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Geometria differenziale. — Some special Ricci identities. Nota
di H.D. PaNDE e S. B. Misra, presentata @ dal Socio E. Bompiant.

RIASSUNTO. — Estensione di identita del Ricci (nel caso di spazi riemanniani) agli
spazi di Finsler.

I. INTRODUCTION

In a Finsler space F, [1] © we have two types of covariant derivatives
of a vector field X' (x,#) with respect to x°, given by

(1.1) Xe =F5 X + X"AL, @

and

(1.2) Xip =0 X' — 3, X' Gy + X" I
where

(1.3) A, 2) STy (v, ) = L B 81

are the components of a symmetric tensor and ' (x, %) are Cartan’s connec-
tion coefficients.

The projective covariant derivative [3] of a vector fields X’ (x, #) with
respect to x° is given by

(1.4) X' s = F3 X' + X" 11,
where H;k‘(x , %) are projective connection parameters, defined by

(1.5) wt = G — s (3Gl + 8, G+ 4" Gli) -

The functions G% (x,#) are Berwald’s connection coefficients (Rund [t].
The commutation formula [3] involving both (1.4) and (1.2) processes is
given by

(1.6) X Mige — X I = — My X4+ X || T, 27+ X5 10,
where
7 . def - 7 7 m 2 Z
(.7) M (x, %) = F9, ;e 4 5, Wy &7 — T
and
7 . def i
(1.8) l(x,x):l‘,(—j’g'

(*) Nella seduta dell’8 febbraio 1975.
(1) Numbers in square brackets refer to the references at the end of the paper.
(2) % = 9fox* and 9 = 9[04,
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2. RICCI IDENTITIES

THEOREM (2.1). The Ricci identity for a covariant temsor of order two
is given by

(2.1) Ayl — Ayl = Ay, M2+ A, ME,+ A lls kalm "+ A T

Proof. Let X’ (x,#) be an arbitrary contravariant vector field such
that its inner product with the tensor A, (v, %) is given by

ef

(2.2) Ti(x, %) ZA, (v, 2) XV,
We know that
(2.3) T; e — Tae lls = T, M7 + T; ||, Hihm Zm_l_.Ti]m 107 .
With the help of (2.2), equation (2.3) takes the form
(2.4) X7 [Ay e — Age ] + Ay [X7 e — Xfe 1] = M7 Ay, X2+
Ayl Wi 77 X7+ Ay X7 ||, T 27 Ay, T X+
+ Ay X, 7.
Taking into account (1.6) and rearranging the terms in (2.4) we have
(25) X7 tAzy e — Asjie s — Asp Mgz — Ay My — Ay ||, Wiy 17 —
— A ]l =o0.
Since X’ (x,#) is an arbitrary vector, (2.1) follows from (2.3).

THEOREM (2.2). The Ricci identity for a contravariant tensor of order
two is given by

(2.6) A7 |l — A[ZZ I =—A7, 0y, 0" — Aff; 5 — A? M, — AY M}

Proof. Let X;(x,#%) be an arbitrary covariant vector field such that
its inner product with the tensor A” (x, %) is given by .

(2.7) T (2, %) =AY (x,2) X, .
We know that
(2.8) T e — Te I = —Mju T4 T7 |, T 27 T} 1T,
With the help of (2.7), equation (2.8) takes the following form
29) XA e —AF ] + A7 [X; g — X ] = —Miuw A? X, +
+ A7l Wi 7 X A7 X ||y Wiy 27+ A T X, + A7 X, TTE,
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Using equations (1.8) and (2.9), we get

(2.10) X [AY llge — Al [l + A7 M -+ AY My, + A7 ||, Ty, 27 +
+ AL =o.

Since X (x, %) is an arbitrary vector, (2.6) follows from (2.10).

THEOREM (2.3).  The Ricci identity for a covariant tensor of arbitrary
rank q is given by

(2.1 I) A,’l,iz,...,iqw ”h]k _‘Ail,z'z,...,z'q[k “h = Ail,iz,-~',iq “p kah Zy“l"

q
? s
+ Ay ignigs Wi+ > Adyigeesipmgerippariy Migan
B=1

Proof. Let us assume that the theorem holds for a covariant tensor
of order m (m <g). Thus, we have

(2.12) Tiyvigeeeovip Mg — Tigyigoip = Tayin, o5 e +

) m
) s % s
+ Til,z'z,-n,im “P Hhé[s Y + %Tz‘l,ig,u~,ig_l,:,z'ﬁ_l_l,-u,im ipkh -

Let Ay ip-iripi (®,%) be a (m 4 1) order covariant tensor and X (%, %)
as before is an arbitrary contravariant vector.. The inner product of X’ (x , %)
and A, .,,....,.; (X, %) is given by

(2.13) C Tapien (2,3 ZA (x, %) X7,

21,29, sl
Substituting the value of T, ,, ... ; (x,%) from (2.13) in (2.12), we have

(2.14) X7 [Aupigmimilip— iy igsosiggp I B g 7 [X e — X 1] =
= Aipinonrinils W XPb Ay s X Tt

73,729, "

+A~i1,z‘2,...,,'m’j “P H}‘fﬂsly Xj+ A

11,79, s Ty

7 X Wi, 2+

m
s J
+ leAil,ig,~~~,z'B_1,:,z'B+1,~ -‘,im,jMz'Bkh X7

Taking into account (1.8) and rearranging the terms in (2.14) we obtain

(2.15) X7 [A g it = Ay iy, il b — Ay g, i 5 Mias —
—A imeile e — A llp Ty, 25 —

71,79, 79,29, s ims S

m
’ ‘ s
- azlAil,iz,"',1'[5—1,$yl'(3+1,~-'yim,jMi(skh] =0.
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Replacing the index j by 7,1 in (2.15) and taking into account the fact that
X7 (x,#) is an arbitrary vector, we obtain

(2.16) Ai1.i2,'":im+1 Hh]k - A"l:iz:"':im-&—ﬂb lls = Ailil:z,"':"m+1|1’Vka+

m+1

? s Ky
-+ Ai1»i2w“ﬂ'm+1 Il 1_[}“élf 4 +BZIA".1J2"”’iﬂ—l”’iﬂ+1r"'s’.m-l-lMiBéh :

Thus the formula is true also for a covariant tensor of order (7 + 1). It has
already been established that the formula is true for a covariant tensor of
order two. Hence it is true for a covariant tensor of any, order say g¢.

THEOREM (2.4). The Ricci identity for a contravariant temsor of an arbi-
trarvy rvank g is given by

(2.17) Ail’i2y"’:iq thé —Arl’ig’”"rqlk ||h _ Ail,l'z,--.,;.qlp H£k+
4

_|__Az-1,l'2;~~,iq||p H}fkls ZS—-'Z A_il’i2""’iﬁ—l’:’iﬁ"‘l’” ,zg MZB
=4

skh *

Proof. Let us suppose that the theorem holds for a contravariant tensor
of order m (m < g). Thus, we have

(2.18) T g Ty ] T T
T Ty, 2 —2 Tovi e n B A

Let A0/ /m7 (x ) be a (m -+ 1) order contravariant tensor and X, (x, %)
be an arbitrary covariant vector field. The inner product of X, (x,#) and
Atvrertm (%) is given by

(2.19) Tt i e 2y AT T (Y X
Substituting the value of T'*2 " m (x %) from (2.19) in (2.18) we have
(2.20)  XG[ALR || AR ] AR e T (XY e lla]=
— ATV TS X AR e X T
AR Ty, 1 X AT X Ty, 2

m
_Z A"l)izx‘":"B—lv’»ﬁﬂ-l"‘ vimsd M’@ X

skh

With the help of equations (1.8) and (2.20), we obtain

(2_21) Xj [A’l”z:“',lmyl Ihlk___Au,zz,"',zmy/[kuh_{_ Ail,tz,"‘_,lm:f' M;kh'_‘
_,‘_lau,zz,‘..,im,j“5 ka__Az‘l,iz,---,,'m,j”P ka[x ZS*F

m
AL TR, 1S I8 1 s T N |
+%,1A MM] =o.
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Replacing the index j by 7,1 in (2.21) and taking into account the fact
that X;(x, %) is an arbitrary covariant vector, we obtain

(2'22) A"I'iz»""’.m—%l ”},]k—Arl'iz’.”’r"ﬂ“llk“h — Apl,l'z,...,im;r.lfp H}fk""

m+1
71,79, il . 71,09, -+ ze 1,5 ’[3+1: RN PPRE ]
+A I T 2 — 33 A M2,

(2.22) shows that the theorem is true for a contravariant tensor of order
(m 4 1). It has already been shown that the formula is true for a contravari-
ant tensor of order two. Hence according to induction principle the formula
is true for a tensor of an arbitrary rank say g¢.

THEOREM (2.5). 7he Ricci identity for a mixed tensor (contravariant p
and covariant q) is given by

. A’lrlz, ":1p _A_’l’lzr""’;b _ Azl,zz, cyip H:
(2.23) 1072 dg ”lek PATET TR I s F1sd2s s gls +
A’lﬂz’ : ,i? 1 ZAth’ : ; S
+ T1sT2 0 Ty ” hk|s I+ J1sd2, JQ 1S, 7B41," g M/g/eh

2 11,1'2, CU— 1S T 1,0, T M |

T1sd2 0 dg skh

Proof. The proof of the Theorem (2.5) follows the pattern of the proofs
of the Theorems (2.3) and (2.4).
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