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Equazioni differenziali ordinarie non lineari. —  O n the existence  
of p er io d ic  so lu tio n s  o f  certa in  fo u r th  order d iffe re n tia l eq u a tio n s . 
Nota di H . O. T e ju m o la ,  p resen ta ta^  dal Socio G. S ansone .

RIASSUNTO. —  L’Autore estendendo un suo precedente Teorema sotto opportune condi­
zioni prova l’esistenza di almeno una soluzione periodica per l’equazione x^) +  x  +  
+£■(■*) x  T- a3x +  h {a , x , x , x) =  P {t), con , a3 costanti, y  , h ì p  funzioni continue dei 
loro argomenti, p  (t +  co) =  p  (/).

I. In a recent paper [1] we considered the differential equation.

( i . 1) x lY +  a± x  +  g(x )  x  +  az x  +  h (x  , x  , x  , x) =  p  (t) ,

where ax >  o , a3 >  o are constants, g  , h and p  are continuous functions of 
the argum ents shown in (1.1), p  (t) is periodic with period <0 and h is 
bounded, th a t is

I h (x  y y  > z  > u) I <  H (H a constant) for all x  , y  , z  , and u.

W e proved the following result by use of the Leray-Schauder fixed point 
technique:

THEOREM i. The equation (1.1) admits o f at least one 00-periodic 
solution i f

(i) h ( f f , y  , 2 , u) sgn x  >  o ( | x  | >  x 0) .

(ii) there are constants A 0 >  o , Ax >  o and a2 >  o satisfying

(1.2) a2 > a ~ 1 a3

such that
t

I p  00 I =  I j  P 0 ) I <  Ao (t >  0) ,
0

y
(ï-3) G (y )  sgn y  >  a2 j y  \ — A x fo r  all y  , G (y) == J  g f )  d-*].

The condition (1.3) together w ith (1.2) implies tha t 

(G (y) —  a - 1 a3y)  sgn y  >  y  \ y  \ —  A 1 fo r a l i  y  , y =  (a2 —  a.-1 a3), 

so that

(1 4 ) (G (y) —  a - 1 a3y)  sgn y  +  00 as | y  | ^  00 .

(*) Nella seduta del 14 dicembre 1974.
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We verify here th a t the following- extension of Theorem  i holds:

THEOREM T. Subject to the conditions o f Theorem I, but w ith  (1.4) in  
place o f (1.3), the equation (1.1) admits o f at least one a p erio d ic  solution.

The m ain ingredient for the proof of Theorem  1 in [1] are the results
(2.6) and (2.7) of [I ; § 2]. O ur task  here is the verification of the corresponding 
results for Theorem  T and, from these, Theorem  T would follow just as in [1 ]. 

Consider, as in [1], the param eter ^-dependent equation

(1.5) x lY +  ax x  +£•„(£) x +  as x  +  h^ix  , x  , x  , x) =  \j.p(t) , o < j i . < i ,

where

(ï.6 )
gv.(?) =  ( r —  JJ-) «2 H- V-g(*) ,

K ( x , X , X , X) (1 —  a4 x  +  y.h(x , x  , x  , x), if I x  | <  S 
(1 —  jj.) <z4 S sgn x  +  yÄ(x  , x  , x  , x ) , i f  \ x  \ >  S.

a<i is a constant satisfying (1.2) and

I A*(x  >y  > z  > u ) <  ^4 S +  H for all x  , y  , z  and u  .

Corresponding to (2.6) and (2.7) of [1], we show here th a t there is a constant 
D0 >  o, independent of (i. and S, and a continuous function V (y)) such that 
every solution ^  (t) of (1.5) ultim ately satisfies

( r -7) I x (f) I <  x q +  Do A (Y)) ,

C1-8) m ax (I x( t )  I , I x( t )  I , I x( t)  |)  <  V (yj) ,

where Y] =  ax a~x (a4 S +  H) +  A 0 +  1 is as defined in [1 ; § 2].

2. V e r if ic a t io n  o f (1.7) a n d  (1.8). A dopt all of the notations introduced 
in [1 ; § 2] and let V =  V0 —  2y) V ± —  y]V2 be the function defined by (3.1) 
and (3.2) of [1]. Corresponding to the estim ate (3.3) of [1] we have here tha t 
V  satisfies

, , f “  d3(Y]2 +  i) +  a ( r ) <  V <  d4 r  +  G* (r) +  d5 (yj2 +  1) if | y  | >  d9
I r  — y 2 +  +  u2

for some dg , where a (r) is a continuous non-decreasing function satisfying 

(2.2) 00 as r  -> 00 .

Indeed, the right hand inequality  follows as in [i ; § 2]. As for the other 
half, observe from  (3.1) and (3.2) of [1] th a t for some d10 V  satisfies

(2-3) V > V 3 —  d3(7f +  I ) .
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where y
V3 =  j  (Gj* (s) a~x a3 s) d j +  d10 u2, +

0 y

+  1/2 (a f  a-K z  —  a - *  a* y f , G„ (y) =  j ft) ds .
Ó

I t is easy to verify from (1.6), using (1.4), (1.2) and the continuity of 
G, th a t

(G* O ) —  a~x az y)  sgn y  >  I /2 m in [f t2 —  a~x as) \ y  | ,

(g O ) —  « f 1 «3 y)  sgn y]  if \ y  [ >  du  ,

since (G(y)  —  a~x as y)  sgn y  >  °  if | y  \ >  dn  for dn  large enough. T here­
fore V3 -» -f- oo as r  00 and, by the continuity of V3 , there is a continuous 
non-decreasing function a satisfying (2.2) such that

V3 > a ( r )  if 0 | > d 12,

for some constant d12. This, combined with (2.3), verifies the left hand 
inequality  in (2.1).

As in [1 ; § 3], take (1.5) in the system form

j x  = y  , y  =  u  —  a±y  , z  =  —  az y  —  h^(x  , y  , v ,w)
4 \ ù — z  —  Gjjt, (y) +  [jlP (t) , v =  u — ax y  , w  = 2  —  G^ (y) — [xP (t) .

For precisely the same reasons in [1 ; § 3] V* satisfies

(2-5) V * <  — I if r(t) >  So(tq)

for any solution (x , y  , z  , u) =  (x(t) , y ( t )  , z(f)  , u(fj)  of (2.4), where 80(y]) 
is a continuous functon of y). Following the argum ents in [1 ; § 4), the results 
(2.1) and (2.5) will now be used to obtain (1.8).

Indeed, let S4 (r\) =  8g Cfi) +  dg. Then, for any solution (x  , y  , z  , u) 
of (2.4), there is a /0 such th a t r ( t 0) <  84(7]). For otherwise, r{t )  >  8| (yj) 
for all / ,  and by (2.5), V - >  —  o o a s / - ^  00, contrary to (2.1). Now fix §5 (73) 

(as is possible, in view of (2.2)) such that

(2.6) S5 ft)  >  S4 (7j) and oc (S25 ft)) >  (d8 + d 5) • ft* + 1) +  G* $  ft)) +  d4 S24 f t ) . 

T hen

(2.7) r ( t ) <  S5 ft)  for all t > t 0 .

For otherwise, there would exist a T0 >  t0 such th a t r ( T 0) >  Si ft)  and, by 
the continuity o f r(f) ,  this would im ply the exixtence of t1 , 12 w ith t2 >  t1 >  /0
such that

(2 .8) r  (ft) =  ft)  , r  (ft) =  Si ft)

and

(2-9) r( t )  >  S if t)  , ft < t  < f t .
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But then (2.8), (2.1) and (2.6) show tha t

V (/2) S; « (r (t2)) —  d3 (ï)2 +  1)

>  d4 84 (ï)) +  G (§4 (fi)) +  d5 (y)2 +  i )

> V & ) ,

while (2.9) and (2.5) (since 84(7]) >  80 (fù) imply th a t V (/2) <  V (^ ), which is 
impossible. This verifies (2.7) and the result (1.8) therefore follows. The 
other result (1.7) can be obtained as in the proof of the corresponding 
result (2.6) of [1].

All of the argum ents in [1 ; § .5] apply here and we conclude as in [1] 
tha t there is a choice of and S such tha t (1.5) adm its of an co-periodic solu­
tion x( t )  satisfying | x( f )  | <  S for all t.

The considerations in [1 ; § 6] regarding the equation

x lY +  /  (x) x  +  g  (pc) x  +  a3 x  -J- h (x , x  , x  , x) =  p  (f)

also apply here under the same condition ((6.2) of [1]) on /  and with g  sati­
sfying condition (1.4).

R e f e r e n c e
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