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Geometria differenziale. — Hyper asymptotic and hypergeodesic 
curvatures of a curve in special Kawaguchi spaces. Nota di Udai 
Pratap S ingh e Shri Krishna D eo D u bey, presentata n  dal Socio 
E. B ompiani.

RIASSUNTO. — Studio delle curvature iperasintottiche e ipergeodetiche di u n a curva 
appartenente ad uno spazio di Kawaguchi di ordine due.

i .  I n t r o d u c t io n

Consider an ^-dim ensional special Kawaguchi space of order 2 such 
th a t the arc length of a curve x* =  (f) (1) is given by the integral

( i -0  S =  j  [A,- (x , x ) x* +  B (x  , x )]vp d t , ■ p = ^ o ,3 l2

where x* =  dx ^d t, x * =  d2x*/dt2 and A /, B are differentiable functions 
of x* and x*. In  order th a t the arc length be related intrinsically to the curve 
th a t is, it rem ains unaltered by a transform ation of the param eter t, we m ust 
have (Kawaguchi [1] (2>)

(1.2) A =  0 ,

(!-3) 2 A ì x * - f (Ak(i) Xk +  B(f)) X* :— P (A ;xt  +  B) ,

where

A*(o =  »A,ipx* , B( =  3B fix* .

Equation (1.3) implies

(14) A k{l)X i :=  (P--  2) A* , B(o x* =  pB  .

Thus A,* are homogeneous of degree p  — 2 with regard to the x { and B is 
homogeneous of degree p.

W e consider an ^-d im ensional subspace K m of K^ represented as 
x*— x*(ua) and the m atrix  of the projection factor p \  =  dx’/du* has rank  m. 
If  we denote by aa and b the quantities in K m corresponding to A, and B in K„

(*) Nella seduta del 14 dicembre 1974.
(1) Latin indices run from 1 to n, Greek ones a , ß , y , 8 , s , p from i to m and p , v 

from m +  1 to n.
(2) Numbers in the brackets refer to the references at the end of the paper.
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then it follows th a t the equations sim ilar to (1.2), (1.3) and (1.4) hold for aa 
and b. Putting

C' A A r*
” /(*) > G"aß ==  ̂a a(ß) ^ß(a) j

it has been shown (Yoshida [3]) that

0 -5) G ,y^J> i =  G„ß.

The covariant differential of a contravariant vector field v‘ (x* , x hom o
geneous of degree zero with respect to x* is defined as (Kawaguchi [1])

(i-6) 8v‘ =  dv‘ +  T'jk v3 dx ,

where

2 r i = ( 2 A j ” - B w) Gli,

Fjk =  a2 F 13x J 3x k , A lm =  3A f i x m .

I f  i f  be a vector field in K m such th a t = p'ai f ,  then the induced co variant 
differential 8i f  ( =  pr). §z/) is given by  (Yoshida [3])

(1.7) %va =  dva + r i y v&duY ,

where

( t .8)
tßY =  Pi {ply +  Fjt p i py) ,

f i  =  G“p Gu p i  , piy =  dp i/du\

Further, Yoshida ([3]) has defined

C1 -9) H ßa =  D ß pu  =  paß  +  T jk P$ p \  ----fa ß  P%

and expressed

o -ïo) ^ ,  =  2 % « ’' ,\l \l \l

in which »*' are vectors norm al to K„, and Hg* are second fundam ental tensors.
M- fJL

For a curve C : x ' =  x* (s'), of the subspace K „ , it has been shown 
(Yoshida [3]) th a t

-p*p H 3r '
d f i  d«Y

2  H 0r n* d uf
d s

d tiP 
ds 9

where

ds ds
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It has been proved th a t the necessary and sufficient condition th a t the curve 
be an asym ptotic line is tha t

H ßY
d
ds for [j, =  7fi -j~ I , • • •, n.

2. H yperasymptotic curvature

Consider a congruence of curves on Kw given by the vector field XL At 
a point of the subspace this can be expressed as

(2.1) Xi =  f . p i  +  2  r (,x) »*' •
n pt.

Let this vector be norm alized by the condition 

(2.2) Gy- (x , X) -)! >/ =  I ,

which gives

(2.3) Gaß (u , u) fi + 2  ^ =  1 >
pt. M-

where

(2.4) =  G ij (pc , x) n* nj  .
M* pt-

Let 6[0) (== dx*/ds) , b \ and b\^ (9 =  2 , • • •, n —  1) be the unit tangent, 
unit principal norm al and (n —  2) unit binorm al vectors of a curve C : ua =  ua(s) 
(of K w) which is not an  autoparallel curve in K r

D efinition 2.1. A  curve (of K.m) is said to be hyperasym ptotic curve 
(of order ( 9 — 1)) of the subspace relative to X* if the surface determ ined by 
(̂0) and the binorm al vector b ^  contains the vector field XL In  other words, 

we have (Singh [4])

(2.5) X* =  ub\o) +  %>) (̂<p) > (9 =  2 or 3 or • • • or n —  1) .

On com paring the equation (2.5) with the equation (2.1), we get

(2.6) , +  2  r*(|X) n — U&(Q) +  %>) (̂<p) •
(X t i

A fter m ultiplying (2.6) by G ^qJ' and using the facts

(2.7) G,y 6'm q3. =  o , G ij b'w q1 =  o ,

Gy qJt*p’x +  2  r <n) Gÿ q3 r i =  0 .pi |X

we obtain

(2.8)
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U sing the equations (1.5), (1.11), (2.4), (2.8) and G i jp'a nj =  o, we get
[X

(2.9) G ^ /  +  S r (^ H > ï ^ ^  =  o l
fX |X [X UÓ

which represents hyperasym ptotic curve relative to X*. The equation (2-5) 
and (2.7) give

(2.10) G t j (x , x ) \ { f i  =  o ,

therefore we have the following

THEOREM 2.1. For a hyper asymptotic curve, the first curvature vector 
f i  is normal to X*.

D efinition 2.2. The scalar K* is defined by

(2 .11) K* =  G,y (x , x )  X* (u , u) qJ

is called the hyperasym ptotic curvature (of a curve) relative to X* (u , u).
I t is obvious th a t the hyperasym ptotic curvature of a curve vanishes 

(P rasad [2]) if and only if it is an hyperasym ptotic line.
A fter using equations (1.11) and (2.1), we obtain

(2. ï 2) K* =  Gag f j P  + ç  r (rt J H ßy —  ~  ,

which yields

THEOREM 2.2. I f  a hyperasymptotic line is an asymptotic line then either 
(f) the congruence is normal to K.m or (ii) the first curvature vector of the curve 
with respect to ¥Lm is orthogonal to the component of the congruence tangential 
to K m.

Proof. I f  the hyperasym ptotic line is asymptotic, then using equations
(1.13) , (2.12) and the fact th a t K* =  0 we get

(2.13) Q ^ ta p  ̂ =  0

Since the curve is asym ptotic and not an autoparallel curve in K m , p* =)= o. 
Therefore, equation (2.13) implies th a t either (i) ta =  o or (ii) p a is ortho

gonal to P. This proves the theorem. 3

3. H ypergeodesic curvature

For a curve C : ua =  u*(s) of the subspace K m, the vector with the com
ponents
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is called the union curvature vector relative to X* (Singh and D ubey [5])
, * defV  d#* . •where X =  G zV -3— X7 .tJ dj*

The scalar ku defined by

=  G aß ( u  , U )  7]a 7)ß

is called the union curvature of the curve and this can be expressed as

)l/2
a - »  x

X ^ + j £  (h„, £  t ) 7 ?  r»j

in which we have used the relations

(3-3)
r  /  , n  d«“ da0 ,  / '  , , ,  dapn aß(« , « ) -g j- —  =  I , GaP(u , u) p x =  odi'

and =  Ga$(u ,u )  p a p® (kg is the first curvature of the curve).
From  equations (1.13) and (3.2), we have

THEOREM 3.1. The union and first curvatures are identical along an asym
ptotic line of the sub space.

def
Let us suppose th a t lcc =  p alh ^) m ultiplying (3.1) by Gaß( ^ , ^ ) / ß and 

using the fact th a t
dua

Ga0 (u , u ) - ds P,ß = O,

we get

(3 4 )  Gaß ( u , u) 7)a / ß =  k U hIßT
du® du f \2 
dj- ds

î 9 )V2
/  2  r w  (G«ß ( « , *0 ^3) •I M- )

D e f i n i t i o n .  T he scalar K* defined by

0 . 5 )  k ; = ^ - ! S ( h St —  i t ,  I V - c  , * )  3«)[x \ [x di' d j j  I ^

is called the hypergeodesic curvature of the curve in K w.
If  vanishes along a curve in Km, then the curve is called a hyper

geodesic. Therefore, a hypergeodesic is given by

(3-6): Gaß (u , u) Y)a / ß =  o .

This equation yields the following theorems:

Theorem 3.2. A union curve is a hypergeodesic but the converse is not 
necessarily true.

THEOREM 3.3. A non-union hypergeodesic curve is characterised by the 
property that its union curvature vector is orthogonal to the first curvature vector 
in  K w.
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Also, we have

T h e o r e m  3.4. The hypergeodesic and first curvatures of a curve are equal 
i f  and only i f  either if) the curve is the asymptotic line or (if) the congruence V 
is normal to Km .

The proof is obvious from equation (3.5).
Theorem  3.1 and Theorem  3.2 yield

THEOREM 3.5. The hypergeodesic and union curvatures of an asymptotic 
line are identical, each being equal to the first curvature.

Finally, we conclude with the following:

THEOREM 3.6. Along a asymptotic line of the subs pace union, first and 
hypergeodesic curvatures are identical.

Remark. Since the curve under consideration is not an autoparallel 
curve of the em bedding space, the above theorem  reveals th a t an asym ptotic 
line can not be a union curve or a hypergeodesic.
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