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A. ARDITO ed ALTRI, Dissipative Lyapunov functions, ecc. 5II

Analisi matematica. — Dissipative Lyapunov functions and
differential equations in a Banach space. Nota di Apa ARrbpITO @,
Paoro Ricciarpr e Luciano Tusaro, presentata @ dal Corrisp.
G. STAMPACCHIA.

RIASSUNTO. — Si studia l’esistenza della soluzione del problema di Cauchy in spazi
di Banach mediante I’introduzione di una funzione ausiliaria.

1. INTRODUCTION

Let X be a Banach space. Consider the Cauchy problem
i=f(t,u)
u (f) = g

where /: R X X — X is a mapping generally not continuous.

Let us suppose that there exists a mapping V: R X X X X — R such that

(1.2) N T s+ f0) <o

(1.1)

In this case we shall say that f is V-dissipative.

This concept generalizes the dissipativity when V is the norm.

If f(¢,u) = Au + g (¢,%) where A is not a continuous linear operator,
A is a semigroup generator, and g (¢, %) is continuous, the local existence
of a solution of the problem (1.1) was proved in [7].

In this work we shall prove the existence of the solutions of the problem
(1.1) when f can be approximated by continuous functions. These results
generalize the works of T. Kato [4] and M. G. Crandall-A. Pazy [2] in the
case of uniformly convex Banach space.

2. EXISTENCE (autonomous case)

Let X be a Banach space and let V:R x X X X R, (t,xz, )~
-V (z,x,y) be a mapping such that:

/D) V(@,x,»)eCt(RXXXX,R)

i) SV(LX,J’) av(t’x)y) V(t’x!.y)
1 3% ’ ox ) a_y
(2.1) § are uniformly continuos

iii) there exist a,f,y > 0 such that:
aflx—ylfe <V, 2, 9) <Bllx—y|Per O
(*) Work supported by G.N.A.F.A. of C.N.R.

(*¥*) Nella seduta del 14 dicembre 1974.
(1) If V(¢,x,y) does not depend by # then y =o.
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Let f/:D;CX—X be a mapping x— f(x). We shall say that /(%) is
V-—dissipative, if:

V (¢, x,y)

V (¢, x, IV (¢, x,
(2:2) 2N L NE2D) iy Nz s

oy

f(y)go Vx,yEDf

LeEmMMA 1. Let f:D;CX X be a V-dissipative mapping.
Consider the Cauchy problems

(2.3) { = ()

u; (0) = x;
If u;:[o,0[ >D; = 1,2, are solutions of (2.3) then
(2.4) 261 (8) — g DI < BJo) || 26y — 25| ™.

Proof. Let F () =V (¢,u; (¢),uy(¢)). By the hypothesis that f is
V—dissipative

(2.3) F' () <o.
and then
(2.6) V@, u (D), u (@) <V (0,2, ).

By iii) in (2.1)

(2.7) o floy (&) — 2y (DIF e <V (2, 00 (£) , 25 () <
<V (o, 2y, 2) < Blla; — x|

and the conclusion follows.

~ LEmMMA 2. VLet F D, CX > X, x> f(x), be a V-dissipative mapping.
If w:lo,oa[ > D,,t—>u(t), is a solution of the Caucky problem

i = f (1)
9 { () = u,
then
(2.9) | f e O < BJo) || £ ()] €77

Proof. Let h<a—t,v(t)=u(t+ /%) be a solution of the Cauchy
problem

(2.10) { v =/

v (0) = u ().

- Let F( =V (¢,v (), % (?). Differentiate F () and by the hypothesis
of V-dissipative there results .

(2.11) | Vi, v@),u®)<V(,u),u)
and by iii) of (2.1)
(2.12) ll2e @ 4 A) — 2 (D) < Bloc || 2¢ (B) — 24 |I* €.
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Then dividing (2.12) by 4* and passing to the limit with % — o the con-
clusion follows.

We shall say that f/:D,CX X is regulér @ if there exists a sequence
{/.}, f,:D;C XX, of V-dissipative mappings such that the problem

[ 2 =f, @)
| %, (==
has a solution ® for every » and in addition
) fu()>f@) VreD,
s i) f,=foJ, with
’( 1T, @ —zxll =« @I £, @]  and

lim & (z) = o.

(2.13)

(2.14)

THEOREM 3. Let f:D;C X —X, be a regular and aV-dissipative mapping
and let {u, ()} be a sequence defined by (2.13); then {u, ()} converges uni-
formly to a function wu (f) on bounded sets of R.

Proof. By Lemma 2 we have

(2.15) I £, oty DI < @) |1 £, (2)]] .
In addition let F,,, =V (¢, %, (¢), %, (#)). Then

(2.16) Fom (8) = =V (¢, 1, (2) , 1, (8)) +
toar V1, (0), 1, () S (0, ()
Ay V10, @) 0) o (it (D).

From ii) in (2,14) we have £, (u, (#)) =/ (J, %, ®) and £, (#,, @) = f (J % (2))

from which:

(17) Fom @ =[5V, Loth, Toe) +
b VTt Tt £ () + 5 VTt T ) f O 0)] +
+ [S%’V(l, U () s 1 (1)) — 25V (2, Tty Jmum)] +
oVt 000 ) — oV, Tt T )] Fo ) +

+ [%V@’%” (l«)’um@)—-%V(t,]”u,,,Jmum)] fm(%m).

(2) The properties that follow are fulfilled by the Yosida approximation if —f is an
m—accretive mapping.
(3) By Lemma 1 we have that any such solution is unique for every fixed 7.

37. — RENDICONTI 1974, Vol. LVII, fasc. 6.
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By virtue of the V-dissipativity of f the first term in the sum is <o, and by
virtue of (2.15) the other terms are bounded. Thus

(18 Fon @< |57V (110 () 200 () — 5V (0, Ty, (8, T )] +
+ @B & (I £ Dl V (€, 2, (0), 00 (B) —
— eV @ L @ @ F 1S DI |V 0, @) 0 (1) —
— oV, L), T @)}

Therefore, by iii) in (2.14) we have:

(219) o, — T, w,l < o () || £, @) < Bl &P o (n) || £, (2]

A AQX and oV
R
bounded set a constant @, , such that lim,, @,, = o and

By the uniform continuity of , there exists for every

(2.20) Fom (2) < By
from which

(2.21) Fom (@ <B,nt
and therefore, we have the conclusion.

THEOREM 4. Swuppose the hypothesis of Theovem 3. If in addition for
each {x,} € Dy such that

limx, = x
(2.22) rTee
I/ @)l <M
then it results that
(2.23) x €Dy and there exists {x,} C{x,} such that f () —> f(2)

where © denotes a topology on X weaker than the topology on X.
Then, u (¢) is differentiable in the topology © on X, u(£f) €D, V¢, and
u(t) =f (@)

(2:24) u (0) = x.
In addition the solution is unigue.

Proof. Fix ¢, we set x, =], u,(¢#) and x = » (#). Then
(2.25) S @) =S T 1, () = £, (0, (£))

and therefore

(2.26) 1F @)l < @Bl [ £l 7,
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There exists therefore a subsequence {xnk} of {x,} that converges weakly
to x such that

(2.27) S @) > S (e (®)).

The conclusion follows.

3. EXISTENCE (non autonomous case)

Let V(¢,x, ) be a mapping V:R X X X X — R that satisfies the
hypothesis i), ii), iii) of (2.1) and such that:

(3.1) = V@ x| <e@lz—yl

where ¢ : R— R is a mapping #— ¢ (7).

We shall say that f:D,CRXX =X, (¢,x)—f(¢,) is a V-dissipative
mapping if:

2 ) )
(3'2) gv('f’x’” —l—EK—V(t,x,y)f(l,x) —I—WV(z‘,x,y)f(z‘,y)go
V(@,2),(,y) €Dy

We suppose, in addition, the following condition:
(3:3) If @) —F (s, )| <K () |2—s]
where K :D;— R is a mapping = > K («).

LEMMA 1. Let f:D;,CR X X+ X a V-dissipative mapping. We con-
sider the Cauchy problems

u; :f@ ) ”1')
(3-4) 2 (0) = 7,
If u;:[o,a] > X are solutions of (3.4) then

(3-5) 22y (8) — 12 ()| < (BJo)" || 2y — o] €.

Proof. The proof is similar to that of Lemma 1, par. 2.

LeMMA 2. Let f:D;CRXX X a V-dissipative mapping, satisfying
condition (3.3). If w:[o,af - X is a solution of the Cauchy problem

[ u=j,un

| % (0) =12

(3.6
then

(3.7) £ (2, u @< @Bl £ (0, ug)ll .
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Proof. Set v () =u(¢t+ /). We observe that for 2 <a—#,v(f) is a
solution of the Cauchy problem

{ v=f(t+4,v)
v(0)=wu(h).

(3-8)

We consider F (#) =V (¢, % (¢), v (¢)). Differentiating we obtain

(9 FO=5VE,u® o)+ 5 Ve, ), 00) /¢ u0)+
M ICRIOVI G RTOS

By the hypotesis that f is V-dissipative

(3.10) F’(t)g%V(z,u(t),v(t)) (fG+h,0)—F(,0)}

and by the condition (3.3)

(3.11) F@O<o®|ult+hH—u®|K@l4.

Integrating, we obtain
t

(3.12) F@sF(o)+J'<p<s>K<v<s>>nu<s+/z>—u<s>ﬂ-lh|ds
from which ’

(3.13) wlloe (2 k) —u@IF e < Blloe(h)— uo|” +

+f<p<s>K<v<s>>nu<s+/z>——u<s>||-st.
0

Dividing by |4|® and taking the limit as %z - o
(3-14) NS u@IF < Blallf (0, u)l +

U
o [ O o as.
0

Set w () =e"|f(¢, u@)I and ¢ (o) = FIEEED ;2 ang taking into
account the inequality 2 ab < a° -+ &°, we have

¢

(3.1%) w(t)gﬁ/a.w(o)+%f¢(s)2ds—l—%/.w(s)ds.
; )

0
Then,, for each bounded set [o,T][

(3.16) w(z)gc+gfzg(s)ds
J
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where
T
¢ = Bfo 2w, +%J & ()2 ds.
0

Therefore, by Gronwall’s Lemma
(3.17) w (1) < cetl?

from which the conclusion is obvious.

We shall say that f:D,CR XX —+X is regular if there exists a
sequence {], (#,x)} of functions J,: R X X - X such that if we set
Su(t,x)=f(,],(¢,x)), then
) lim, f,#,x)=f(¢,x) V(¢,x)eDy

i) there exists a:N-— R*, lim, « (#) = 0 such that

1Ja @5 %) — x| < a @)l £, (2, 2]

iii) for each #», f, (¢,x) is V-dissipative and there
exists a solution #, (f) of the Cauchy problem

f u, =f, (2, %,,)

l u, <O> = U

(3.18)

Observation 5. By Lemmas 1 and 2 the solutions #, () are unique and
(3-19) 1o 2, 26 )] < BJ0)” P | £, 0, sl

THEOREM 4. Let f:D,CR XXX be regular, V-dissipative, and
satisfy condition (3.3). In addition let {u, ()} be a sequence defined as in iii)

of (3-18). Then, {u,(t)} converges uniformly on bounded sets of R to a func-
tion u (2).

Proof. The proof is similar to Theorem 4, par. 2.

THEOREM 5. Suppose the hypothesis of Theorem 4. If, in addition, for
each {x,} CX such that (¢,x,) € D; and

(3.20)

lim, x, = x
{ 1/, z)| <M
implies
(3.21) (¢,%x) €Dy and there exists {x,,k} C{x,} such that f (Fn,) —> [ (%)
where T denotes a topology on X weaker than the norm topology on X.
Then u (¢) is differentiable in the topology , (¢,u(?) €Dy and

(@) =s(u@)

(3:22) 2 (0) = x.
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