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Geometria differenziale. — Conkarmonic transformations of
Einstein-Kihler spaces with Bochner curvature tensor. Nota di
S.S. SingH, presentata @ dal Socio E. Bompiant.

R1ASSUNTO. — L’Autore, che gia si era occupato di spazi Einstein—K#hleriani di tipo
speciale, si occupa ora di detti spazi nell’ipotesi che il tensore di curvatura di Bochner sod-
disfi a speciali relazioni.

I. INTRODUCTION

An 7 (= 2m) dimensional Kihler space K” is a Riemannian space if
it admits a structure tensor ¢, satisfying

(1.1) el Pt = — 3

(1.2) P = 7 Pur (‘PAU- = 0" o)
and

<I3) /7 ‘P?\k,u, =0,

where the comma followed by an index denotes the operator of covariant dif-
ferentiation with respect to the metric tensor g, of the Riemannian space.

It is well known that in an Einstein-Kihler space the Bochner curvature
tensor reduces to U,,* given by

R
(1.4) U%uvk = Rmvk + FICE) & Su.k ——&uy 3% + oy ‘Puk — Puv oF 42 Prn ‘ka]°

A Kihler space is called a space of constant holomorphic sectional curvature
if the tensor U,,,* given by (1.4) vanishes identically.

We shall consider Einstein-Kédhler spaces which we shall denote by E”,
satisfying

(1.5) Uyt =0
and
(16) UAuvk,s = Ke '[J)\y.v'é ’

where K. is a non-zero vector. An Einstein-Kihler space satisfying (1.5)
is called a Kiéhler space with parallel Bochner curvature tensor and that

(*) Nella seduta del 14 dicembre 1974.
(1) Numbers in square brackets refer to the references given at the end.
(2) As for the notations we follow K.B. Lal and S. S. Singh [3] and S.S. Singh [4].
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satisfying (1.6) is called a Kéihler space with recurrent Bochner curvature
tensor. For brevity, such Einstein-Kihler spaces shall be denoted by Bs (E™
and Br (E”) respectively.

2. CONHARMONIC TRANSFORMATION OF EINSTEIN-KAHLER SPACES
Let E” and E” be two Einstein Kihler spaces. If the metric tensor D
of E” is given by
(2.1) D = €% g,
where g, is the metric tensor of E”, then E” is said to be a conformal transfor-
mation of E”.

By a conformal transformation (2.1) the tensor ¢;* remains unchanged,
but the tensor ¢, is transformed into G,, by

(2 '2) ahu, = % Pap -

Also, we have

(23) R)\I.L\Ié = ¢2° [R}\uvk + gy.v Oz "'_ ke Ouv —— &v Cus _—gu.k G)w]
and
(24) [_{Auvk = R}\u.v'é + Eem G)\é — & Guk -+ 8}\)} Oyp — Su.k Gy -

A conformal transformation with ¢ satisfying
(2.3) c“,x—{—%(n—z) 6, 06% =0

where 6, = 6, and ¢* = g* o5, has been called a conharmonic transforma-
tion and studied by Y. Ishii [1, 2]. A conharmonic transformation satisfies
the condition

(26) ® g;\u R = & R
which, in view of (1.2) gives
(2'7) @u. R= Pru R.

When an Einstein-Kahler space is transformed into an Einstein-Kihler space
by a conharmonic transformation o satisfies the condition Y. Ishii [1]

(2.8) Guy = O.
‘ Using (2.8) in (2.4) we have
(29) R?\uvk = R)\u.vé .

In view of (2.6), (2.7) and (2.9) we obtain

(2' IO) U)Ly.vk = U)uvk .

(3) Y. Ishii [1].
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3. CONHARMONIC TRANSFORMATION OF By (E™) sPACEs

Differentiating (2.10) covariantly and using the relation

L) =) + Bout o — g,
we get
(3 I) Ukuvk;e = U)\u.vk,e — 20, UAy.vk - [U)\u,va o* -+ [-]-sy.vlé 6y +
+ U)xsvk [ + Uly,e'é Gv] + c* [U)\u.voc Szk "I_ Uay.vk e + U}\avk gy.s "'_ U?xuxk gvs]

where the semi colon denotes the covariant differentiation with respect to gy,.
Now we assume that both E” and E” are Br (E") spaces, so that we have

(32> Ulp,vk,s = Ke U)q.wk
(3-3) _'T)\uvk;s = Ks U)\u.vle

for non-zero vectors K, and K..
Substituting (3.2) and (3.3) in (3.1) and using (2.10) we obtain

(34) (KE - Ka) .U'Az.l.v/é =—20 IJ}\;,W/é - [Ulu.vs c* -+ Uay.vk [N -+
_l_ U)\svk Oy + U)\p.ek Gv] + c* [UAuvm Ssé + Uauvk e "I_ U)\avk gy.a + UAuak gva]'

Contracting € and # in (3.4) and using the relations

(3-5) U = Us* = Ujpu* = 0

and

(3-6) Uso® + Uit + Upf = o

we obtain

3-7) (Ko — K) Un® = (2 — 3) 6, Up*.

Transvecting (3.7) with ¢” we get

(3.8) (Ko —K)Ujue%6® = 0.

On the other hand transvection of (3.4) with ¢® gives

(3.9) Ke—K,+20) Uy f0*=0.
Hence, Wé find either

(3.10) Ut =0

or

(3.11) Ko —Ky) o* = —20,06%.

40. — RENDICONTTI 1974, Vol. LVII, fasc. 6.
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We consider the case in which (3.11) holds. Transvecting (3.4) with
(K; — K,) ¥ we have

(Ke —Ko) Kz —Kp) 0" Uyt = — 2 (K, — Kp) Uyt 0¥ 6, —
—{®; —Kp) Uy o* 6* + (K, — K)) Ut o¥ o) +
+ Ki —Kp) 0¥ 0, Upett + Kz — Kp) Uyt 0, 0%} +
+ 6% {(Ke — Ko) Ui 0 + (K — Kp) Ugf g1 0° +
+ Kz — Kp) Usa® £ue 0" + K — Kp) U £0e 6%}
which on using equations (3.11), (3.7) and (3.8) reduces to (3.12)
(3.12) (n—1)06,6*Uy,Po=o0.

Hence, we find either

(3.13) 0, 0" =0,
which implies that ¢ is constant
or
(3.14) 6 Upu? = 0.
When (3.14) holds, (3.4) becomes
(Ks - Ks) Uluvk = -—20, Uxuvk — [Unuve ot + Ueuvk o+ U)\evk o, + Ulusk oy].

Transvecting this equation with &, and using (3.14) we get
Gy c* U;\u\,a = 0.

Hence, we find either (3.10) or (3.13). In the case of (3.13) the equation (3.4)
becomes

(Ka — Ks) U)xy,vb =0,

from which follows either (3.10) or K, = K. .
Thus we have

THEOREM 3.1. If a Br (E") is transformed into another Br (E") by a
conharmonic transformation, then the following cases occur :
1) the space is that of constant holomorphic sectional curvature.
2) 6 is constant and the recurrence vectors coincide.

Since an Einstein-Kihler recurrent space is a Bz (E”), from the above
theorem we have the following

COROLLARY. [If an Einstein—Kihler space is transformed into another
Einstein—-Kihler space by a conharmonic transformation as follows:

a Br (E")-space — a recurrent E'~space
or |
a recurrent E'—space — a Br (E")-space or a recurrent E'—space

then the space is that of constant holomorphic sectional curvature or c is constant
and the recurvence vectors coincide.
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Now, if ¢ is constant and the space is not of constant holomorphic sectio-
nal curvature, then (3.1) can be written as

B A ]
[JAuv H-Zaa U}\uv -3

Consequently, a Br (E") may be transformed into a By (E™) by a conharmonic
transformation.

Therefore, in view of Theorem 3.1, we have

THEOREM 3.2. The necessary and sufficient condition Jor a Br(E")
which is not of constant holomorphic sectional curvature to be transformed
into another Br (E") is that o is constant.

4. CONHARMONIC TRANSFORMATION OF Bs (E”) SPACES

If E” and E” are both Bs (E"), then regarding K, and K. both zero and
proceeding exactly in the same way as in the proof of Theorem 3.1, we find
either U,,f = 0 or ¢ is constant. Hence, we have

THEOREM 4.1. If a Bs(E") is transformed into another Bs (E") by a
conharmonic transformation, then the space is that of constant holomor phic
sectional curvature or c is constant.

COROLLARY. If an Einstein-Kéihler space is transformed into another
Einstein-Kihler space by a conharmonic transformation as follows:
a Bs (E")~space — a symmetric E'—space
or

a symmetric E'~space — a Bs (E')~space or a symmetric E'-space
then the space is that of constant holomorphic sectional curvature or o is constant.

Also we have

THEOREM 4.2. A necessary and swficient condition for a Bs (E™) which
is not of constant holomorphic sectional curvature to be transformed into
another Bs (E) by a conharmonic transformation is that o is constant.

Next, we assume that an E” is a Br (E”) and E" is a Bs (E”). Then re-
garding K. as zero and proceeding exactly the same way as in the proof of
Theorem 31 we find either U,,f =0 or ¢ is constant and K,=K,=o.
However, since K, is a non-zero vector, the space must be that of constant
holomorphic sectional curvature. Hence, we have

THEOREM 4.3. If a Br(E") is transformed into a Bs (E™) or a Bs(E")
is transformed into a Br (E”) by a conharmonic transformation, then z‘}ze space
is that of constant holomorphic sectional curvature.
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Since a Kahler space which is symmetric in the sense of Cartan is a Bs (E),
from this theorem we have the following.

COROLLARY. If an E” is transformed into another E" by a conharmonic
transformation as follows:

a Br (E")-space — a symmetric E'~space

a Bs (E")-space — a recurrent E'~space

a recurrent E'—space — a Bs (E")~space or a symmetric E'~space
a symmetric E"—space — a Br (E")~space or a recurrent E'-space

then, the space must be that of constant holomorphic sectional curvature.

The Author is thankful to prof. K. B. Lal for his helpful guidance.
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