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Analisi matematica (Serie Jacobi). — Harmonic summation of
Jacobi series. Nota di D. P. Guera e R. S. CHOUDHARY, presen-
tata @ dal Socio G. SANSONE.

RI1ASSUNTO. — Gli Autori dimostrano un nuovo teorema sulla sommazione armonica
delle serie di Jacobi.

INTRODUCTION

In a previous paper published in this Journal [1] one of the authors
has proved a theorem on the Nérlund summability of the Jacobi series
at the end point # = 1. It does not include the case of harmonic summability
which is an important particular case of (N, »,) summability. The object
of the present paper is to give a separate treatment of this process.

1. Let f(x) be a Lebesgue-measurable function such that the integral
1

(1.1) J (1 —2)* (1 + 2)°f (*) P“® (x) dx

=1

exists, P{® (%) being the 7-th Jacobi polynomial. The Jacobi series asso-
ciated with this function is

(I.Z) f(x) "’Edn Psx,;a) <x>
where
(1.3) g = GrtetBtn TetoTtatpto

2B Tr+p+ Ol tati

1
[ =2 G+ 9P F ) PE () dy

21

Let X, be a given infinite series and {S,} be the sequence of the partial
sums: The sequence to sequence transformation

1 n

v
4 Opi:i:03PO>0
2

’ 1 n’“i
(I 4) t, = _ﬁké(‘) Pk Sn—-k ) Pn =

I

defines the (N, p,)-mean of the sequence {S,}. The series Zu, or the
sequence {S,} is said to be summable by Nérlund means to the sum S, if
limit 7, exists and equals to S.

The important particular case of (N, p,)-summability is the harmonic
summability.

(*) Nella seduta dell’8 febbraio 1975.
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When
(1.5) bn=1[(n + 1)

a sequence {S,} is said to be summable by harmonic if

n
I Sn—#

1.6 lim ——
( ) nesoo lOg72 k=0fé~|~1
exists. :
Dealing with _._...... summability of Jacobi series at the end point of

the interval [—1,1] Choudhary [1] has recently proved the following
theorem. '
Write

F (@) = (f (cos @) — A) (s’in %)2”1 (cos %)2%1

THEOREM. Lot {p,} be a real, non-negative, monotonic non-increasing
sequence of coefficients { p,} such that P,—oco as n—>oo. Then if

ot
~

( z o
(1.7) [1F@ de =0 [Z0 Y, as 10
0
and
71%+1/2
(1.8) 3, o

the series (1.2) is summable (N | p,) at the point x = 1 to the sum A provided
— 12 <o <1/2,B >—1[2 and the antipole condition

[ 42 ) dr < oo
21

b fixed, is satisfied.

The above theorem does not cover the case of harmonic summability.
The object of present paper is to investigate the problem of harmonic summa-
bility of Jacobi series at end point x = 1 of the interval.

The following theorem will be proved.

THEOREM. [f

(1.11) Fi (2) Ef | F () | dgp = o (:*+7?)
0

then the series (1.2) is summable by harmonic means at the point x = -+ 1

to the sum A provided — 1. <a <-—1/2,8 >—1/2 and the antipole con-
dition

(1.12) f(; + x)¥23 ]f(x) | dx < oo

21

b fixed, is satisfied.
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Remark 1. A similar theorem may be proved for the other end point
x = — 1, the only modification being an interchange of the parameter « and
in the enunciation of the theorem.

Remark 2. The convergence problem for the range —1 < a < —1/2,
B > —1/2 was discussed by Kogbetliantz [3] and Obrechkoff [4]. Obrech-
koff proved convergence almost everywhere for points in the Lebesgue set
and therefore condition (1.11) seems to be a natural conditicn for harmonic
summability.

2. We require the following lemmas for proving our theorem.

LEmMMA 1 [[5], p. 167]. For a,P arbitrary and real, ¢ a fixed positive
constant:.

(2.1) P& (cos 0) — [g-z;:)m,O (w2, c/fg i g ij//; !

LEMMA 2 [[5], p. 19¢]. For «a >—1,8>—1,¢n<0<m—y,
22) PE® (cos 0) = n~ 1 4 () [cos (N0 + ) + 2001
where:

. 0\ —a-1/2 6 \—8-1/2
K (0) = 7;_— (sm 7) (cos 7)
N=n+2E8tL v o (a4 1f2)n2.

LEMMA 3. For o<i<w and o >—1,

n—1
(2.3) 3 AR s (k4 1) 7| < A (1 log 1)) BV,
AT

Proof. Hardy and Rogosinski {2] have shown that for o <¢ <,

cos (& + 1
1 z_(H—I)] <A@+ log 1)) .
We shall demonstrate the result for — 1 < a < — 1/2, i.e. the range of «
pérmissible in our theorem. However, as enunciated in the Lemma, the result
is valid for all @ > — 1. In fact, for « = — 1/2 the proof is easier and straight-
forwardly obtained by Abel’s transformation.

In the case — 1 <o <—1[2, we write
(2 ) n—1 /n—-k)“'l'l/z (k—l- )l
. L cos I
24 =~ At

/2] n=1 (1 — Bkl
[ ] \_n__M cos (k + I) z

= =] D
=3 + 22, say.
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By Abel’s transformation

(2.3) [ 2] = [n/ﬁilA {(n__'é)a+1/2} "Sf cos (u + 1)¢ n
-5 1! = ~ . A ur
[2/2]
7n a+1/2 i Cos (% + I) ¢
+ =[5 ]) gg S

< AT (1 log 1) + Ae T2 (1 4 log 1/6)
= Az %" (1 + log 1/2),

where A;,7=1,2,3 are constants.

Also
n—1
__,é) +1/2
2.6 P (n os (£ + 1) ¢
( ) | 2| k=[n/2]+1 'é+ ) ( )
n—1
< A4 —nL-— 2 (n— k)a-l—l/z
[_] 4 A=[n2)+1
2
As o+ 3/2yn—1
< a1 [((e—4) ].é=[n/2]+1
=+
2
= A, TR since o« <-—1/2.

(2.4), (2.5) and (2.6) lead to the required result.

LEMMA 4. For all values of n and ¢t and o > — 1,

(n_éu+1/2 a+1/2
.7 E b l +1/
<2 ) ‘ (E ) Sl’l( +I)l‘|<B7’l ,

wherve B is a constant.

|

Proof. Titchmarsh [6] has shown that for all values of 7 and #

sin (44 1)¢

k=0—h—(k+1) <z/2+4+1.

The rest of the proof may be constructed on the lines of the proof of Lemma 3.
LEMMA 5. For o <o <c¢|n,a,B arbitrary and real,

20+B41
log 7

28 N = Z ot e (cos )

=0 (7).
Proof. Since

o 27aB-1 g4y
METaEn ®
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we have

0@ w n—/é)a+1 atl
N, =
| N, () | logn A Gt — k)

0 _
, as o>-—1I,
logn =0
— O <n206+2)‘

LEMMA 6. If cln<o <m—y,,—1 <o <—1/2,8>—1,
(2.9) IN, (@) | =0 (1) [(sm —) e (cos —‘29-)”“1/2%““/2] +
+0 (051 (sin2) " (cos ).

Proof. Using the result of Lemma 2, we have

204841 "l Np (m—A)-12 (L g \—a-32
N, (o) = log n Z (£41) V= (Sln _._)

(cos %)‘B‘”? [cos o + ) + =42 ]

where

N’=n—|—}LEj—_——2——k and Yy = —(a + 3/2) wt/2

Let us write the asymptotic value of A,_,:

n—1 - )
2.1 N, (¢) = — ! V(= R (L ) —em32
(2.10) (@) VelognT (@ 1 1) kg‘o F (sm( 2 ))

o 27 o =0 255 0 o 2]

n—1

— By T pap
_ O (1) (n — E)ye—1/2 (Sin i) a5/ (cos _‘P_) p—3/
Iwlogn (e 4+1) A= (24 1) 2 2

=2 + 2, say .

ek +EEE S g T (o )

2

Now :

sl o (e ) vk )
= cos {(n'ep +v)—o¢ (2 + 1)}

= cos (#'¢ +y')cos (£ 4+ 1) ¢ -+ sin(®'e +y)sin(k +1)e,
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where

P Tl i3 and.- Y'=“—%'(°‘+i)‘

2 2

Therefore, using the results of Lemma 3 and 4, we have

| (sin-2) 7 cos ) P
(2.11) | Zi|= :

log 7
( )—a 3/2( ) B—1/2
Sin T S—‘Z‘—‘) O wt1/2 1
= og 7 (@) (1 + log %) .
Also ,
- —a—5/2 K2 —B-3/2 .
im0 [T e
21 log n = k41 !
but
2 (n — Eyr—1/2 [ﬁ (n — Bya—1/2 nl (n — Byr—1/2
(& + 1) E=0 (£ +1) E=[nf2]4-1 &+ 1D
a—1/2§ I ’g A o—1/2
41 [n]+2,€ [n/"]—l—l )
=0 (" " log n) + O (1/n) + O (x* 1%
= O (1/n), since o < —1/2.
Therefore
- (sin i)_a—slz_ (cos 1)434/2
(2.12) [Z2] =0 2 2 .
»n log n )

Combining (2.11) and (2.12) we have the result of the Lemma.

LemMA 7. If n—c¢n <o <m,a>—1,B>—1,

n—1
o841 A o
(2.13) INL (@) | = Zlogn ~ —}—kI P (cos cP)t
— O (na+é+1\ R
Proof.
n—1
_ 20+B+1 An—2 n—k (B °‘+1)
[N, (p) | = Tog 7 kgo Pt (—1) P, (cos?)|.

[O (™12 (1 + log —:P—) +0 (n““/z)]
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where o0 < ¢ < ¢/#,

n—1

- 1 (n — A)a+B+1
—O(logn)/ho k41

log 7 = £+ 1 /0Tl £+ 1

. 1 a+B+1 1 I o+ B42y2—1
- O(logn) [ log #] +0 (logn) n [Ce — k) ][n/2]+l

=0 (”a+ﬁ+1> )

LEMMA 8. (1) The antipole condition (1.12) viz., the condition
I
f (1 + 2 f(2) | dx < oo,
-1
implies for B >—1/2,
(2.14) f]f(cos ) — A | (cos 6/2)* V2 d6 < oo,

a=cos™1%

which further implies

1/n

fe“’—l’ﬂf(—cose)—Alde=0(1>’ n—>00.
0

Proof. The condition (1.12), on substituting x = cos 6, gives

k13
”»

(2.16) ‘ | # (cos 8) | (cos 8/2)° 12 df < oo .

a=cos™'%

Since the integral

b
r

‘ (cos 0/2)" dO < oo, for s>—1,

Y
a

the integral

f (cos 0/2)° M2 dp

exists under the conditions of the theorem.
Therefore, from (2.16) we obtain

f (cos 0/2)° V2 |/ (cos 8) —A | df < oo.
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Substituting 0 = © —¢, this gives
T—a

J (sin 2/2)* 12 | f (—cos ) — A | dt < oo .
0

This means
T—a

f’ﬂ_m |f (—cost) —A|dt <oo.
0
By the property of the Lebesgue integral, therefore:
1/n
B-1/2 N
[z‘ | f(—cos?) —A|dt=o (1), as # —>o0o.

3. PROOF OF THE THEOREM

Following Obrechkoff [4], the #-th partial sum of the series (1.2) at the
end point x = 1 is given by

T

S, (1) = 2°‘+Q+1/7\,, (sin %)%H (cos %)%Hf (cos @) PP cos ) de .

0
Consequently,

1

(3.1) S, (1) — A = 2P+l / F (¢) P&5® (cos @) de .
é

To prove the theorem it will be sufficient to show that ¥

log ;

(3-2) I(e) = = Cur—A)=0(1), n —o00.

Using (3.1) we get

™
.

n—1
. 1 20+B+1 (@ 1,8)
L) = log 7 kgo 21 /7‘7:-—& F (o) PoZ%"" (cos @) do
0

= [F@N.@aw,

6

where N, (¢) is as defined in (2.8).
We break the integral I (¢) in four parts, as follows:

()= f+/+7tf
.

(1) It is not necessary to consider the term £ = 7, since S, — A = o.
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d being a suitably chosen, sufficiently small constant
(3-3) =L+ 1+ I+ 14, say.

We first consider I;. From Lemma 5, we have

1/n
(3.4) 1= [1F@ 1IN de
d 1/n
— 06 [ |7 (@) de
0
=0 "o (n—a}%) ,  from  (1.11)
— o (1)
=o0(1), since . <—1[2.
From Lemma 6
g
(3-5) | Lo | = / |F ()| O {(sin %)—a—3/2 (cos %)_BHW%O‘“/Z} +
i/n
3
i . \—a—52 L@ \—B-32 I
+ @0 fsin T) T fees 2 )
1/n

=Is1 + Iz, say.

3

T | =0 @) [ | F () |97 dg
17n
=0 @) o R @)l +
v
+ 0@ f Fi(g) ¢ """ d

1jn
= O (2B L O (1) (%) o [1/2*+37] 4+
8 . ‘ o ‘
+ O (n*+11? 7{‘ o (<p°‘+3/2) e P de, \since b
1/n
is chosen sufficiently small.

(3.6) : o =o(1), since o <-—1/2.
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Also
8

(7 el =0 () [ IF6) 1o~ dg

im
]

) / Fi(p) o~ " do

i/n

© (n 1;g n) +0 (ﬂ lég ”) nero {0 (ﬂ“+l3/2>} +

—a—5/218 I
7 log n) [F2(e) @ Jy» +0O (n log 7

I

3
+0 (——n 1;g ﬁ) / o (™M} ¢ dg

1/n
3
I
= O(I> +o (nlogﬂ) /‘? d(p
1/71

=O(I).

Coming now to Is, we have
n—1/n
11 = | [Fo)Ng) do,
s

T—1/n

-0 (noc+1/2) } | F (p) | (sin %)—a_am (cos %)—9—1/2 do +

3

n1/n
+0 (m)/ | F (o) | (sm ) o (cos %)—6—3/2 de
§
n—1jn
=0 (n““/z)./ [ F(p) | (cos %)B+1/2 (cos —2—)_%—1 de +
5
1/
+0 (1) 171 (cos 2" (cos )
but 8
F () = [f (cos ) —A] (sin 2" (cos £,
w1/
(3.8) JIs[=0 (n“+1/2)‘/ |/ (cos @) — A | (cos %)3_1/2 (cos %) de +
n—1/n

+0 (” T ”) / |/ (cos @) — A | (cos %)"“’2 do
8 B

10. — RENDICONTI 1975, Vel. LVIII, fasc. 2.
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=0 @ +0(1jnlogn), from (2.14)

=o(1), since o <— I1[2.
Finally
69 1Ll = [FON. @ do|
n—1/n :
1/n
= ‘ [F(Tr—~t)Nn (r—12) dt’
¢
1
=0 (na+6+1)/lf(—- cos?) —A | (cos _2_)2a+1 (sin ““2—)26“ ds
0
1/n

= O (n**+Y f |f (—cosd) —A | 2+ dy
0

1/n
=0 (»* % f |f(—cos?) — A | #7112 d¢
0
=0 (n“—m , from (2.15)
=o0(1), since o <—1/2.

Combining (3.3), (3.4) - - (3.9), we have
I =o().

This completes the proof of the theorem.
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