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A. A rd ito  ed a lt r i ,  Dissipative Lyapunov functions, ecc. SU

Analisi m atem atica. — Dissipative Lyapunov functions and 
differential equations in a Banach space. Nota di A d a  A r d i t o  

P a o l o  R i c c i a r d i  e L u c i a n o  T u b a r o , presen ta ta0"0 dal Corrisp. 
G. S t a m p a c c h i a .

RIASSUNTO. —  Si studia l’esistenza della soluzione del problema di Cauchy in spazi 
di Banach mediante l’introduzione di una funzione ausiliaria.

i .  In t r o d u c t io n

( i . i )

Let X be a Banach space. Consider the Cauchy problem

ù =  /  ( t , u)
u (*0) =  u0

where / :  R X X X  is a mapping generally not continuous. 
Let us suppose that there exists a mapping V : R X X X X ->

9V

R such that

( 1.2) 31 +  -% rf(t> v )  <  o.

In this case we shall say that /  is V-dissipative.
This concept generalizes the dissipativity when V is the norm.
If f  (f > u) =  Au g  ( t , u) where A is not a continuous linear operator,

A is a semigroup generator, and g  ( t , u) is continuous, the local existence 
of a solution of the problem  ( i . i ) was proved in [7].

In this work we shall prove the existence of the solutions of the problem 
( i . i ) when /  can be approximated by continuous functions. These results 
generalize the works of T. Kato [4] and M. G. Crandall-A. Pazy [2] in the 
case of uniformly convex Banach space.

2. E xistence (autonomous case)

Let X be a Banach space and let V : R X X X X -> R, ( t , x  , y) -> 
V ( t , x  , y)  be a mapping such that:

V ( t , * , y)  e C1 (R X X X X , R)
9V (/ , x  , y)  9V (/ , x  , y) V (/, x  , y)

dt ’ dx ty

are uniformly continuos
there exist a , ß , y >  o such that:
a \ \x — y\\2 e~yt <  V ( t , x  , y) <  ß \ \x — y\\2 eyt (1).

(*) Work supported by G.N.A.F.A. of C.N.R.
(**) Nella seduta del 14 dicembre 1974.
(1) If V (t , x  ,y )  does not depend by t  then y = 0 .
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Let / : D / C X - > X  be a mapping x -> f( x ) .  We shall say that f ( x )  is 
V-dissipative, if:

(2.2) +  gV ( » ^ . ^ , / M + j V ( y , y) / w ^ o Vx y e D /

Lemma i . Let /  : DyC X ->  X be a V—dissipative mapping. 
Consider the Cauchy problems

(2.3) / *■
l % (O) =

I f  Ui : [o , a[ -> D/- i  =  i , 2, solutions of (2.3)

(2.4) Il U X {t) — «8 (f)II <£ (ß/a)1/2 II — *2 II ^ /2.

I , 2.

Proof. Let F (/) =  V ( t , ^  (7) , (0)- By the hypothesis that /  is
V-dissipative

(2.5) ' F ' (t) <  o.

and then

(2.6) V  (t , u ± (/) , u2 (t)) <  V (o , , *2) .

By iii) in (2.1)

(2.7) a II (7) — u2 (7)||2 e -v  <  V (/ , % (0 , CO) <

<  V (o , x ± , x 2) <  ß II x ± —  *2 II2 

and the conclusion follows.

Lemma 2. Let f  : D y C X -> X ,^ ->  f ( x )> be a V—dissipative mapping. 
I f  u  : [o , a[ ->■ Dy , t u (t), is a solution of the Cauchy problem

(2.8)

then

ù = / ( « )
u (o) =  /̂,0

(2-9) l | / ( ^ ( 0 ) l l< ( ß /« ) 1/2l l / K ) l k '
T̂ /2

Proof. Let h < ol — t , v (f) — u (t h) be a solution of the Cauchy 
problem

(2..0) j * = / W
V '  1 v ( p )  =  U  (Ä) .

Let F (f) =  V (7, z/ (7) , ^  (7)). Differentiate F (7) and by the hypothesis 
of V-dissipative there results

(2.11) . V (7, v (t) , u (t)) <  V (o , u (h) , u0)

and by iii) of (2.1)

(2.12) y u ( t  f  h) — u (7)||2<  ß/a ||z/ (fi) — u0\f eyt.
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Then dividing (2.12) by hf and passing to the limit with o the con
clusion follows.

We shall say that / : D y C X ^ X  is regular (2) if there exists a sequence 
{ /» } > /»  : 1 /  C X -> X, of V-dissipative mappings such that the problem

(2-13)
/ Ün = f n  («„)
\ un (o) =  *•

has a solution(3) for every n and in addition 

I i) V r e D /

) Ü) f n = f °  Jn With 
2̂ ’^  I IIL  O ) — x\\ =  a. (n ) II f n (x)\\ and

f lim a (n) =  o.
\ « 00

Theorem 3. / :  D /C  X ->X , be a regular and aV-dissipative mapping
and let {un (t)} be a sequence defined by (2.13); then {un (fi)} converges uni
formly to a function u (f) on bounded sets of R.

Proof. By Lemma 2 we have

(2-15) n / .  («. m  <  11/» «11

In addition let ¥n<m =  V ( t , u„ (t) , um (/)). Then 

(2- 16) Fn,m (f) =  V ( t , un (f) , um (ff) -|-

+  f i  V  ^  ’ u» W ’ u” (0 ) fn (Un (t)) +

, +  f i  V  (* » Z) - «* 00) fm («* (0 ) •

From ii) in (2r 14) we have f n (un (/)) =  /  (J„ u„ / ) )  and f m (um (t)) =  f  Q„ (/)) 
from which:

(2.17) (fi) =  V  (t > J n un , J m ufi) -f-

5 3 I^  (̂  > J« Un y Jm ^m) f  (J  ̂ufi) -| V  (/ , J„ , Jw f  (Jw Z^)J -f-

“t" (0  » (0 ) (t ) JnUn 1 Jm Um) J +

~t“ ["<&" ^  ^ > U* (?) > Um (0 ) V  (̂  , Jnun y Jm Um) J A  (^») +

[ s>' ^  f  ’ Un 00 > 00) - ^  > J« ^1» > Jw Um)J fm (pm) *

(2) The properties that follow are fulfilled by the Yosida approximation if —/ i s  an 
w-accretive mapping.

(3) By Lemma i we have that any such solution is unique for every fixed n.

37. — RENDICONTI 1974, Voi. LVII, fase. 6.
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By virtue of the V-dissipativity o f/  the first term in the sum is <  o, and by 
virtue of (2.15) the other terms are bounded. Thus

3 V ( t , u n (T) , um (t)) — - V  {t, J„ un (i) , Jm um (t))31 +(2.18)

+  (ß/«)1/2 erm [\\fn 0*011 f  V ( t , un {t) , um 0)) —

( t , ] nu„(t) , ] mum(t)) +  | | / „ 0 ‘0ll V ( t , un (f) , um (0)

— - f y  V {* . Jn U n (0 , Jm U m ( f j )  j .

Therefore, by iii) in (2.14) we have:

(2.19) \\u„ — ]„ un II <  a in) Il f n (u„) II <  (ß/a)1/2 e**12 a {n) \\fn (*)|| .

By the uniform continuity of and , there exists for every

bounded set a constant ßH}m such that lim^jW ßn,m =  o and

(2.20) F '>m (/) <  ßn>m

from which

(2.21) F < ß n,mt

and therefore, we have the conclusion.

THEOREM 4. Suppose the hypothesis of Theorem 3. I f  in addition for 
each {xn } e Dy such that

!lim xn =  x,->oo

l l / ( ^ ) l l < M

then it results that

(2.23) x e D f  and there exists {xn̂ } C {xn} such that f  (%n̂ ) — f ( f f)
where t  denotes a topology on X weaker than the topology on X.

Then, u (f) is differentiable in the topology t on X, u if) e Dy V/, and

ü ( f ) = f ( u ( t ) )
(2.24)

u (o) =  ;r.

In  addition the solution is unique.

Proof. Fix -t, we set x n = J n un (t) and x  =  u(t).  Then

(2-25) / ( * 0 = / 0 . ^ ( 0 )  = /.(« * (* ))

and therefore

(2-26) l l /W I I < ( ß /« ) 1/2| | / !W I I ^ /2.| | / ( ^ ) | |< ( ß /a ) 1/2||/M(^)||0
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There exists therefore a subsequence {xn } of {xn} that converges weakly 
to x  such that

(2.27) / O s ) -> /(* (* ))•

The conclusion follows.

3. Existence (non autonomous case)

Let V ( t , x  , y)  be a mapping V : R x X x X - > R  that satisfies the 
hypothesis i), ii), iii) of (2.1) and such that:

(3-0 <  <p / )  Ik  — y\\

where 9 : R -> R is a mapping t -> 9 it).
We shall say that /  : Dy C R X X X, ( t , x) ~>f ( t , x) is a V-dissipative 

mapping if:

(3-2) - |“v f  >*, y) f , y) f ( t , x )  +  0 . * ,  y) f f , y) < o

v ( t , x) , ( t , y)  e By.

We suppose, in addition, the following condition:

(3-3) 11/ ( t , *) — /  (s , u) Il <  K («) • 11 —  s I

where K : Dy-> R is a mapping « -> K (« ) .

Lemma i . Let /  : D7 C R X X -> X a V-dissipative mapping . 
sider the Cauchy problems

(3-4)
Ùf
u  (o) =  *

2 = 1 , 2 .

I f  Ui : [o , a[ X solutions of (3.4) then

(3-5) II % f )  — « 2  (0 II <  (ß/«)1/2 II*1  — *2 II

Proof. The proof is similar to that of Lemma 1, par. 2.

Lemma 2. Let f :  D y C R x X - > X  a V-dissipative mapping, satisfying 
condition (3*3)- U  u  : [o , oc[ -> X is a solution of the Cauchy problem

(3.6) j * = / ( C . )
{ u  (o) —

(3-7) I I / / , « / ) ) | | <  (ß/a)1/2 11/Co , < ) || k ' /2.
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Proof. Set v if) — u { t  +  h). We observe that for h <  a — t , v (/) is a 
solution of the Cauchy problem

O .«) j( v  ( o )  =  u  (A) .

We consider F (7) =  V i t , ^  (/) , v iff). Differentiating we obtain 

(3*9) F (0 =  V  (t t u (f) , v (fj) -f- -g—- V ( t , u  (f) , v iff) f  (t (tf) -f- 

+  /  V ( / ,  u it) , v (fj) f  (t +  h , v ( t j ) .

By the hypotesis that /  is V-dissipative

(3.1°) F ' ( f  <  —  V ( t , u (V) , v ( f )  { f ( t  +  h , v )  — f { t , v)}

and by the condition (3.3)

(3.1.O F '(*) <  9 (t) II u ( t  +  A) — « (Oil K (0  1̂ 1 •

Integrating, we obtain
t

(3-12) F ( f  <  F (o) +  j <p (j) K (v (sj) Il u (s +  h) — u (j)|| • \h | dy
0

from which

(3•13) a IIu (f +  A) u (Olf e Y <  ß IIu (A) — u0 II" +
t

+  j cP ( s ) K ( v ( s ) ) \ \ u ( s + k ) - u ( s ) \ \ - \ k \ à s .
0

Dividing by | h |2 and taking the limit as h o

(3.14) ^ l l / ( ^ ^ ^ ) ) l | 2< ß / « l l / ( o ,^ ) ! |2 +

+  j  9W K (p(j)) ||/ ( j > „ (f))||

0

Set w  (0 =  e yt 11/(/ , u (0)||2 and ^ if) =  -  ^  ^  eys/2 and taking into
account the inequality 2 ab <  a2 +  ò2, we have

/ /

(3.15) w  ( i )  <  ß/oc - w  i p )  ~  J   ̂ (0 2 d s  +  —  j  w  ( f )  d s .
0 Ó

Then,; for each bounded set [o ,T [



A. A rdito  ed a lt r i ,  Dissipative Lyapunov functions, ecc. 5 1 7

where
T

c =  ß/a wü +  --  J  ÿ ( s f  dj.
0

Therefore, by Gronwall’s Lemma

(3.17) w (fi) <  ce*!2,

from which the conclusion is obvious.
We shall say that f  : Dy C R X X X is regular if there exists a 

sequence {]n ( t , x)} of functions J „ : R x X - > X  such that if we set 
fn  (f , x) = f ( t , ]n ( t , x)), then

i) lim„ f n ( t , x) = f  ( t , x) V ( t , X) e Df

i) there exists a : N -> R+, lim„ a (n) =  o such that

IIL / > * )  — ^ H <  * (n)\\ f n ( t , x)\\

hi) for each n , f n ( t , x) is V-dissipative and there 
exists a solution u„ (t) of the Cauchy problem

/ Ün = f n ( t , U n )
[ Un (O) =  ^0 •

Observation 5. By Lemmas 1 and 2 the solutions (/) are unique and

(3- l9) II fn f  00) II <  (ß/a)1/2 *Y*/2 II/« (O , O H .

(3 -18) {

Theorem 4. Let / :  D ^ C R X  X - > X  regular, V-dissipative, and 
satisfy condition (3.3). addition let {un (tf) be a sequence defined as in iii) 
° f  (3-*8). Then, {un (/)} converges uniformly on bounded sets of R to a func
tion u if).

Proof. The proof is similar to Theorem 4, par. 2.

Theorem 5* Suppose the hypothesis of Theorem 4. f f ,  lu addition, fo r  
each {xn } C X such that ( t , xn) E Dy and

(3 .20 ) II ll/«,*.)IISM
implies

(3.2 ï) ( t , x) E Dy and there exists {xn̂ } C { x n} such that f ( x n̂ —̂ f ( x )  
where t  denotes a topology on X weaker than the norm topology on X .

Then u (t) is differentiable in the topology t , ( t , u (t)) E Dy and

(3-22) ù  (0 = f ( t , u ( t ) \ )
u (o) =  X .
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