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Equazioni differenziali ordinarie non lineari. — On a certain non­
linear fourth order ordinary differential equation. Nota di H a r o o n O .  

T e j u m o l a , presentata(#) dal Socio G. S a n s o n e .

RIASSUNTO. — Si dànno due criteri sufficienti per la  lim itatezza delle soluzioni dell’equa­
zione

•r(4) +  «1* +  a2x  +  9 W i  -1- x  =  p  ( t , x ,x , x )

dove aj , a2 , a4 sono costanti 9 (x) , p  i t , x , i ,  x,  x)  funzioni continue dei loro argomenti 
e nel caso che p  sia funzione periodica di t  si dà anche un criterio sufficiente per l ’esistenza 
di almeno una soluzione periodica.

i. We shall be concerned here with the differential equation 

(1.1) x lv +  axx +  a2 x  +  9 0*0 * +  <24 x  =  p  ( t , x  , x , x , x) ,

where a\ , are constants and 9 and p  are continuous functions of the
arguments shown in (1.1).

In the case p  =  o in (1.1), Ogurcov [1] showed that if

(1.2) ai >  o , a2 >  o , a± >  o 

and if

(1.3) 9 0*0 >  o and 0 (x) =  9 (.x) — 92 (x) — a\ > 0

for all x, then every solution x  (t) satisfies

(1.4) x  (Y) -> o , x(/) -> o , x (t) -> o , x (t) —>■ o as t -> +  00 .

Subsequently, Ezeilo and Tejumola [2] considered the case p  not necessa­
rily identically zero in (1.1) and showed that every solution is ultimately 
bounded (with bounding constant independent of solutions) if, in addition 
to (1.2), I p  ( t , x  , y  , z  , u) I is bounded for all t , x  , y  > z , u and if

(1.5) ? 6*0 >  0 and 6 0*0 8 (8 >  o a constant) for \ x  \ >  1.

Let ® aqd Y  be the functions defined by

(1.6)

Then

® 0*0 9 0 ) dj
0

T  (x ) =  CL\ ® (x) —■ <&2(x) — a\ x 2.

0
x  j  (p2 (s) d j  — ■ ® 2 0*0 

0

(*) Nella seduta dell’8 febbraio 1975.
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where ^ x j  <p2(s)ds  — > 0  for all x y as can be verified by the

use of Schwartz’s inequality. Thus, the condition (1.3) implies that 

(ï-7) O (*) >  o and x~2Y ( x ) > o  (#=J=o),-

while (1.5) implies that

(i-8) x ~ l <!>(x) > 0  and x~2 Y  (pc) >  S for \x  \ > 1 .

The main object of this note is to point out that the results [1] and [2] remain 
valid if (1.3) and (1.5) are replaced by the weaker conditions (1.7) and (1.8). 
In the case when p  is periodic in /, it will be shown that (1.8) is also sufficient 
for the existence of periodic solutions of (1.1).

In what follows, let ® and W be defined as in (1.6). Our first result 
concerns the case p  =  o and is as follows.

Theorem  i. Given the equation 

(ï-9) x lv +  a1x  +  a2x  +  <p(x)x +  a4x  =  o

suppose that conditions (1.2) and  (1.7) hold. Then every solution x  (t) of (1.9) 
satisfies (1.4).

For the general equation (1.1) we prove the following:

Theorem 2. Let conditions (1.2) and (1.8) hold and suppose that p  satisfies

C1-10) >z , u)  I <  A f o r a l i  t . x . y . z a n d u ,

where A is a finite constant. Then there exists a constant K whose magnitude 
depends only on a4 , a2 , a4 , S, A and <p such that every solution x  (f) of ( 1.1 ) 
ultimately satisfies

I x  it) I <  K , ! x (t) I <  K , I x (t) I <  K , I x(t) I <  K .

Theorem 3. SupposeKfurther to the conditions of Theorem 2, that p  satisfies

p ( t  +  t o , x , y , z f u ) = p ( t , x , y , z ) u) fo r  all t , x  , y  , z yu .

Then equation (1.1) admits of at least one (^-periodic solution.

'Note that in the special case 9 (pc') == <̂ 3, a% >  o a constant, the condition 
(1.7) (and, indeed (1.3)) together with (1.2) reduces to the Routh-Hurwitz 
stability criteria

(1.11) a£ > o (i =  I , 2 , 3 , 4 ) )  (ßia2 —■ a3) a3 — af aé > o

for (1.9) with 9 (x) =  a%.
In what follows, we shall adopt the notations in [2] and use the letters 

D* , i .=  I , 2 , 3 , • • • to denote finite positive constants whose magnitudes 
depend only on the constants ai , a% , as , a± , 8 , A as well as on the function 9,
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but are independent of solutions of any differential equation under consi­
deration. In §4, the D fs  are, in addition, independent of the parameter (Jt, 
employed in defining equation (4.1).

2. Proof of Theorem i

The differential equation (1.9) is equivalent to the system 

(2.1) x  =  y  , y  =  z , z =  u — axz — <S>(x) , ù =  — a^z — a±x .

Consider Ogurcov’s function [1] Vi =  Vi (x , y  , z , u) defined here by
X

(2-2) Vi =  Q +  ai j  { o  CO — &i s }ds  ,
*0

where

2Q — (a2 2 +  ttf a2 1 af) x 2 +  (af +  a2 a f 1 —■ $a2) y 2 +  2 z2 -f- a2 a f 1 u +

+  2 a2 xz  —-2 ax xu  +  2 axy z  +  2 (a\ a f 1 —■ 2) yu

is a positive definite quadratic form (for proof, see [1]). Since the integral 
in (2.2) is, by (1.7), non-negative, the function Vi satisfies

Vi {x , y  , z  , u) “> +  00 as x 2 +  y 2 +  +  u2 -> 00 .

Let (x , y  , # , u) =  (a: (0 , y  (t) , z (t) , u (/)) be any solution of (2.1). 
It is easy to verify from (2.2) and (2.1) that

0*4) Vi -  — 1 [® (*) +  ^i^]2 — ^ r 1 ¥ (* ) ,

so that, in view of (1.7), Vi <  o. Thus all solutions of (2.1) are bounded for 
all t >  o. Let the solution (x , y  , z  , u) of (2.1) satisfy the condition Vi =  o. 
Then, from (2.4),

T* (;r) =  o and [ O (x) -|~ CL\ z ] ss o 

and, by (1.6) and (1.7), this implies that

x  ~  o , z =  o .

It therefore follows from system (2.1) that

y  =  o and u ~  o .

Theorem 1 now follows in view of [4; Theorem 1.11].

3. Proof of Theorem 2

The procedure is the same as for the result [2], and we shall merely 
indicate th e f modifications necessary in the arguments in [2].

Take (1.1) in the system form

(3-1) *  =  y  , y  =  z  , z = u —-atz— 0 ( x )  , u =  —a2z — ^ x - fp Q .x ^ y ^ z , u)
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and consider the function (same as (4.3) of [2]) V =  V ( x , y , z , u )  defined 
here by

( 3 - 2 )  V ^ V i + V a + V a ,

where Vi is the function (2.2) and

v*'=l
/— \ x s g n y , if

if
ly 1> 1 *

\—  Ay sgn * . \ x 1> \ y

Vs =  |
/ — X̂ sgn u  , if

if
1 u 1>1 z

\— l\u sgn z  , 1 * 1>1 u

X > 0  being, as yet, an arbitrary constant. Observe that (1.8) implies that
X  O (X) >  #2 (CL\ CI4. -f- d\ * S) if j X  J £> I , so that by the continuity of ®

X

J CO —■ #1 a2 X a±s } ds > — Di for all ^  .
0

Thus

V > Q  — X( | y I +  | * D  — Di

(since I Va I <  X | y  | and | V3 | <  X | u |) and hence

(3*4) V (% , y  i z y u) -> +  00 as x 2 +  y 2 +  £2 +  u2 -* 00 ,

since Q is a positive definite quadratic form.
For any solution (x , y  , z  , u) =  (x (t) ,y  (t) , z (t) , u (t)) of (3.1), we 

have, by a straightforward differentiation of (2.2), that

(3-5) Vj =  — a ï 1[<S>Çx) +  a iz f  — û î ly¥ (x )+  {a2a l 1u +  (a \a ll —■ 2) y —axx}p.

Now choose D2 such that

Da >  (a\ +  S) +  max | ax x<t> (x) -— <D2 (x) | .
W<i

Then

(3*0' ^  (x) >  &r2 — Da for all x  ,

as can be easily verified from (1.6) and (1.8). Observe next from (1.8) that 
o < x  1 0 ( # ) <  ci\ i f  \ x \  > 1 ,  so that by the continuity of O,

I $>(x) I <  aid2 \ x  \ +  D3 for all x

with D3 sufficiently large. Thus

0 2(#) <  axa^D^x* +  D2D4 (D4 =  a\a,2 +  D2) for all x ,
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and hence

(3-7) a ï 1 [<*> (*) +  +  h ( h 1 Tr2 >  « f 1 [O (*) +  ÆlF]2 +

+  I S (<72 «2 D4) 1 O2 (X ) —■ I S (<z'i «2)_1 D2 

> D 5 { /  +  O2 (x) } — D6

for a sufficiently small Dä and with D6 =  i 8 (a2 ^ ) -1 D2. On using the 
estimate (3.7) and (3.6) in (3.5) and noting from (1.10) that \p  \ <  A, it follows 
that there are constants D7 and D8 such that

Vi <  — D7 (x 2 +  s2) Jr Dg (1 +  I x  I +  I y  \ +  | u |) .

From this point onwards, the arguments in [2; § 7] apply here. By 
defining V =  Vi +  V2 +  V2 as in [2; Lemma 2] but relative to the system 
(3-i)> and noting that the estimates (7.2) and (7.3) of [2] hold respectively 
for V2 and V2 with X =  2D 8, it can be shown, just as in [2, § 7], that

V* <  — I if x 2 p- y 2 z2 - u2 Dg .

This, together with (3.4)1 implies Theorem 2 in the usual way.

4. Proof of Theorem 3

The proof here is by Schaefer’s Theorem [3; § 5]. Let az >  o be a 
constant satisfying (1.11) and consider the parameter ^-dependent equation

(4-0
 ̂ F v+  axx +  a2x +  <pn(V)x a±x =  \ip ( t , x  ,x  , x  ,x) 

I 9m O )  =  C1 “  F) «3 +  fxcp (x) ,

( o  <  [X <  1) ,

which reduces to the original equation (1.1) for the value (x =  1. The equation
(4.1) itself is equivalent to the system

(4.2) x = y  , ÿ  — z  , £ =  u — axz  — ^ ( x )  , « = — ä2z  — axx  +  \i.p

=  J 9m 0) dJ .
0

and, in view of the choice of az, we m ay use the system (4.2) to set up the 
operator required in the application of the Schaefer’s Theorem (see [3; § 5]). 
Indeed, following the arguments in [3J, it suffices here to show that solutions 
of (4.2) are ultimately bounded, with the bounding constant independent 
of solutions and of [x.

Let V =  Vi +  V2 + V 3  be the function (3.2) but with <lL(;r) in place 
of O (x ). Thqt is,

(4-3) Vi =  Q +  a-1 {<!>,* (j) — ax a2 1ai s] d j ,
0

11. — RENDICONTI 1975, Voi. LVIII, fase. 2.
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where Q is given by (2.3). Then, by the definition of $,*(#),
x rx

2 a d s =  2(x — aià^ 1 a±s} d s +
0 0

T" ( I ---- (X) (<^3----  &1 X  .

Since the integral on the right hand side is, by (1.8), non-negative if | x  | >  1, 
and (#3 — axd^a^) >  o by (1.11), it follows from the continuity of O that

2 — a ia ^ a ^ s }  ds >  — Dio for all x .
*b

Thus, as in the preceding case, V satisfies (3.4) uniformly in (x, since Q is posi­
tive definite in x  , y  , z> and u.

Let (x , y  , z  , u) == (x (f) , y  (f) , z (t) , u (t)) be any solution of (4.2). 
It is easy to verify from (4.3) that

Vi == — W -f- [x {a2d l 1 u — (#!a l 1 —■ 2) y  — a\x  } p  ,

where W =  a^z +  2z Q>n(x) +  a2x ^ [l(x) —■ x2 —

— liar1 {\_a\z +  ^OO]2 +  [<2i<02#® (#) —■ — afa^x2]} +

+  ( i  ---   fx) a f 1 {[<*!* +  aZx f  +  [ ^ 1 ^ 2 ^ 3 - - - - <4 —  Ä1Ä4] X2} .

The second expression in brace brackets above is, by (1.11), non-negative, 
while the second expression in square brackets is precisely the function 
W(x) for which the estimate (3.6) holds. By setting A =  a1 — <23— a\a± 
(A >  O, in view of (1.11)) and by considering the interval o <Ç P <  I  > 
\  <  (x <  I separately it is easily verified that

W \  ü\ min {[^1^ +  ® O*-)]2 +  ^^2 ? \ff\Z  ~j~ ^3^]2 A# }■ — a\ * D2 .

Thu$, by an argument similar to that employed in § 3, we have that Vi satisfies

Vi <  — Dll (^2 +^2) + D i2 ( i +  \x.\ +  \ y \  +  \ u \ )

for some constants Du and D12, and hence, V* — V1+V2 +V3 , with X — 2 D12 
also has the property that

V* <  — I if x2 + y 2 + z 2 + u 2 >  Die ,

for some constant Di6. The desired boundedness property of solutions of 
(4.2) follows from this and (3.4) and, as remarked earlier, Theorem 3 now 
follows.
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