
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

D. P. Gupta, R. S. Choudhary

Harmonic summation of Jacobi series

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 58 (1975), n.2, p. 116–126.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1975_8_58_2_116_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1975_8_58_2_116_0
http://www.bdim.eu/


Lincei Rend. Se. fis. mat. e nat. — Vol. LVIII — febbraio 1975116

Analisi matematica (Serie Jacobi). Harmonic summation of 
Jacobi series. N ota di D. P. G u p t a  e R. S. C h o u d h a r y , presen
ta ta  (*} dal Socio G. S a n s o n e .

RIASSUNTO. ■ Gli Autori dimostrano un nuovo teorema sulla sommazione armonica 
delle serie di Jacobi.

I n t r o d u c t io n

In  a previous paper published in this Journal [1] one of the authors 
has proved a theorem  on the Nörlund sum m ability of the Jacobi series 
at the end point x  =  1. It does not include the case of harm onic sum m ability 
which is an im portan t particular case of (N , p n) sum m ability. T he object 
of the present paper is to give a separate treatm ent of this process.

I. Let f  (x) be a Lebesgue-m easurable function such th a t the integral 
1

ri - 0  I (I —  *)“ (1 +  x f f  (x) P(“'ß) (x) dx
—1

exists, P i  ̂ (x) being the n-th  Jacobi polynomial. T he Jacobi series asso
ciated w ith this function is

O-2) / ( * )
where

(1 a   (2 n + a + ß + 1) r  (n + 1) T (n + a + ß -f 1)
2a+ß+i ~YJn + ß + I) r  (» + a + iy

1

(  O -  y f  (I +  y f f  (y) P<a’ß) (y )  dy .
-1

Let Su„ be a given infinite series and {S^} be the sequence of the partial 
sums. I h e  sequence to sequence transform ation

J ^ i  =  n

( r -4) 4  — -p- p k  Sn - k  , Pn =  lb  p j  =h o « Pn >  Q
A n k=0 i=0

defines the (N , 4 )-m e a n  of the sequence {S„}. T he series Sa* or the 
sequence {S*} is said to be sum m able by N örlund m eans to the sum S, if 
lim it tn exists and equals to S.

The im portant particu lar case of (N , /^ -su m m ab ility  is the harmonic 
sum m ability.

(*) Nella seduta dell’8 febbraio 1975.
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W hen

( l ; s) i V = i / 0  +  i)

a sequence {S„} is said to be sum m able by harmonic if

« C

(1-6) lim 2  I — -
* -> o o  l o g  n I

exists.
Dealing with -----------  sum m ability  of Jacobi series at the end point of

the interval '[—  i , i] C houdhary [i] has recently proved the following 
theorem ,

W rite

F (?) =  ( /  (c°s <p) —  A) (sin _?_j2“+1 (cos

T.HEOREM. L e t \ p f j  be a real, non-negative, monotonie non-increasing 
sequence of coefficients {pn} such that P„—̂ oo as n -> o o . Then i f

(-•7) I 1 F („) I dep =  o { M f l  <*+•) , as t —> o

and

( 1.8) ^  «a+1/2
^Jn~ p OOr  n

the series (1.2) is summable (N , p n) at the point x  =  1 to the sum  A provided 
" t / 2 <  a <  1/2 , ß >  — 1/2 and the antipole condition

b

I (1 +  x)ß/2~3/4 J f  (x) I dx  <  00
-1

b fixed , A satisfied.
T he above theorem  does not cover the case of harm onic sum m ability. 

T he object of present paper is to investigate the problem  of harm onic sum m a
bility of Jacobi series at end point x  =  1 of the interval.

T he following theorem  will be proved.

T heorem , i f

( I . i i ) F i ( 0 - j  I F (9) I dep =  o (Va+3/2) 
0

then the series (1.2) is summable by harmonic means at the point x  =  +  1 
to the sum  A provided —  1 <  a <  —  1/2 |  ß >  — 1/2 and the antipole con
dition

(1.12)

b fixed , is satisfied.

o

f  ( .  + * ) “ - *  I / O ) d# <  00
-1
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Rem ark 1. A sim ilar theorem  m ay be proved for the other end point 
x =  — I , the only m odification being an interchange of the param eter a and ß 
in the enunciation of the theorem .

Rem ark 2 . T he convergence problem  for the range — 1 <  a < —  1/2, 
ß > —■ 1/2 was discussed by Kogbetliantz [3] and ObrechkofF [4]. Obrech- 
koff proved convergence almost everywhere for points in the Lebesgue set 
and therefore condition (1.11) seems to be a natural condition for harm onic 
sum m ability.

2. We require the following lemmas for proving our theorem . 

Lemma i [[$]> P- 167]. F °r  a > ß arbitrary and real, c a fix ed  positive
constant

(2 .1) p(«,ß) fcos fP — T6 “ 112 ° ( n iri) > cjn <  0 <  tt/2 ,
"  ̂ J ~  [O  (na) , 6 <  0 <  cjn .

Lemma 2 [[5], p. 190]. F or  a >  —  i , ß >  —• 1 , c\n <  0 <  7t — y n, 

(2.2) (cos 0) =  n m  k  (0) (cos (NO +  y) +  ,

where:
v  ,m  I /  • 0 \ - « - i / 2 /  0 \ —ß—1/2K (0 ) =  ^ ( s i n - )  ( c o s - )

N =  n  +  -~-+   ̂ +  1 , y =  —  (a +  1/2)71/2.

Lemma 3. For o <  t <  n and  a >  — 1,

(2-3)
n —1

k=0
[n — >è)a+1/2 

( k + i )
cos (k +  1) t <  A  (1 + lo g  I l t ) n + 112.

Froof . H ardy  and Rogosinski [2] have shown th a t for o  <  t  <  n f

s COS( l ++ i ) ) ' l < A ( I  +  l o g I / ^ -

W e shall dem onstrate the result for —  1 <  a < — 1/2, i.e. the range of a 
permissible in our theorem . However, as enunciated in the Lem m a, the result 
is valid for all a >  —  1. In  fact, for a >  — 1/2 the proof is easier and stra igh t
forwardly obtained by A bel’s transform ation.

In  the case — 1 <  a <  —  1/2, we write

(2.4)
n — 1

2k=0
rt»/2]

(n — >&)«+1/2
k  +  I 

«—1

cos (k  +  1) t

|-[»/2] n 1 -j ( ^ a+lj2
=  \ h  +  h  (ky ,  cos ik  +  O t  

U=0 k=[nj 2]+lJ

=  S i +  S 2 , say.
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By A bel’s transform ation

(2.5) I S i I
[»/2 ] - l  U=k

2  a  { (»— /è)a+i/2} y  + I]t +
Æ=0 u=0 2^+1

+ y m r l cos (u -j- 1) /
0 u l

<  Ai »a+1,/2 (i -f- log r //) +  A2 wa+1/2 (1 +  log I //) 

=  As «“+1/2 (1 +  log I It),

where A,- , /  =  1 , 2 , 3 are constants. 
Also

(2.6)
w—1 (« -—>§)<*+1/2

Æ=W2] + 1
COS (/£ +  i )  *

«—1
<  A 4

m
2  ( « ----yè)',«+1/2

2 Æ=[«/2]+l

< A 5
[ ( n - k f ^ X l

a +  3 /2-i«-l
U =[«/2]+l

m + *

=  A6 ^ a+1/2, since a <  —- 1/2. 

(2.4), (2.5) and (2.6) lead to the required result.

Lemma 4. For all values o f n and  t  and  a >  — 1,

(2-7)
n — 1 (n — /è)a+i/2
ä  (* + o

where B 0: constant.

sin (k +  1) t <  B na+1/2

Proof. Titch m arsh [6] has shown th a t for all values of n  and t :

<  7r/2 +  I .
sin {k 4- 1) t

h  (̂  +  0

The rest of the proof m ay be constructed on the lines of the proof of Lem m a 3. 

LEMMA 5. For o <  <p <  c/n , gl , ft arbitrary and real,

2a + ß + l n —1

1 “  2   r  k (cos 9)log » Æo k +  I
(2.8) I N w (9) I —

=  O (n2* ^ )  .
Proof. Since

2—a —ß—l a+1
n ^  ,

* “  T ( a +  I)
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we have
n - 1

I n „ ( 9) | ( » - kT +x^  ' log n  £ 0  { k + i )  V

n — 1
0  (*) (^2a+2' 
log«  ̂  ̂+> S x b  ■ as a >  — i

=  0  (ri*+i).

Lemma 6. I f  c\n <  9 <  w — y „ , —  1 <  a <  —  1/2 , ß >  —• 1 , 

(2.9) I N . (9) | =  O (i)  [(sin J L ) - “- 3/2 (cos _ |_ ^ fì- 1/V +1'8] +

Proof. Using the result of Lem m a 2, we have

2«+3-K X«_£ (n —  k)~!/2 / . cp \ —a—3/2
N .(? ) log« ^ ( ^  +  i)

(Si „ - Î - ) — *

where
(« — /è) sin 9 J *

N / =  ?£ -f- -P-lh-i -- —  /£ and f  — — (oc — 3/2) tc/2.

Let us write the asym ptotic value of A,,

(2.10) Nw(cp) ri (n — k)a+1l2^ ( s i n m ' ) “ ““ 3/2
Vît log « T  (a -j- 1) i-"o' +  r) \ \ 2 / /

(cos L )ß 1/2 [cos {(4 “  k) +2 +--y +  ß) ? — “ (a+

+
0(1) n — 1 (w — /è)“- 1/2

I tc log « T (a -f-i) +  L

=  Si  +  S 2 , say.

( » i r ' H i r

Now ;

cos I [n — k a +  ß +  2
b - L ( *  +  D )

: COS [((» +  - H t - L ( «  +  L ) ) - ^ ^  +  1)]

co s  { ( r i 9  +  y ')  —  9  +  0 }

cos (ri<p +  yO co s (Æ 4 “ i )  <P +  sin (^ ;<p +  yO si*1 +  0  9  ,

3-3 /2
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where

i' =  n -f a +  ß -f  4
and y ' —  (a +  ~ f )

Therefore, using the results of Lem m a 3 and 4, we have

/  . CD \ - < X - 3 / 2 /  9  \ - 0 - 1 / 2

(cos~ )  ,(2 .1 1) I Si I
log n

t  9  \  —a  —3/2 /  9  \  — ß —1/2

(Sln — ) l cos~ r j
log n

[o  (**+1/2) ( I +  log - i_ )+ o  K +1/2)]

O (rc“+1/2) (1 +  log n) .

Also

but

O ( I )

/  . CD \  —OC —5/2 /  9  \  — ß — 3/2

\ n T j (cos — )
log «

M— 1
^  (n — >é)a—1/2
h  k +  :

M—1 r«/2i «—1
Y  (» — k J —1!2 __Y 1 — k J —1!2 (n —  k j - 1!2
H  (k+  I) — ( F+l )  t [ ® +i (  ̂+  I)

[* /2] 72 — 1
1/2

k=0 p l - j  _}_ 2^ = [«/2]+1

O (n ~1/2 log ») +  O (1 In) +  O (^a~1/2) 

O (1 /n), since a <  —■ 1/2.

Therefore

(2 .1 2) = 0

/ _ çp \ —a —5/2 / cp \ -3-3/2

(Sln— ) lcos—  )

(2-13)

 ̂ log ??

Com bining (2 .1 1) and (2 .12) we have the result of the Lem m a. 

LEMMA 7. I f  tz —■ cfn < 9  <  7t , a >  —  I , ß >  —  I,

2a + ß + l  k n —k
I N .  (9 ) 1  = log »  Ù ü k +

=  O  (» a+fl+ tV.

2  Pi“i 1>e> (COS 9)
« *T~ 1

Proof.

IN . (9 ) | = 2a + ß + i  \ n - k  /  _ _ v

log» ^
k p(ß>a+l)

r  n - k (cos 2?) •
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where o <  t <  c/n,

__q /  I \  ( n — >è)a+ 3 + i

__^  /  I \  (n —  yè)a+ 3 + i  (n  —  £)<*+0+i 1

“  I l o g n j  [ Æ à  k +  1 [ » / f t  J

=  0  ( i è r )  [”“+,+1108 +  '0  ( l i r )  T  K* -

=  O (»a+ß+1) .

Lemma 8. ( i)  The antipole condition (1.12) v iz ., condition
b

f  (i +  x f ß ~m  \ f ( x )  I d x  <  00 ,
*/'-1

implies fo r  ß >  —  1/2,
TC

(2.14) J* | / ( c o s  0) — A I (cos 0/2)ß~ 1/2 d0 <  00 ,
a = c o s - 1 3

which fu r th er  implies

1 In
j* 0ß~1/2| / ( — cos 0) —  A  I d 0 =  o (1) , n
'0

Proof. T he condition (1.12), on substituting x  =  cos 0, gives

7T

(2.16) j I /  (cos 0) I (cos 0/2)ß“ 1/2 d0 <  00 .
*)

a = c o s _1 b

Since the integral
TC(*
j (cos 0/2/  d 0 <  00, for s >  —■ I ,

J
a

the integral

(cos 0/2)3~1/2 d0

exists under the conditions of the theorem. 
Therefore, from (2.16) we obtain

j  (cos 0/2)ß 1/2 |/ ( c o s  0) —  A  I d 0 <  00 .
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Substitu ting Ö — tu — this gives

tc — a

j  (sin //2)3~1/2 1/  (— cos t) — A I d t <  00 .
0

This means
tc—a

j  / " 1/2 I / ( —  cos t) —■ A  I d t <  00 .
0

By the property of the Lebesgue integral, therefore:

1 \n

I ' ^ “ 1/2 1 / (—' cos /) —  A I dt =  o (1), as n 00 . 

ó

3. Proof of the theorem

Following Obrechkoff [4], the n-th  partia l sum of the series (1.2) at the 
end point x  =  1 is given by

TC

S» ( 0  =  2— / ^sin ^cos + /  (cos 9) Pia+1,ß)(cos 9) d9 .
0

Consequently,
TC

(3.1) S„ (1) —  A =  2a+3+1 I  F (9) Pia+1’e> (cos 9) d<p .
0

To prove the theorem  it will be sufficient to show t h a t (1)

( 3 -2 ) I ( ? U i o ? «  ä  k + :  ( s " - *
—  A )  =  0 ( 1 )  ,

U s i n g  ( 3 .t )  w e  g e t
TC

I  ( ? ) = -

n — 1 _ /*
I ^  2 a + ß + l  j

i ° g  »  A  k  + 1 J  n ~ k
0

F  ( 9 )  P i _ V ’ß) ( c o s  <p) d<p

TC

j  F  (cp ) N „  (<p) dep ,

0

where N„ (9) is as defined in (2.8).
W e break the integral I (9) in four parts, as follows:

l / n  8 n —l j n  re

,wT / + / + /  ■
0 l jn 8 n  — ì j n

(1) It is not necessary to consider the term k — n, since S0 — A =  o.
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$ being a suitably  chosen, sufficiently small constant 

(3 -3) =  l i  +  I2 +  I 3 +  I 4 , say.

We first consider Ii. From  Lem m a 5, we have

1 In

(3-4) I li I =  j-1 F  (?) I |N .  (9) | d 9
d 1 jn

=  O (n**+*) f  I F  (9) I d<p
d

=  O (n2a+2) o , from  (1 .11)

=  o (n a+1!2)

=  0 ( 1 ) ,  since a. <  —  1/2 .

From  Lem m a 6
s

(3-5) I la I =  j  I F (9) I O j(sin ~ j  3/2 (cos - |- j  ß 1/2̂ “+1/2j _|_
1/«

l jn

— L u  +  L,2 , say.

8

I Ig.i I =  O (na+lß) I F  (9) , 9 a :i 2 do
l jn

=  O («“+1/2) [cp“ “- 3/2 Fi (9 )]L  +

8

+  O (n a+v2) j* Fi (9) 9 ” a- 5/2 d 9
1 jn

=  O (n +lß) +  O (rc“+1/2) (>a+3/2) o [1 /wa+3/2] +  

8

+  O (^a+1/2) j o (<pa+3/2) 9 - a" 5/2 dcp , since 8
l jn

is chosen sufficiently small.

(3 -6) =  °  (ï)  , since a < — 1/2 .
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Also

(3-7)

Coming

but

(3-8)

ia-2 1 = °  f c k y  / 1F  (cp) i <p “ 5/2 d?
Ì  fn

8

=  0  ( ; n ~ )  W  » - « ] ? , .  +  o  ( j j y  f  Fi W  T— '«  d „
1 fn

=  °  {n log n) +  °  (»  log » ) n + 1 {°  („«+3/2)) +

8

+  0 (?T5 F7, ) / ( o ^ +” ) i » " ' m ‘i <P
1/n

-  °  (l) +  0 (^ g w )  / ^  dcP 

=  0 ( 1 ) .
1/«

now to 13, we have
TC—1/n

Is! =  ' I F (cp) N,(<p) dep 
8

7t — 1//«

=  O («“«'*) / ' | F  ft,) I (sin -!■)— M (cos A ) - " - ,S dT +
8

n  — l /n

+  ° f e ) / l F « P ) l ( Si n ^ ) ' “- SS( c o s - f ) - ‘i- , , , dT
8

TZ—lfn

=  O («“+I/2) /  I F  (cp) I ( c o s ^ [ +1/2 ( c o s ^ - ) - 2̂ ^ ^  +
8

TC—lj n

+ 0  f e r ^ ) / 1 F  w  I (cos f - f 1'2 (cos d<p.
8

F  (9) =  [ /(c o s  9) -  A] (sin (cos ^ f +1,

TZ — l f n

I Is I; =  O (na+lß\  I  1/  (cos 9) —  A  I (cos ~ j P 1/2 (cos —- j  d<p +  
è

n —lfn

+  °  { n l k ^ l  U  (C0S 'P) -  A I (C0S ^ ) P~1/2̂

10. — RENDICONTI 1975, Voi. LVIII, fase. 2.
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=  O (na+112) +  O ( i /n  log n) , from (2.14) 

=  0(1)  , since a <  —- 1/2 .

F inally

(3-9) |I« f 0p) n „  (9) d(p
re—1 fn 

1 jn

/ f  (TT ■ • t) N„ (tu —  t) d t

=  O (^a+ß+1) J  | / ( — cos t) — A  I (cos — )2a+1 (sin -2 -)® 
0

1 In

=  O (na+*+1) j  1 / (— cos t ) —  A | t2!i+i a t
0
1 In

=  O (n ‘~1/2) 1/ ( — cos /) — A  I è
b

ß—1/2 d t

— o (na 1/2), from (2.15)

=  0 (1) , since a <  — 1/2.  

Combining (3.3), (3.4) • • • (3.9), we have

I (?) =  o (1) •

This completes the proof of the theorem.
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