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Equazioni differenziali ordinarie. — A4 swfficient condition for an
exponential dichotomy. Nota di Davip LoweLL LovELADY, presen-
tata @ dal Socio G. SANSONE.

R1ASSUNTO. — L’Autore da condizioni sufficienti su A (#) perché ’equazione #’(£) =
= f(¢) + A (#) #(#) abbia soluzioni limitate.

I. INTRODUCTION AND RESULTS

Let Y be a finitedimensional linear space with norm | |, and let
R*=o,00). Let A4 be the algebra of linear functions from Y to Y, with
induced norm || ||, let I be the identity in 4, and let A be a locally integrable
function from R* to 4, We propose to study the differential equations
(1) o () =A@ v ()
and
(@) W) =fO+ADu@)

on R*, where f is always at least locally integrable.
Let @ be the fundamental solution of (1), i.e., ® is that locally abso-
lutely continuous function from R* to 4 such that

D () = I—{—JA(S)(D(s) ds
0

whenever ¢ is in R*, and recall that each value of @ is invertible. Let M be
the subspace of Y to which x belongs if and only if the function from R* to
Y described by #— ® () x is bounded. Let My be a subspace of Y such
that Y = Mi® My, and let P, and Py be supplementary projections in A4 with
ranges M; and Ms respectively. Finally, let L from R* X R* to 4 be given
by L(#,s) = @) P1 @)™ if o<s <z and L(¢,5)=— Q@) P, () if
s>¢ k

We shall say that 4 admits an exponential dickotomy if and only if there
are positive numbers J and « such that ||L(z,s)| < Je—2l*=<| whenever
(¢,s)is in R*XR*. In [1], T. F. Bridgland, Jr. has shown that if there are
positive numbers K and M such that

®3) ILE, 9l <K

(*) Nella seduta del 14 dicembre 1974.
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whenever (¢, s) is in R*XR"' and
(o]

@ J‘HLO‘,S) [ds <M
0

whenever #is in R™, then A admits an exponential dichotomy. W. A. Coppel
[3, Theorem 3, p. 134] has shown that (4) and the boundedness of A yield
the same conclusion. The main effort of the present work is to extend Brid-
gland’s result to the following theorem.

THEOREM. Suppose that if ¢ is a positive number then there is a positive
number K, such that ||L(¢,s)| < K, whenever (¢,s) is in R*XRY and
|t—s| <c. Suppose also that there exists a number g of [1,00) suck that

¢

sup,., J IL(t, ) |7 ds < oo.
0

Then A admits an exponential dichotomy.

Bridgland’s hypotheses are known [3, p. 131] to be equivalent to re-
quiring that if f is in either L'[R*, Y] or L®[R*, Y] then (2) has bounded
solution. Our present hypotheses have similar interpretations. If g = 1,
our second hypothesis is the same as Bridgland’s. Ifg > 1, and p = ¢/(g — 1),
then R. Conti [2] has shown that our second condition is equivalent to requi-
ring that if f is in ZZ[(R*, Y] then (2) has a bounded solution. Techniques
similar to those of Bridgland, Conti, and Coppel can be used to show that
our first condition is equivalent to the following: If ¢ is a positive number
and £ is a bounded subset of L'[R* , Y], each member of which has its support
in an interval of length ¢, then there is a bounded subset G of Z®°[R*, Y]
such that if / is in / there is a solution # of (2) in G.

II. Proors

First we shall show that it suffices to consider the case ¢ = 1, and then
we shall prove the theorem in this case.

Let @ be a positive number such that || L(#,s)| < & whenever (7, s)
isin R* X R and | #—s| < 1. Suppose ¢ > 1, and let I be a positive number
such that

¢
f”L(z‘,s)H”dsg I
0

whenever ¢ is in R*. Let y = 1/T, and let p = ¢/(g — 1).
We now claim that if (¢, s) is in R*XR* and #— s> 1 then

() IL@#, 9| <ol (—s)" exp [yg —vg (¢ — "].
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If P; = o this is obvious, so assume Pi=Fo. Lets bein R", and let ¢ be given
on [s,00) by o(f) = |L(z,s)[™ Now, if #is in [s, c0),

0% fcp(r) dr = H( | o0 @)L, s)

¢

< [+ ILE.NLe Sl ar

s

f
sfnL(t,r)n dr

< tLt,r quw t— s?
(fn( ieas)” —s)

<T@—s)'"

For convenience, put 6 = s + 1. Now, if > o,
!
Pit—s"o@ = | o) dr

J
§

=f<p<r) dr—l—fcp(r)dr

4

> 1/w+f<p<r> dr,

SO
¢

9 ()= (10) (1 — )™y (1 — 7 [ 9 dr.

c

Thus, if #>06, @(¢#) > {(¢), where ¢ solves

YO = (lo)(t— ) 4yt sV f V() dr

on [6,00). Bur ¢ is given by

‘I"(t) = (y/w) (t — s)‘]/” exp [— 4 + vg (t—s)"m] ’
SO
LG, 9 =0 < b

yields (5), and our claim is verified.
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Next we claim that if s—#> 1 then
© IL@, )| < 4T (s — 5" exp[(yg —yg (s — &'"].

If P, = o, this is obvious, so assume Py==0. Let s be in R*, and let ¢ be
given on [0, s] by @(#) = ||L(,s)|t. As before,

o) f 0() dr < T(s— A

if 2£is in [0o,s], so if 6 =5 —1,
[+

0(t) = (yo) (s — 2+ y (s — £ 18 j o () dr

t

whenever ¢ is in [0, 6). This last integral inequality is somewhat unorthodox,
so we shall give more detail to solving it. Let B be given on [o, 6] by

o]

8() = [ 90)dr.

Now B(c) = o, and if # is in [0, o),
—BO=Fl) =D+ yc—T" B,
BO<—l)s—8 " —y(s—5"p(),
B@+ v —8T"BEO < — (o) (s —H7,
(B(2) exp [—vg (s — "] < — (y/w) (s — &) exp (— vg (s — 1)'™].

Integrating this last inequality yields

ag

- B(?) exp [— g (s — ] < — (v/w) f(s — )" exp (yg (s — )" ] dr

= — (1/w) e=¥7+ (1/w) exp [—yg (s — )],
B(#) = (1/w) exp (yg +vg (s — '] — (1/w) .
Thus, if ¢ is in [0, o), |
() = (y/w) (s — &+ y(s — )T B ()
> (Y/w) (s — O exp [—vg + yg (s — O],

(6) follows, and our second claim is verified.
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Suppose that #>1. From (5) we have
-1 -1
fll L,s)|ds < o)l"ewf (t— ) exp [— g (¢ — )] ds
0 0
= (oT%Jg) " (7" — exp (— g2
< wl?g.

Similarly, from (6), if # is in R* then
fuL(z,s) | ds < wI?g.
1

It is now clear that if #is in R, then
fHL(t,s)]l ds <20+ 200¥q.
0

and it suffices to consider our theorem in the case ¢ = 1.

Let M be a positive number such that (4) is true whenever # is in RY,
and let m = 1/M. Now differential inequality methods virtually identical
to those used in establishing (5) and (6) can be used to show that

L, 9] < oMe” g=mlt=s|

whenever (¢,s) is in R¥XR* and |[#—s|>1. Since eme—mlt—sI>1 if
|t—s| <1, it follows that if J = max {wM , 1} and « = », we have our
exponential dichotomy. This completes the proof.
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