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Geometria differenziale. — Conharmonic transformations of 
Einstein-Kähler spaces with Bochner curvature tensor. Nota di 
S. S. S in g h , presentata (#) dal Socio E. B o m pia n i.

RIASSUNTO. — L’Autore, che già si era occupato di spazi Einstein-Kähleriani di tipo 
speciale, si occupa ora di detti spazi nell’ipotesi che il tensore di curvatura di Bochner sod­
disfi a speciali relazioni.

i. Introduction

A n n ( =  2 m) dim ensionai K ähler space K* is a R iem annian space if 
it adm its a structure tensor satisfying

( l - 0  ?n“ 9«X==— V

C1-2) ?An =  —  9 i*a > OPaix =  9a“ >

and

(!-3) 9aa,h =  o ,

where the comma followed by an index denotes the operator of co variant dif­
ferentiation with respect to the m etric tensor g Xll of the R iem annian space.

I t is well known th a t in an E instein-K ähler space the Bochner curvature 
tensor reduces to Ux(JLV̂ given by

R
(ï .4) U A.v Rà[ì.v ~~b n [<£xv ~b cpxv 9i/  9{xv 9x̂  “b 2 9xtx 9v̂ ]*

A K ähler spaòe is called a space of constant holomorphic sectional curvature 
if the tensor given by (1.4) vanishes identically.

W e shall consider E instein-K ähler spaces which we shall denote by E ”, 
satisfying

( i - 5) U **/,. =  0

and

(1.6) U Â , S =  KSU X, V\

where K s is a non-zero vector. A n E instein-K ähler space satisfying (1.5) 
is called a K ähler space with parallel Bochner curvature tensor and th a t

(*) Nella seduta del 14 dicembre 1974.
(1) Numbers in square brackets refer to the references given at the end.
(2) As for the notations we follow K.B. Lai and S. S. Singh [3] and S. S. Singh [4].
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satisfying (1.6) is called a K ähler space with recurrent Bochner curvature 
tensor. For brevity, such E instein-K ähler spaces shall be denoted by Bs (E*) 
and Br  (Ew) respectively.

2. CONHARMONIC TRANSFORMATION OF E  INSTE IN-KÄHLER SPACES

L et E  and E be two Einstein K ähler spaces. I f  the m etric tensor g  ̂
of En is given by

(2-0  hv. =  eiagj*.

where g-kix is the m etric tensor of E”, then EM is said to be a conformal transfor- 
m ation of E*.

By a conformal transform ation (2.1) the tensor 9 ^  rem ains unchanged, 
but the tensor 9 ^  is transform ed into 9 ^  by

(2-2) ^  <PXtx •

Also, we have

( 2 . 3 )  R x (j.v> é =  e2a  [R -A fx v /è  4 “  g w  Oxk 4 “  g~Kk G w  gX v g[Lk c tA v ]

and

(2-4) Rxnv̂  =  R**/ +  ax* — V  +  V  —  V  ffvx •

A conformal transform ation with a satisfying 

(2-S) cra>a +  — (n —  2) cra aa =  o

where aa =  crj0C and aa =  g aß ap, has been called a conharm onic transform a­
tion and studied by Y. Ishii [1, 2]. A  conharmonic transform ation satisfies 
the condition

(2-6)(3) f x * K = t f * R '

which, in view of (1.2) gives

(2-7) R =  R •

W hen an E instein-K ähler space is transform ed into an E instein-K ähler space 
by a conharm onic transform ation cr satisfies the condition Y. Ishii [i]

(2-8) ®nv =  o .

U sing (2.8) in (2.4) we have

(2-9) Rxn/ =  Rxnv* •

In  view of (2.6), (2.7) and (2.9) we obtain 

(2-IO) =

(3) Y. Ishii [ I ] ,
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3. Conharmonic tran sform ation  o f B r ( E n) spaces 

Differentiating (2.10) covariantly and using the relation

( v )  =  ( v )  +  a» +  % ^  ~  ’
we get

(3 - 0  ;e =  Uxuv^s 2 <7 e U A|i/ ---[UxpivE Ok -)- Ut|tv4 <7x +

+  U*.,* (7,, +  <7V] +  a“ [UX|lva 8 /  +  U a|iï4 gXs +  Uxav4 g ^  +  gVJ

where the semi colon denotes the covariant differentiation w ith respect to gXtl. 
Now we assume th a t both E  and E are Br (Ew) spaces, so th a t we have

(3 -2) U X(t/ , e = K e U x̂

(3 -3) Ü x. / ;e =  Ks Ü x^

for non-zero vectors K s and KE.
S u b s t i tu t i f  (3.2) and (3.3) in (3.1) and using (2.10) we obtain

(3 -4 ) (Ks K.) U * ,4 =  2 CTe Uxpiv4 [Uxiivs Gk -f- U e|lv4 a-A -)-

+  Uxsv  ̂ C7V] -f- <7a [UX(lva 8 /  +  U atiSgte +  U Xa / gßE +  £vs]-

C ontracting £ and k  in (3.4) and using the relations 

(3 -5) I W  =  U ^ “ =  I V “ =  o

and

(3 -6 ) U x ^  +  U ^  +  U V  =  o

we obtain

(3 -7) (Ka —  Ka) U x,v“ =  (* —  3) (7a I V “ .

T ransvecting (3.7) with av we get

(3 -8 ) . (K« —  K a) T V “ a 0 =  o .

On the other hand transvection of (3.4) w ith ge gives 

(3-9) (Ka — K, +  2 c7a) T V 4 <7“ =  o .

Hence, we find either

(3 -IO) I V *  =  0

or

(3 -10  (K a —  K a) aa =  — 2 a a aa .

40. — RENDICONTI 1974, Voi. LVII, fase. 6.
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W e consider the case in which f3.11) holds. T ransvecting (3.4) with 
(K^ —  K^) av we have

(Ks —  K.) (K* -  K t) o' U-MJ  =  — 2 (Kk — K x) U X|W* a'- as _

—  { (R* —  Kk) U Xl,ve o* a* +  (K* —  K k) U e|iV* ^  <?x +

+  (K, — K*) cv CT(i Uxtv* +  (K, — K4) U X(i/  a'-} +

+  a* { (Ks — Ks) U A, va cv +  (K4 — K4) U a(iV4 g u  av +

+  (K, -  K4) U Xa/  gvx o' +  (K4 — K t) U ^ *  ^vs o '}

which on using equations (3.11), (3.7) and (3.8) reduces to (3.12)

(3.12) (n —  i ) o a oa U Xltvp oß =  o .

Hence, we find either

(3-!3) cra CT“ =  o ,

which implies th a t a is constant 
or

(3-14) cpU Xltv0 =  o .

W hen (3.14) holds, (3.4) becomes 

(Ks K s) U X{JL/  =  —  2 Gg Ux^v* —  [Uxfxvs Qk +  U g ^  ax +  Uxsv  ̂ +  U x ^  ffv]- 

T ransvecting this equation with ak and using (3.14) we get

Gk ° k U X|iVe =  o .

Hence, we find either (3.10) or (3.13). In  the case of (3.13) the equation (3.4) 
becomes

(K. — K E) U X|iV* =  o ,

from iwhich follows either (3.10) or Ke — K s .
Thus we have

THEOREM 3.1. I f  a B r(E*) is transformed into another B r  (E*) by a 
conharmonic transformation, then the following cases occur :

1) the space is that of constant holomorphic sectional curvature.
2) a is constant and the recurrence vectors coincide.

Öince an  E instein-K ähler recurrent space is a Br  (Ew), from the above 
theorem  we have the following

COROLLARY. I f  an Einstein-Kähler space is transformed into another 
Einstein-Kähler space by a conharmonic transformation as follows', 

a B r (El)-space -> a recurrent El-space
or

a recurrent El-space -> a B r (El)-space or a recurrent Ef-space

then the space is that of constant holomorphic sectional curvature or a is constant 
and the recurrence vectors coincide.
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Now, if  g is constant and the space is not of constant holomorphic sectio­
nal curvature, then (3.1) can be w ritten as

T T ,  k ___  T T  kwA[jiv ;s , s •

Consequently, a Br  (E*) m ay be transform ed into a Br  (En) by a conharm onic 
transform ation.

Therefore, in view of Theorem  3.1, we have

Theorem 3.2. The necessary and sufficient condition fo r  a Br (En) 
which is not of constant holomorphic sectional curvature to be transformed 
into another Br (E”) is that cr is constant.

4. Conharmonic tran sform ation  o f B s ( E n) spaces

I f  En and E” are both Bs (E*), then regarding Ks and K£ both zero and 
proceeding exactly in the same w ay as in the proof of Theorem  3.1, we find 
either =  0 or g  is constant. Hence, we have

THEOREM 4 .1 . I f  a Bs (En) is transformed into another Bs (Enj  by a 
conharmonic transformation, then the space is that of constant holomorphic 
sectional curvature or g  is constant.

COROLLARY. I f  an Emstein-Kähler space is transformed into another 
Em stein-Kähler space by a conharmonic transformation as follows'.

a Bj* (En)-space -> a symmetric ET-space
or

a symmetric ET-space -> a Bs (ET)-space or a symmetric ET-space

then the space is that of constant holomorphic sectional curvature or g is constant. 
Also we have

Theorem 4.2. A  necessary and sufficient condition fo r  a B  ̂(En) which 
is not of constant holomorphic sectional curvature to be transformed into 
another Bs (Ew) by a conharmonic transformation is that a is constant.

N ext, we assume th a t an En is a Br (E*) and En is a Bs (En). T hen re­
garding K£ as zero and proceeding exactly the same way as in the proof of 
Theorem  3.1 we find either =  o or g is constant and K s =  K£ =  0.
However, since Ks is a non-zero vector, the space m ust be th a t of constant 
holomorphic sectional curvature. Hence, we have

Theorem: 4.3. I f  a Br(E^) is transformed into a Bs (En) or a Bj(E^) 
is transformed into a Br (ET) by a conharmonic transformation, then the space 
is that of constant holomorphic sectional curvature.
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Since a K ahler space which is symmetric in the sense of C artan is a Bs (Ew), 
from this theorem  we have the following.

COROLLARY. I f  an Kn is transformed into another Yn by a conharmonic 
transformation as follows'.

a Br (Yd^-space a symmetric Yd-space
a Bs (Yf)-space -> a recurrent Yd—space
a recurrent Yd1—space -> a Bs (Yd)-space or a symmetric Yd—space 
a symmetric Yd—space -> a Br (Yn)—space or a recurrent Yd—space

then, the space must be that of constant holomorphic sectional curvature.

T he A uthor is thankfu l to prof. K. B. Lai for his helpful guidance.
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