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Geometria differenziale. —- On special projective tensor fields. Nota 
di A. K u m a r ,  presentata (*} dal Socio E. B o m p i a n i .

RIASSUNTO. —  Estensione agli spazi di Finsler delle identità del Bianchi e del Veblen 
per campi tensoriali di curvatura speciali.

i .  I n t r o d u c t io n

Let Fn [1] d-) be an ^-dim ensional Finsler space equipped w ith 2 n  line 
elements (pc , x l) and a fundam ental function F (x l , x l) positively hom o
geneous of degree two in its directional argum ents. T he fundam ental metric

dof
tensor g {j  (pc , x) — \d i  dj F2, (x  y x) is sym m etric in its indices i and j .  
Let X 2 (x  , x) be a contra variant vector field depending on both the positional 
and directional coordinates. The covariant derivative of X 2 (x  , x) w ith 
respect to x k in the sense of Berwald is given by

(I • O x;*, =  a, X ’ —  (à, X ') g ì  +  X" Gik ,

where

C1-2) (x  ,x )  &~ - L .g lh {2 dug k)h —  dhgjk } x J±k

are Berw ald’s connection coefficients, positively homogeneous of degree two 
in x \  and satisfying the  following identities:

(1.3) G L ^  =  o , G ik ±h =  G\ and =  2 G V

The Berwald covariant derivatives of F (x  , x) and g ih (x  , x) vanish i.e.

(ï-4) F (Ä) =  o and g ih{k) =  o .

M isra [3] has defined the projective covariant derivative of X 2 (x  , x) as 
follows

(1.5) x \ m  =  di X 1 — (ph x ’)  n l x  +  x h IIi i ,

where

( r *6) n  )lk (x  , x) =  G Ik —• (2 K* ^*rk)r +  %

are called the projective connection coefficients. The entities I I (pc , x)  are

(*) Nella seduta delP8 febbraio 1975.
(1) Numbers in brackets refer to the references at the end of the paper.
(2) 2 A(hk) — Ahk  +  Akh  , 2A [hk] — A hk — ■ A kh .
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positively homogeneous of degree zero in x  and satisfy the following relations:

(1.7) n L /  =  o , n i k x k =  n i  , n ; ^ = 2 n ‘

dj n Ik =  n )hk and dh HI — n \k .

The projective curvature tensor field (pc, £) arising from B erw ald’s
co varian t derivative (1.1) is given by

(1.8) H hjk (x- > £) — —  d[j Hi] =  2 { 3^ G}]Ä +  G ly  Gk]r +  Grh[k G/] } .

T he tensor fields H)kh (x  , x)  and YVkh (x  , x) satisfy the following identities:

(1.9) a) b) =

0  h i  x  =  o d )  h ;« = =  — h ;« .

(1.10) æ) G/]TOy 3) == O H \ijH] — Oi

and

(1.11) a) Hiy,- =  H *  b) H y  =  2 H m

c) I l j , • - Tly d )  H i =  ( n —  i ) H .

T he projective entities Q)hk satisfies the following relations:

( 1 . 1 2 ) Æ) Q l A l  —  O , 1!= O , e Q iW m  —  0

( 1 - 1 3 ) * ) Q 'jhk x 3 =  Q « . , 0 m=  Q i , 0 0 II O

■a?) Qjvw =  —  Q jh k
a n d

( 1 . h ) Q ’j i  =  Q y , Q W = 2  Q w i a n d Q y «  ;— Q  jk  *

2. S p e c ia l  p r o je c t iv e  t e n s o r  f ie l d s

Let us consider the linear com bination of the projective entity  Q} (x  ,x )  
and of the deviation tensor field Hy (x  , %) given by:

(2.1) m ; (x  =  ± ) h ;  +  p  ( x , x ) Q j ,

where P ( x f x)  is a scalar homogeneous function of degree one in x .  We

(3) di ^  djdxi , dh =  d/dxh and d% == d2/dx tdxb .
(4) A(yŷ ] — 1 {3 [A/y>£ +  Ajki T  A^y J.
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call My (x , x)  the special projective tensor field. Contracting equation (2.1) 
w ith respect to the indices i  and j  and using (1.11), we obtain

(2-2) Mi: ( * ,* )  =  ( » — 1) FH  +  P Q J .

Transvecting (2.1) by X1 and using equations (1.19 c) and (1.13 c), we get 

(2 .3) M.jX’ =  O .

On differentiating partia lly  w ith respect to x h, equation (2.3) yields

(24 ) (3 ,m ;)^ '+ m | =  o .

W e now derive further special projective tensor fields from  (2.1) by applying 
the same m ethod as adopted for the projective curvature tensor fields and 
projective entities. W e write them  as

(2.5) a) W hj{ x ,£ )  - - ^ M ; ,  b) MÌhj( x , ± ) = d 1M Ì j = ^ % [hM ii, .
0 3

W ith the help of the above equations the tensor fields M{j ( x , x) and 
(x , x) can be expressed in the forms

(2.6) M hj  (x  ,x )  — FHly +  PQlj +  — [%[k PQ}] +  3[h FHj-j] 

and

(2.7) M Ly ( x , x )  =  FH  Uj +  PQ ihj +  (3/ F) Hiy +  (3, P) Q‘y +

+  — [$* PQj, +  P%> Qh +  2gnh u j} +  à(, Fà(/) H) , .

Transvecting (2.6) by x  and using equations (1.9 b), (2.1) and the hom o
geneity properties of the scalar functions P (x ,x )  and F  (x , x), we get

(2.8) M |y ^  =  -± -M }.3 J

Sim ilarly on transvecting (2.7) by x ’s and using equations (1.9), (1.13), (2.6) 
and the hom ogeneity properties of P (x , x) and F  (x , x), we obtain

(2.9) M iy x  =  2 Miy and M'lhj ± l &h =  -L  M} .

C ontracting (2.6) and (2.7) w ith respect to the indices i , j  and using equations 
(1.11) and (1.14), we have

(2.10) M|,- =  PQ, +  F H , +  ÿ  [(» —  1) (3, F) H +  (â, P) Qj —

— (3, PQ | +  3, F H |)]

(5) The indices in brackets ( ) are free from symmetric and skew symmetric parts.
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and

(2 .1 1 ) Miki =  PQih +  FH/^ +  òi YQh -f- di FH^ +

+  •— P« PQ; +  <$i PQ1 +  %h Pé/ Qj- —• 9,- Pô/ Ql 

+  2 ((» — H — Hi) +  (« —- i) 9* F9, H — 9; F9/HI] 

respectively.
W e have the following theorem s depending on the special projective 

tensor fields.

THEOREM (2 .1). The Bianchi identities fo r  the special projective tensor 
Helds M!y (pc , x ) and  M }Aj- (x  , x) are given by

(2.12) =  P[m Qly] +  -j- Pr-4 PP) Qh — Pj Pp) Ql] +

+  \h PQ/p)] —'Pj PQ1(P] +  ph FHjW] — dy FH1W]]
and

(2 .13) MJWW] =  Qiw  PW] +  PQîww, -  FH^y g ;]/w +

+  P P[(j) Ql/] +  [(9\h P(1) +  pm) PG”)Äf) Q}] —

+  p/f/ P(j) +  \m) PG(/)/j) Q/,] +  (dyA P(j) 9(/) Qyj p j P̂ ) 9(/) Qlj) -j- 

+  (pi Quw +  Qm G7[js —■ Qi) G(„i)s) SA] P —

— (P Q i*(s) +  QL G "is — Qfl G\ml)s) 9yj P + 2  (gl[A HyW] giy  H1W]) +

+  (9/ H[yW +  HL GTys -  K  G{ml]s) dA] F -

— (pi H[i(j) +  Hl, Gf[hs — Hjl G\„i)s) 9yj F] .

Proof. Differentiating (2.6) and (2.7) covariantly w ith respect to x s in 
the sense of Berwald and using equation (1.4), we get respectively

(2.14) .M!yW =  FH!yw +  Pw Qly -j- PQl/(j) +

'+  f  IP* Pp) Q}] +  P* PQh(s) +  P* f h ; ]W]
and

(2 .15) M\hm =  FHiyW +  Pw Qhy(s) +  PQ|*W +  3/ FH^W +

T 9/ Pw Qly +  9/ PQly(l) +  -J- $ [A Pw Q}j +  9m VGTsyh Ql] +

+  9/ Qyj dA] P(S) +  (9/ Qfy((,)) +  Ql, GTsU — Gils Qy) Pj P +

+  2gnk Hy](,)'+ (pi H[ypj)) +  HI, G“ty —■ GLis H”-) dA] F] ,
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where we have m ade use of the following com m utation formulae for any 
tensor TJ (pc , x)

O2*1^) (dh T)(^) —■ dh T(k) =  o ,

(2 -17) (&  T )w —  d% T w =  òm TQ7u

and

(2.18) &  T ;)w -  ÒA T m  =  v m Gaja -  Ty GJL*

and of the facts F w =  o ,g m  =  o .
A dding all the expressions obtained by cyclic perm utation of the indices 

h ,J  and s and using the Bianchi identities (1.10) and (1.12), we get the results
(2.12) and (2.13).

THEOREM (2.2). The special projective tensor fie ld  M^y (x  , x) satisfies 
the fo llow ing  identities'.

(2 •19) — d[i FHfij] +  % PQJyj +

+  ~  ^ [h    %  Qh +  \h  F9/ Hyj --- %  F3/ HI]]
and

(2 .2 0 ) M}m  =  o . "

Proof. In  view of equations (1.9 ûQ, ( i . i oé) ,  ( i . i 2æ)  and (1 .13^), the 
equation (2.7) yields the theorem.

W e define the expression for the special projective Veblen identity  in 
F n  as follows:

* def • • .
(2 .21 ) S ihjk (X  , X) =  { M //2y(̂ ) +  My/ (̂A) +  Mjy/y/) +  Mj^/(y)} — O .

'f'hus we have

THEOREM (2.3). In  any F insler space Fn the special projective Veblen 
identity is given by

(2 .2 2 ) ?>iphjk (pc , x) — o .

Proofi D ifferentiating covariantly  (2.7) w ith respect to x  in the sense 
of Berwald and obtaining three more equations by interchanging the indices 
l , h , j , k  and thus adding all four equations, we get

(2 .2 3 ) ^ih j\k)  +  M )ik(h) +  M ^ (/) +  M lkiU) =  F>)kjk +  D }kj k ,

where F>)hjk (pc , x)  is the sum of the first 24 term s containing H îh j,Q ihj, 
H \j y Qlj and their derivatives and T>}hJk (x  , x) is defined the rem aining 
last 48 term s.
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Using equations (2.21) and (2.23), as a consequence of lowering of 
the indices we obtain

(2,24) ^ ip h jk  —  ^>iphjk +  ^ i p h j k  —  o .
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