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A n a lis i m a te m a tic a .  — Approximation structures, convergence 
spaces and Katetov s merotopy. Nota di C â l i n  I g n a t , presentata^ 
dal Socio B. S e g r e .

R iassunto. — In questo lavoro si stabiliscono connessioni fra le stru tture di approssi­
mazione introdotte in [5], gli spazi di convergenza [1, 2, 3] e le stru tture di m erotopia [6]. 
Nelle proposizioni 1-3 sono ottenute condizioni affinché una stru ttu ra  di approssimazione 
si generi tram ite una stru ttu ra  di convergenza. Le relazioni (17), (23) stabiliscono la corri­
spondenza voluta fra le stru ttu re  di approssim azione e le merotopie di Katetov.

The purpose of this paper is to establish a connection between the appro­
xim ation structures introduced in [5], merotopic structures [6] and conver­
gence spaces [3].

Let X and A  be two sets and let (A , X) be the collection of all relations 
a G A  X X.

D E FIN IT IO N  i . A n approxim ation relation on X directed by A  is a subset

^ C X x f ( A , X )
such tha t

(O'  VatgX ' 3 a ' e 0 ( A , X ) :  ( * , ' a ) e j * .

W e shall say th a t { X , , A } is an approxim ation structure space.
We denote

(0  sé [x] =  { a f  J ( A , X ) :  (x  , ol) e sé  }, e X.

If  J t  is a collection of subsets of X, we denote by

(3) \J t \  = { K C X :  3 M e l  , M C K }

the prefilter generated by J ( . For a € 0t  (A , X) and a e  A  we set

(4) r  (a , a) =  { z e X : (a , z) 6 a } 

and

(5) Tu(a) — [{ r  (a , a) : a € A  }] .

D E FIN IT IO N  2. L ,e tsé  and two approxim ation relations on X directed 
by A  and B, respectively. The relation sé  is said to be finer than  if

(6) V x (E  X Va esé[x] 3ß [x] : tu (ß) Ctc (a) ; 

sé  and éê are said to be equivalent if

(7) sé  ^  <==>sé -< &  and &  -< sé  .

(*) Nella seduta dell’8 febbraio 1975.
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§ I . A p p r o x im a t io n  s t r u c t u r e s  a s s o c ia t e d  w i t h  c o n v e r g e n c e  s p a c e s

The convergence spaces introduced by M. Fréchet [4] have been inten­
sively investigated by H. R. Fischer [3], C. H. Cook and H . R. Fischer [2], 
H. Poppe [7], H. J. Biesterfeldt [1 ].

In  this paragraph  we shall establish a relationship between convergence 
spaces and approxim ation structures.

Let F (X) be the collection of all proper filter on the set X.

D e f in it io n  3 ([3], [7]):

a) A  non em pty set X is said to be a convergence space if there is 
^ C X x F  (X) such that:

(8) e i f  , (x  =  [{ x  }]),

(9) (x  , 9) A 9 C + => (x  , ty) .

b) A  convergence space (X ,j£?) satisfying

(10) (x  , 9) CJ27 A (x  , 40 =» (x  , 9 n  eJd ,

is called a filtred convergence spaces or L-space by Poppe [7].

c) A  non em pty set X associated with a subset which satisfies (8)
and

C1 0  3v : X F  (X) : (x  , 9) «==> v (x) C 9 ,

is called a space w ith generalized neighbourhoods and v (x) is said to be the 
filter of generalized neighbourhoods of x  e X .

d )  A n (X , v) space w ith generalized neighbourhoods is a topological 
space if

(12) Vx e X  VV e v (x) 3W e v ( r ) :  Vy € W  V e v (4/).

A ny  filter 9 such th a t (x  , 9) is said to be convergent to x. By (8) 
the set 3? [x] =  { 9 : (pc , 9) } is non-empty.

In  F ischer’s paper [3] the convergence spaces fulfill (8), (9), (10) i.e. are 
filtred convergence spaces.

Let (X , ST) be any convergence space ((8), (9)) and A  a set which is in 
an one to one correspondence w ith an ultra filter of X, for exam ple £0 , xo € X. 

Consider the following approxim ation structure on X directed by A

C13) (x  , a) e 4=> 3 9 [x] > tc (a) — 9 a € (A , X)

where tu is defined by (5).
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Let (X , sd, A) be an approxim ation structure such that 

(CASi) V r 6 X, 3 a € sd[x] => tt (a) =  i: ,

(CAS2) Va: e X , Va €■*/[*] : tu (a) e F (X ) ,

V ß: 7 i(ß )e  F ( X ) A ti (a)C T i(ß) =» [a:] .

Then the set dW C X X F (X) defined by

(H ) d /  — { (a: , 9) : 3 a G J3/[a:] tc (a) C 9 }

satisfies (8) and (9) i.e. generates a convergence structure on X.

PROPOSITION i. The relations (13)—(14) define an one-to-one correspondence 
between the collection of all convergence structures on a nonempty set X and 
the fa m ily  of equivalence classes generated by the set of approximation structures 
on X satisfying (CASi) and  (CAS2).

Proof. W e shall establish th a t two approxim ation structures on X gene­
rated  by (13) and a convergence s tru c tu re d  on X are equivalent in the sense 
of Definition 2.

Let { X  ,eß/(jgp) , A  } and { X , , B } be two approxim ation structures
on X generated by d  and let a € cd(^[x]; this means that 3(p 6 d [^ ]  , jc(a) =  9 
and 3 ß e ^ ( B , X )  such tha t tv (ß) =  9 and ß e &(&)[x] i.e. ^ ^ ) < s d {̂ ) . 
Analogously one establishes th a t s d ^  < and therefore ~  0i kSe).

L e t d  be a convergence structure on X and let be generated by (13). 
We shall prove tha t d ^  generated by any approxim ation structure 3$ which 
is equivalent to j d ^  coincides with d .

By (m ) * 9) € <==» 3 ß e J*[a;] Tr(ß)C9. But s d ^ r ^ d ß  and 3 a esd[x]
tc (a) C7T (ß) and therefore by (13) there is a filter ^ e d [ x ] such tha t n  (a) =  ^ 
i.e. d ^  C d .  Let (x  , y) c d .  By (13) it follows tha t there is a £sd(g>)[x\ 
such th a t tc (a) =  y  and by there is ß t  3$ [x] : tc (ß) C n  (oc). By (14)
one has y e Jé^\x] and therefore =5?

L et sé be. an approxim ation structure on X which satisfies (CASi) and 
(CAS2). L et SCj# be the convergence structures generated by -sé through (14) 
and let ^ ( ^ 1  be the approxim ation structure generated by through (13). 
Obviously, also satisfies (CASi) and (CAS2). We shall prove tha t
sé ■

L et ß e From  (13) there is 9 6  £ ^[x ]  : tc (ß) =  9 and by (14)
it follows th a t there exists oc € sé [x] w ith tc (a) =  9. Therefore tc (a) Ctc (ß) 
i.e. sé  <

L et a  e s é  [x]. By (14) one has 9 =  tc (a) e S£J\x\ and ß : tc (ß) =  9 =» 
ß T hus for every « c s /  [x] there exists ß e %('£.,/) [x] with

tc (ß) C tc (a) so th a t S&cjsê ) < sé .
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T he following results are im mediate

P r o p o s it i o n  2. Let sd be an approximation structure on X which satisfies
(CASi) and  (CAS 2). sd generates by (14) a filtra i convergence structure on X 
i f  and only i f

(FCAS) \fx  6 X , Va , ß 6 sd[x\ 3 y Gsd[x] : re (y) C tu (a) n  7u (ß) .

P r o p o s it i o n  3. An approximation structure sd generates by (14 ) a 
structure with generalized neighbourhoods i f  and only i f

(GNAS) V r 6 X 3a e sd\x] : \fa  € A x  £ r (ol , a)

Vß esd[x] Tr (ß) e F (X ) : ß C a  .

§ 2 . KATETOV’S MÈROTOPY

An im portant generalization of topological structures is due to M. Ka- 
tetov [6] which introduces the merotopic structure on a set.

In  this paragraph  we shall present K atetov’s definition of merotopic 
space, an equivalence relation of merotopies, the concept of factor m erotopy 
and, finally, the m erotopic-approxim ation structures.

D e f i n i t i o n  4. (M. K atetov [6]). Let X be any nonem pty set.
r  C # ( ^ W )  is said to be a merotropic structure on X if:

i) A d e  r ,  V M e l  3 M i e l i  M i C M ^ A e P ;

ii) J i U j 2 e T =» (Jix e P) V ( A  f  T ) ;

iii) V i e X :  { { x } } e T ;

iv) 0  <2 r .

Every J e  T will be called micromeric.
Let II (X) denote the fam illy of all prefilters on X. Consider the equi- 

valeilce relation on 0 > (0 * [x))\

J d  ^  / - >  [ J d ]  =  [ j r \ .

Obviously, the factor space 0 >(0 >(x ) ) l^  m ay be identified w ith H (X).
Let K  be a sem ilattice { K , <  , U}, i.e. a set w ith a b inary  reflexive 

and transitive relation denoted by <  and a b inary  operation U : K x K - >  K 
such th a t V k i , e K  ki <  k\ u  k%.

A fam illy x C K  is called an elem entary prefilter on K if

^ U ^ x ^ ( ^ e x )  V (q e x) . ...
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We incidentally observe th a t II (X) is a lattice with <  defined by set- 
theoretic inclusion in & (JP (x)).

Denote [{ x  }] by x.

Proposition 4. Let f  C II (X) such that: 

i') F is an elementary prefilter on II (X); 

ii') Vx e X  : x  e T ; 

iii') 0  € f .

Then there exists an unique merotopy Y on X  such that

(15) ( V # c r = » \ J t \  c f )  A (VXe f  =>Xe T ) .

Proof. Let X be fixed in f . W e consider the collection of all prefilter 
basis of X, i.e. the equivalence class of X in & f?  ÇK)\œ denoted by X.

I shall prove tha t

(16) r  =  { J (  : l e i  : Xe f  }

is a m erotopy.
Let d t  € F and J l '  be such th a t for every M 6 J l  there exists M ' G J T  

M ' C M .  Therefore \J l \< Z [ J l!].
Since T is an elem entary prefilter on IT (X) and Jl G F it follows [ J l \ e  f  

and \ J l ' \  g T.
Then, since J T  e \ J l ' \  , J l '  G T. This proves condition i) of Definition 4. 
Let J l 1 , J l 2 6^* (fiP (X)) be such th a t J i u A  G T. Then [ J 1 U I 2 ]  G f .  

Since [ J i u A ]  =  [Jh ]  u  [^#2] it follows ([-#1] G f )  V ( [ ^ 2 ]  G f )  and there­
fore L # i € F) V (e^2 g T).

Condition iii') follows im m ediately by ii') and iv) by iii).
Now, suppose th a t there exists a m eroropy Ti which satisfies (15). 

Since, in according to  condition i) in the definition of merotopy, if Jl G Ti , 
J l  G J  ( J  (X ) ) /^  Â  C L  then \J l ]  G T i, and by (15), it follows [Jl] G f .  
Then, as a consequence of (16), J l  g T  and Ti C Y.

L et T g  L  T hen [ • ^ ]  G T and since Yi satisfies the second part of (15) 
it follows [d l]  C IT  Yi is a m erotopy and according to the condition 
i) it follows d i e  Y. Thus Y =  Ti as claimed.

Proposition 4 allows us to define equivalently m erotopic structures:

Definition 5. Let X be a set. A  collection f  C n  (X) which satisfies 
conditions i'), ii') and iii) in Proposition 4 is called a 7r-merotopic structure 
on X and its elements are called 7r-micromerics.

D E FIN IT IO N  6. A  7r-merotopic structure on X is said to be localized 
if to each 71-micromeric X there exists an x \  G X such th a t

X O ir* G f  .
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We shall say th a t the 7r-micromeric A is localized in x x. Now we shall 
establish the relation between 7>m erotopic localized structures and appro­
xim ation structures.

^Let A  =  »  (X) and T an localized 7i-merotopy on X. Consider a m ap 
a : r - > i ( A ,  X) defined by:

 ̂  ̂ r  (a (X) , a) =  a if a E X ,
for X e  r

r  (a (X) , a) =  X if a € X .

Since X is a prefilter it follows tha t tc (a (X)) =  X.
W e define an approxim ation structure on X associated with f  by:

0  7) (x  , a) 6 j / f  <==> 3X e T  X n i r e f  tc (a) =  X .

For an approxim ation structure sé  on X we set

p ( s t)  '=  { a € *  (A , X) : 3* € X (x  , a) } .

L et sé  be an approxim ation structure on X such tha t

(18) a e p  (sé) ; p, , v E II (X) n  (a) =  (j, u  v => 3ß e p (sé) (rc(ß) =  p.) V (re (ß) =  v) ;

(19) a e  p (sé) 7T (a) C fi. e  II (X) => 3 ß  e  p (sé) re (ß) =  pt. ;

(20) V x  6 X 3a 6 p (sé) tc (a) — x  ;

(21) Va Esé [x] 3 ß e sé  [x] tc (a) n  x  — tc (ß) .

It is im m ediate th a t the collection { tc (a) : a E p (sé) } which satisfies 
(ïS), (19)) (2°)> (2 I) is a localized Tc-merotopy on X.

P ro p o s i t io n  5. Let sé  be an approximation structure on X such that 
are the conditions (18), (19), (20) (21) fu lfilled  and

(22) Va e M (A , X) : 3 ß  e  p (sé) tc (ß) =  tc (oc) n  x  oc Esé [x] .

Let

(2 3 ) f  j* =  { 7T (a) : a e  p (sé) }

and be constructed by (17)- Then (according to Definition 2) sé  r̂ > .

Proof. L et cl Esé [x\ . By (23) 7 r ( a ) c f J3/ and by (21) tc (a) is localized 
in T hen there exists ß e [x] such th a t tc (a) =  tc (ß ). Thus @r^ < s é .

Let ß e & r ^ [ x \ ,  be. there exists Xe f v , X c \x  e f v ,  therefore 3 a e p ( j ^ )
7c (a) =  X and 3ß E p (sé) tc (ß)  — 71 (a) H x .  Hence by (22) oc Esé [x] and



C âlin Ignat, Approximation structures, ecc. I0 7

It follows im m ediately the

P r o p o s it i o n  6 . Let T be a localized iz-merotopy on X , be the appro­
ximation structure defined by (17), and be defined by (23). Then f  =

From  Propositions 5 and 6 one obtains

P r o p o s it i o n  7. The relations (i7)-(23) establish an one-to-one corre- 
spondence between the set of all localized -x-merotopies on X and the set of all 
equivalence classes of approximation structures on X satisfying (18), (19), 
(20), (21).

L et F be a rc-merotopy on X such th a t there exists a rc-micromeric X 
w ith the property: V r e X X n t f  f .  W e consider the localized extension of 
X, denoted_by X , X  =  X u { ^ }  such that, if f  is not localized on X, we 
define on X the m erotopy:

F* =  {X*:X* =  { M u { * » } M e X } X e f } .

Obviously: f w e f *  because & (X) e f  and &  (X)* =  x ^ .
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