayleigh-Ritz method 
and of the Fichera one to the problem under discussion, and in section 3 
the numerical results are presented and discussed.

2. Approximation of the eigenvalues

As already mentioned, our purpose is to compute the eigenvalues X*, 
k  =  o , I ,• • - , of the following Sturm-Liou ville problem:

(2.1) <]/' (x) +  (X — **) <K*) =  O 

with the boundary conditions:

(2 .2 )  1 * (— 4 )  = + ( 4 )  =  ° •

Let H be the Hilbert space L2 (— //2 , //2). As it is well known, the regular 
Sturnq-Liouville problem (2.i)-(2.2) can be realized as a strictly positive self- 
adjoint operator in H, with spectrum consisting only of simple eigenvalues. 
If we indicate with A such operator, our eigenvalue problem can be rewritten 
in thé more abstract form:

(2.3) A^ =  X̂  , ^ eD (A )

where D (A) is the domain of the operator A.
Let us begin our considerations on the eigenvalues by remarking that the 

subspja.ce L+(— l \2  , t\2 ) and L!_(— l\2 , //2) reduce the operator A. Here 
L+(— //2 , //2) is the subspace of L2 (—■ //2 , //2) formed by the functions 
even with respect to x =  o, and L!_(— //2 , //2) is the subspace formed by 
the functions odd with respect to x =  o. This follows from the fact that
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the projection operator P+ onto L+(— 1/2 , Ij'z) commutes with A, as it is 
easy to see, and the same is true for P_, projection operator onto 
L _(— 1 1 2 , 1/2 ). Hence the eigenvalue problem (2.3) separates out in the 
following two problems:

(2.4) A<J; =  X<j/ , ij/eD  (A)+ ; A^ =  Xip , i)/tD  (A)_

where in the first equation A is intended as its part in L+(— 1/2 , 1/2) 
and D (A)+ =  P+ D (A), and in the second one is intended as its part in 
L p — //2 , //2), and D (A)_ =  P_ D (A). The first equation yields of course 
the even eigenvalues, Xo,X2,---,  and the second one the odd ones, 
Tu , X3 , • • • As repeatedly emphasized, for any eigenvalue we will give a 
non-decreasing sequence of lower bounds and a non-increasing one of upper 
bounds, both converging to the eigenvalue.

As usual, the upper bounds are obtained through the classical Rayleigh- 
Ritz method, [10], which we proceed now to apply to our case. According 
to the standard procedure, we have to compute the eigenvalues of the follow
ing N x N  real and symmetric matrix:

(2-5) =  (cp,- , A<p̂ ),-î =0,i,---,n-i »

<Po > 9 i . ’ ' '. ? n- i being N orthonormal vectors belonging to D (A). It is well 
known that the eigenvalues XÌN), k  =  o , 1 , • • •, N — 1 of (2.5) are upper 
bounds for the first N eigenvalues of A, and that the sequence x f0 is non
increasing: xf> >  x f +1) for any k. In addition, if the system {A<p*}|L0, 
is complete in H, one has, on the basis of our hypothesis on A:

(2-6) lim XÌN) =  X* , k  =  o , I , 2 , • • • .
N->oo

In our case, let us first consider the eigenvalue problem in L+(— //2 , //2), 
i.e. the even eigenvalues of A. Introduce the following complete orthonormal 
system in L+(—■ //2 , //2):

(2-7 ) {9«} =  ( ] / ^ co siiA T i l

We have of cöurse 9̂  e D (A)+ for any h , so that the corresponding Rayleigh- 
Ritz matrix is given by:

1/2

(2.8) Kf)k =  (9*, A9^) =
(2  i +  I) 7Tcos ----- . 7 ^ (2 £+1)7r ,

COS -------J ~ ~  x  «

-//2
One obtains easily:

(2 .9 ) A +t =

I ( _  1y + i J l _ \ ___I
P  ; 2712 L (z —

/2 (2 k +  I)2 7T2
12 +  /2

-k)* (i +  k +  I)2J ’ 

/2

i  =)= k

i  , k =  O , I , 2  , • • •

2 7T2 {2 k +  I)2 , Ì =  k
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Since, as it is well known, [1], the system {Acp̂ } is complete in 
L+(—■ //2 , //2), we have:

(2.10) lim xf> =  \ 2k , ^ =  o , i , 2 , - - - .
N —>oo

Here XÌN), k =  o , 1 , • • - , N —■ 1, are the eigenvalues of the matrix , 
i , k =  o , I , • • •, N — I.

In a completely analogous way, choosing in L!_ (—-//2 , //2) the ortho
normal complete set given by:

(2.11)

and putting:

(2.12) A i ik

{? h] =  { ) /  \  sin 2 xj h =

II2

r j  7 l )* * { - & * + x*) sin
-112

we get:

(2-!3 )

i , k =  O , I , 
we have:

(2.14)

A, ̂  —
v ' 271:2 [ ( i - /è)2- (z +  /è 

/2
6 +  2)*] ’

/2 4 ( i+ l ) 27r2
12 +  /2 8 (/è + 1)2 TC2 ’

/  =j= >è 

i =  k

Here again, since {Acp̂ } is complete in ~L2_ (— //2 , //2),

lim XÌN) =  X2i _ i , k =  ó  , I , 2
N ->oo

where XÌN), =  1 , 2 , • • •, N, are the eigenvalues of the matrix A ^ , 
t y k -j- I , 2  , * ’ * , N .

We proceed now to obtain the sequence of lower bounds. As it is well 
known, this is the most delicate problem in eigenvalues calculations. Here, 
as repeatedly mentioned, use will be made of the orthogonal invariants 
method of Fichera. We give here only some essential notions of such a 
method, strictly necessary in what follows, referring the reader to [7], [8], 
[9], for a complete treatment.

Let A be a self-adjoint operator in a separable Hilbert space H, strictly 
positive with compact resolvent, so that A has a pure point spectrum 
consisting of the eigenvalues X̂ =  [ j l w h e r e  \xk , k =  o , 1 , • • • are the 
eigenvalues of G =  A “1. Now, {v&}fLi being any orthonormal complete set 
in H, put:

(2-15) S', (G) =  —  L  Gw (vh , ..... , vAs)
. ' K-'-K

where the sum is extended over all possible ways of choosing j positive
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integers, G” is the ?z-th power of G and:

(2.16) G(B) ( v i ■ -, vs) =  det (G” V{ , Vj)iJ=1,2,...,, .

J ns (G) exists, and in addition does not depend on the particular orthonormal 
set in (2.15), if and only if G” belongs to the trace class. If this is the case, 
one has:

(2.17) ^ ( G ) =  2
• 'hs

Let now Wv be the v dimensional subspace of H spanned by the vectors 
vi , • • - , vv , Pv the orthogonal projection operator from H onto Wv , an 
eigenvector corresponding to the eigenvalue pi£v) of the operator Pv GPV and 
Wv>£ the subspace of Wv orthogonal to . For s >  o put:

(2.18) „M . J ns (G) — J ns (Pv GPV) 

J : _ x (Pv.* GPv,*)
+  Il4 v)r

1 In

where P.,  ̂ is the orthogonal projection from H onto Wv>/&. Then the follow
ing relations hold:

(2.19) oiv) >  oiV+1> > •  • • >  (i* , lim &  =  \Xz .
V—5*00

Thus by considering we obtain a non-decreasing sequence of lower
bounds to 7\k, converging to the eigenvalue as v - > o o , i  =  o ,  i , •••.

In our case use will be made of (2.18) with s =  1 , n =  2, i.e. of the 
orthogonal invariant j \ .  N ow /o (G ) =  1, so that formulae (2.17) e (2.18) 
show that the lower bounds for the eigenvalues X̂ =  [if1 take the follow
ing form, involving only the orthogonal invariant j \  (G):

(2.20) X, >  |[xi")] - * + A 8 (G) — g  [xiB)] - 2j - 1/2=  toi"5]-1.

Here X^ =  [f4 ^]-1 are of course the ^-th upper bounds to the eigenvalues 
Xi , X2 , • • •, Xw obtained by means of the Rayleigh-Ritz method through the 
orthonormal complete set {vi), (2.20) shows that once computed the sequ
ence of the Rayleigh-Ritz upper bounds, the Fichera lower bounds sequ
ence is known when./* is known.

To find an explicit expression for in our case, we will first rewrite 
our Sturm-Liouville problem into a Fredholm integral equation, thus finding 
explicitly the operator G. Then it will be possible to apply the explicit 
formulae of Fichera for the orthogonal invariants of integral operators, 
which in our case read:

1/2 1/2

(2.21) J " (G) =  - f  j  ...................... *<2), • • •, x(s)) àx(1) àx® ■ -dxw
-H2 ' '-// 2
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where /  (xm, • • •, x(s)) =  det { K (x{i), xU)) } , z , j  =  i ,■ ■ ■, s , K  (x , y)  being 
the integral kernel of the operator G”:

m
(2.22) G” u =  j" K (x , y)  u (y) dy  , u e  L2 -̂---- l— ,

-//2

i.e. the n-th iterated kernel of G.
Consider therefore again the eigenvalue problem (2.3). According to 

the standard procedure, the problem can be rewritten in the following integral 
form:

m
(2-23 )  ̂ (x) =  +  1) f G ( x , y)  tp (y ) dy

- / /  2

Here G ( x , y )  is the Green function of the differential operator ty" ( x ) — 
— (x +  1) <p(x) =  o with the boundary conditions (2.2), and it is given by:

(2.24)

where

(2.25)

----- — <  x  <  y  <  —2 s 2

1 ^  . I— —  < y  <  x <  —2 J  — —  2

It is easy to check, as a matter of fact, that (2.24) is the Green function of 
the differential operator under discussion. Furthermore, putting:

(2.26)
I Go ( x , ÿ )  - ~ [ G ( ^ , ^ )  +  G ( x ,— y)  +  G (— x , y )  +  G (— — y) j 

I Gi (x  , y )  =  —  l G( x , y )  — G ( x , — y) — G ( — x , y )  +  G (— x  y)j

problem (2.23) separates out in the following two problems:
// 2 /*

(2.27) + (x) =  (  ̂ +  0 / Go (x,y)<P (y) dy  ,, * € L * + 4 -)
-1/2  ̂ /

//2/•
(2.28) + 0 )  =  (>• +  I)

l Gl
(x , y)  (y) dy

■f)-// 2 \ ^

Go (x ,, y)  and Gi (x , y)  being of course the Green function of the parts of A
in L+ (— // 2 , //2) and L_ (—-/ /2 , I/2)} respectively. For Go (x , y)  one easily
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finds the following explicit form:
x2+y W

— e 2 \ e~l à i

*2+y2

and — — < — y  <  .at <  —2 — s  — — 2

1 ^  ‘ . I-------<  x <  y <  —2 — — S — 2

(2.29) Go(x, y )

- 1/2

y
x 2+ y 2 /*

and — — 7  <
x ~t-y /

7 e 2 / . 1 - ,  . /— — <  y <  # <  — 2 J — — <2
- 1/2

7 - ■

and —' — < x  < — y <  —  2 2

1 ^  ^  . /, — — <  y <  ^ <  —2 s  — — 2

and —• — < — y <  x <  — 2 y  2

By application of (2.21) we easily get, in the subspace L2, (— //2 , //2), the 
explicit formula for the orthogonal invariant Vf:

1/2 1/2

(2.30) °'
0 x  Ö

In a completely analogous way one has in L2_(— //2 , //2):
1/2 x

I .  . . /

//2 1/2 x

°^i — 2 I I J  f  ß-5* d^j dar.

r  x2+J/2 I I
4  / , - 5' d $ / « - ' ' d 5  ,

and —■ -—< — y < x < - ^ -

_C
2

x 2+ y 2

f di f
- 1/2

(2-31) G i ( x , y )  =
a n d ------ < x < — y < L2 —  ̂— 2

x 2+ y 2

-//2

//2
a n d ------ :  ̂1~ y

y2 I -.2  ̂ I
— / <- ! , d5 / « - ‘-d5  ,

and — — < — y < x < — 2 ^ 2
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and:
// 2 1/2 X  t

(2.32) If* =  8C2j  (  j e~v é I ( J V j  dx .
Ó x 0 0

3. Numerical results

In this section we give the numerical results concerning the first 20 eigen
values. The approximate values obtained for these eigenvalues can be read 
in Tables ITV: Table I corresponds to 1 =  1, Table II to / =  2, Table III 
to I =  4, Table IV to /  =  8. In these tables the upper bound is that given 
by the Rayleigh-Ritz method for N =  50: i.e. the infinite matrices (2-9) 
and (2-13) have been truncated at N =  50. The lower bound is that 
obtained through the corresponding formulae (2.20). The orthogonal invariant 

and \f\ have been computed numerically starting from their explicit exprès- 
sion (2-30) and (2-32) (1).

Table I (/ =
E ven eigenvalues O dd eigenvalues

Lower bounds 
(Fichera)

U pper bounds 
(Rayleigh-Ritz)

Lower bounds 
(Fichera)

U pper bounds 
(Rayleigh-Ritz)

Xo 9.9022575 9.9022587 Xi 39.549013 39.549069
X2 88.9035 88.9042 X3 157.9905 157.9939X4 246.808 246.822 X5 355.350 355.388
7-6 483.59 483.70 X7 631.52 631.74
7>8 799.08 799*53 x9 986.2 987.1
X10 1192.8 1194.4 Xu 1418.9 1421.4
7.12 1664.0 1668.I 7,13 1928.5 1934.6
7.14 2211 2221 7.15 2513 2527
X16 2832 2853 7.17 3171 3198
X18 3524 3564 7.19 3897 3948

Table II (/ =  2)
E v e n  e i g e n v a l u e s O dd EIGENVALUES

Lower bounds 
(Fichera)

U pper bounds 
(Rayleigh-Ritz)

Lower bounds 
(Fichera)

U pper bounds 
(Rayleigh-Ritz)

Xo 2.5969190 2.5969197 Xi 10.151145 10.151165
X2 22.51747 22.51766 Xs 39.7984 39-7994
X4 62.007 6 0 .011 X5 89.144 89.I55Xß 121.207 121.233 X7 158.19 158.25
Xs 200.07 200.20 x9 246.86 247.O8
X10 298.51 298.89 Xu 355.03 355.64
7,12 416.3 417.4 X13 482.4 484.O
Xl4 553.1 555-5 X15 628.6 632.O
Xl6 708.4 713.5 X17 793.0 799-8
Xi8 881.5 8 9 1 .1 Xi9 974-7 987.3

(1} The lower bounds of the present paper can be fu rther im proved tak ing  advantage 
of a suggestion of D r. C. Cassisa and D r. R. A m brosetti. The im proved bounds will appear 
in a paper by V. F ran cescan i, in  press on the “ A tti Sem. M at. Fis. Un. M odena ” , 24, Issue 
L 1975- For istance, for I =  1 one has: 9.902258640 <  X0 <  9.902258648. It is a pleasure 
to thank  D r. C. Cassisa and Dr. R. A m brosetti for their interesting rem ark.
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Table III (/ =  4)

E ven eigenvalues Odd eigenvalues

Lower bounds U pper bounds Lower bounds U pper bounds
(Fichera) (Rayleigh-Ritz) (Fichera) (Rayleigh-Ritz)

Xo I .0749204 I .0749225 V 3.529613 3-529633
X2 6.79947 6.79958 V 1 1 .1688 11.1693
x4 16.7365 16.7378 V 23.5268 23.5300
^6 31-544 31-553 V 40.791 40.808
X8 51■263 51-295 V 62.959 63.016
Vo 75■870 75-97° V i 89.99 90.16
X12 105.31 105.58 V3 121.8 122.3
Xl4 139-5 I4O.2 V5 158.3 159-3
Ve 178.3 I79.7 V7 199-4 201.2
Xis 221.5 224. I Xl9 244.8 2 4 8 .1

Table IV (/ =  8)

Even eigenvalues Odd eigenvalues

Lower bounds U pper bounds Lower bounds U pper bounds
(Fichera) (Rayleigh-Ritz) (Fichera) (Rayleigh-Ritz)

Xo 0.999973 1.000001 Xi 2.99981 3.00003
x2 4 .99964 5.00041 x3 7.0016 7.0034
x4 9-0157 9*OI93 X5 11.072 11.079
Xö 13.232 13.243 X7 15.571 15.588
x8 18.157 18.183 x9 21.031 2I .068
X10 24.205 24.262 Xu 27.68 27.77
X12 31.47 31.60 Xl3 35-56 35-74
Xl4 39-93 40.19 X15 44.61 44.95
Xi6 49 .5 6 50.02 Xl7 54.80 55-41
Xis 60.27 61.10 X19 66.05 67.11

In the following Table V we report the numerical results obtained in [5] 
for the first eigenvalues for / =  2, 4,  comparing them with those obtained 
in the present paper.

Table V

1 = 2 II

[5 ] Present paper [5] Present paper

Xo 2.596 2.5969190-2.5969197 1 .O75 I .0749204-1.0749225

V 10.15 i o . 151145-10.151165 3.529 3.529613-3.529633

x2 '22.52 22.51747-22.51766 6.799 6.79947-6.79958

X3 39.80 39.7984-39.7994
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In the following Table VI we compare our results with those obtained 
in [6] again through an approximate solution of the differential equation. 
Here the lowest (ground state) eigenvalue is examined.

Table VI

I Xo in [6] Xo in present paper

I 9.90225 9.9022575 <  Xo <  9.9022587

2 2.59691 2.5969190 <  X0 <  2.5969197

4 I .07492 1.0749204 <  X0 <  I .0749225

As is well known, the eigenvalues of the present problem converge 
monotically downward to the eigenvalues of the harmonic oscillator given 
by [iM =  2 n +  I , n =  o , 1 , 2 , • • •

Such a convergence is so fast that already for /  =  8 it can be seen from 
Table IV that [Xo is a better lower bound for Ao then that reported, as far as 
the lowest eigenvalue is concerned. Of course this is still not true for higher 
eigenvalues.

Let us conclude by remarking that Chandrasekhar in 1943 [1] obtained, 
for Ai (/ =  8), trough a very simple ingenious approximation, the value: 
Ai =  3.0026, to be compared with: 3.00000 <  Ai <  3.00003.
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