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Equazioni differenziali ordinarie. — Periodic Solutions of Certain 
n—th Order Nonhnear Differential Equations. Nota di S . H. C h a n g , 

presentata(,) dal Socio G. S a n s o n e .

RIASSUNTO. — Applicando il Teorema del punto fisso di Schauder si dimostra l’esistenza 
di soluzioni periodiche di un’equazione differenziale ordinaria di ordine n quasi non lineare.

i .  In t r o d u c t io n

Consider the following ^-th  order nonlinear ordinary differential equation 

X(n) +  f ( t  , x)  =  p f )  , ( t"> =

where n is an integer >  2, /  is continuous and f  (t +  T  , x) =  ( / ( /  , x) for 
all ( t , x) and for some T  >  o, p  is continuous and p i t  +  T) — p if) for all

Tr
t, and I p  (u) du =  o. I t is the purpose of this paper to prove the existence 

oJ
of periodic solutions with period T  for the equation (1).

W hen f ( t , x ) —f ( x )  and n =  2, the equation (1) has been studied by 
H arvey  [3], Lazer [4], Leach [5], Loud [6], Opial [8], and Seifert [10]. 
W hen n =  2 we have established in [1] the existence of T-periodic solutions 
for (1) by assum ing

(2) lim
\x I ->  00

1 f ( t , x )  I =  o

uniform ly in t. In  a recent paper M awhin [7] has considered quasibounded 
nonlinearity, a concept generalizing (2), in studying certain functional 
differential equations. W e m ay define quasiboundedness directly for the 
function /  in (1) as follows: f  is said to be quasibounded if the num ber

(3) \ f \ — m in I m ax
0 < p < o o ' | * | > p  

0 <  t <  T

I \
M  '

is finite; in this case, | / |  is called the quasinorm o f / .  In establishing the 
existence of periodic solutions, M awhin [7] has essentially assumed that 
the nonlinearities in his equations are quasibounded (in the above sense) 
and have zero quasinorm s. In  this paper we shall prove the existence of 
T —periodic solutions to the equation (1) by requiring /  to be quasibounded 
and have a quasinorm  sm aller than  certain positive number.

(*) Nella seduta del 14 dicembre 1974.
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In section 2 we prove the basic existence Theorem . W e shall apply 
Schauder’s fixed point Theorem  and use a technique generalizing those 
used in [1] and Lazer [4]. In  section 3 we discuss the existence of even and 
odd T -periodic solutions.

2. E x is t e n c e  T h eo rem s

L et X denote the B anach space of continuous T-periodic functions with 
the suprem um  norm , i.e. for an 9 e X, || 9 || =  m ax | <p(t) |.

0 < * < T

THEOREM 2.1. Let  f  be continuous and f i t  +  T  , x) — f i t , x) fo r  all 
i t , x) and fo r  some T  >  o, p  continuous and p  (t +  T) =  (p (t) fo r  all t, and

Tj p  iu) du  =  o. Assume that there is a positive number M  such that fo r  \x\ >  M  

c>
and fo r  all t  either x f  i t , x) >  o or x f  i t , x) <  o. I f  the function f  is quasi- 
bounded with a quasinorm

| / | < m i n { i / 3 , i / 3 r } ,

then the equation (1) has at least one T-periodic solution.

Proof. For each 9 e X, define
T

(4) F (<p) if) = f ( t , 9 0)) — 4  j‘f ( s >9 0)) ds .
ò

T T

Then F (9) € X and I F  (9) (u) du =  o. For each 9 e X satisfying f  9 (u) du =  o, 
0 0

define
t T s

(s) A  (9) (0 = |  9 (u) du —  —  j' j  9 iu) du d^ .
ò 0 b

T

Is is easy to see th a t A (9) e X, j A (9) (u) du =  o, A  (9)' it) =  9 (0 , and
ò

T

II A (9) Il <  T  II 9 ||. Also, for each 9 e X satisfying j '  9 (u) du =  o, define
ô

t

(6) B (9) (0 =  j 9 iu) du .
0

Then B (9) e X, B (? )' (0  =  9 (0 , and || B(<p) || <  (T/2) || 9 ||. W rite Aw(9) =  
=  A [A(* • • A (9)- • •)], repeating m  times, for any positive integer m. Hence,
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T

for n > 2  and for any 9 e X satisfying j 9 (u) du =  o, we have B [A"“ 1 (9)] e X,

B [A”- 1 (9 )]«  0 ) =  9 (t), and || B [A "-1 (9)] || <  (T»  || 9 ||.
Let R denote the set of real num bers. For any A; e R  and (9,-, r;) e X  X R, 

i  =  i , 2 ,  let

^1 ( 9 1  > rl) +  ^2 (? 2  I rÙ — Q'l 9 l  "I" ~A2 ?2  > A1 rl +  ^ 2  r 2) •

Also, for each (9 , r) e X X R, define | (9 , r) | =  || 9 || +  \ r  |. Then X X R
becomes a Banach space.

Suppose th a t x f  ( t , x') 2> o for | x  | >  M and for all t. Define a m apping
P : X X R -> X X R by P (9 , r) ~  (9 , r) with

(7) 9 =  r +  B [ A n- \ p  —  F (9))] ,

T

(8) f = r  —  f  j  /  (s , 9 (») d j  .
ò

Then P is a continuous m apping.
Since the quasinorm  | / 1 <  m in { 1/3 , 1/3 T n}, there is an s >  o such 

that I /  I +  s <  m in {1/3 , 1/3 T w}. By the definition of quasiboundedness (3), 
there exists p (e) >  o such tha t

! f  (t x) I
J—h r p -  < 1/1 +  2 whenever | #  | >  p (s) and o <  t <  T.

Let

and

L =  m ax { \ f ( t , x )  | | o <  t  <  T, | *  | <  p(s)} ,

N -  max f M M +  (3/2) T» 1 / 1 L 1
I i —3(1/1+«) ’ I —3(1/1 T OT ” ’ 1 / 1 + c , p (e) J ’

C =  m ax j ( I / 1 +  s) N , Il /  II +  ( I / 1 +  s) T ” N } .

Note th a t M +  3 C <  N and

I /  ( t , x) I <  ( I / 1 +  e) N whenever | ^  | <  N and o <  t  <  T. 

Now, let

D =  { (9 , r) g X X R I II <p II <  N, I r  | <  M +  2 C } .

Then D is a closed, bounded, and convex set in N X R. It is easy to show 
th a t P (D) C D and P (D) is relatively compact. Then by Schauder’s fixed 
point Theorem  ([9], or see [2, p. 131 ]) there exists , è) e D such tha t
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T

OJ*, b) =  P (41 , b) =  ( I  » h-  I t  follows from (7) and (8) th a t —  (s)) d j  =  o
J0

and hence by (4) we have F (^) (?)). D ifferentiating the equation
^ =  b +  B [A**“ 1 (p —  F (4»))] n times, we obtain

If  x f  ( t , x) <  o for I x  I >  M and for all /, we redefine the r in (8) as

T

0

Then the same argum ent as before leads to the desired result. This completes 
the proof.

COROLLARY 2.2. Let f  be continuous and f  (t +  T , x) =  f  ( t , x) fo r  all 
( t , x) and fo r  some T  >  o, p  continuous and p  (t f  - T) — p  (t) fo r  all t, and

T

j p  (u) du =  o. Assume that there is a positive number M such that fo r  \ x \ i >M
0
and fo r  all t either x f ( t , x ) >  o or x f  (t , x ) <  o. I f  ( /  ( t , x) /x) -> o as |;r |-> o o  
uniformly in t, then the equation (1) has at least one Ai-periodic solution.

Proof. The condition ( /  ( t , x)\x) o as | x  | 00 uniform ly in t implies
tha t | / | = o .

Remark. T he above corollary extends a result in [1] which in tu rn  gene­
ralizes a result of Lazer [4] for the case/  ( t , x) =  f  (x) and n =  2.

Let

3. Even and Odd Solutions

Y =  { 9 € X I 9 (— /) =  <p (t) for all t }

and

Z =  { 9 e X I 9 (—  /) — —  9 (?) for all t }.

Then both Y and Z are also Banach spaces under the suprem um  norm.

T heorem  3.1. Let n be an even integer > 2 .  Assume that f  (— t , x) =  

=  f ( t ,  x) fo r  any ( t , x) and p  is even. If  f  is quasibounded with a quasinorm

I/ 1 <  m 'n  { 1/3, (1/3) ( f z /T ) “ } ,

and i f  all other conditions of Theorem 2.1 are satsified, then the equation (1) 
has at least one even T —periodic solution.
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Proof. For each 9 g  Y, define F (9) as in (4). Then F (9) e Y and
T Tj F (9) (u) du — o. Also, for each 9 e Y satisfying j  9 (u) du =  o, define

ô 0
E (9) =  A  [B (9)], where A and B are defined as in (5) and (6). Then E (9) G Y,

[  E  (<p) (u) du =  o, E(/p)" (t) =  ç (/) , and || E(cp) || <  (T2/2) || <p ||.
J
0

Suppose th a t x f  ( t , x) >  o for \ x \ > M  and for all t. Define Y x R  
sim ilarly as in the proof of Theorem  2.1 and a m apping P1 : Y x R - > Y x R  
by P1 (9 , r) =  (9 , f )  w ith

9 = r  +  B2 [E(m- 2)/2( / - F ( 9))],

Tr
r =  r —  —  j /  (s , $ (s)) d s .

C learly this is well-defined. T hen one completes the proof by an argum ent 
sim ilar to th a t in the proof of Theorem  2.1.

THEOREM 3.2. Let n be an even integer >  2. Let f  be continuous and 
f  (t +  T , x) =  f  ( t , x) fo r  all (t , x) and fo r  some T >  o, and p  continuous and 
p  (t +  T) =  p  (t) fo r  all t. Let p  be odd and f  satisfy either (7) f  (— t , x) =  
=  f ( t , x)  and f ( t , ~ - x )  =  — f ( t ,  x \  or (ii) f  (— t , x) =  — /  ( t , x) and 

f  ( t , — x) = f ( t , x), fo r  any ( t , x). I f  f  is quasibounded with a quasinorm 
I f  I <  (V then the equation (1) has at least one odd 'Y—periodic solution.

Proof. For each 9 G Z, let /  (9) (t) =  f  ( t , 9 (fj). Then for both cases 
(i) and (ii) we have 7 (9 )  G Z. Also, for each 9 G Z, define G (9) =  B [A (9)]. 
Then G (9) G Z, G (9)" (t) =  9 (f), and || G (9) || <  (T2/2) || 9 ||. Now, define a 
m apping P2 : Z - ^ Z  by P2(9) =  Gn,\ p  — /( 9 ) ) .

By the assum ption on the quasinorm  of / ,  there exists e >  o such that

 ̂ <  I / 1 +  £ <  (^ f~ )  whenever | x  | >  p (e) and o <  /  <  T

for some p (s) >  o. Let

L  =  m ax { i /  ( t , x) | \ o < t  < T  , \ x \  <  p (e) }

and

N =  m ax
2nß- ( \ f \ + e ) V

L
ÏTFFë

Note th a t | /  (/ , x) | <  ( | / 1 -f s) N whenever j x  | <  N and o <  t  <  T . Let

D =  {<peZ| | |<p| |<N} .

It is easy to show that P2(D )C D  and P2(D) is relatively compact. The 
result then  follows from Schauder’s fixed point Theorem.
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THEOREM 3.3. Let n be an odd integer >  1. Let f  be continuous and 
f ( t  +  T  ,x) =  f ( t , x )  f or  all ( t , x)  and fo r  some T  >  o, and p  continuous and 
p ( t  ~\r T ) =  p  (t) fo r  all t. Assume that f  (—  t , x) =  —  f  ( t , x) fo r  any ( t , x) 
and p  is odd. I f  f  is quasibounded with a quasinorm \ f \  <  ÿ 2 (]/ 2 /T )*, then 
the equation (1) has at least one even T -periodic solution.

Proof. For each 9 e Y, let /  (<p) (t) = / ( /  , <p(/)). Then here we have 
/  (9) e Z. Define a m apping P3 : Y -> Y by

P3(9) =  B [P — / ( 9)] » if « — I ,

and

P3(?) =  B2[E«”- 3)'2( A ^ - / ( ?l ,  if « > 3 ,

where E  is defined as in the proof of Theorem  3.1. The rest of the proof is 
sim ilar to th a t of Theorem  3.2 and is therefore omitted.

Remark. T he technique used in this section does not produce a sim ilar 
result on the existence of odd T -periodic solutions when n is an odd integer.
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