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Analisi. —  Summability factor on A bel type methods. Nota di 
Babban Prasad M ish ra  e D in k sh  S in gh , presentataw dal Socio 
E .  Bom piani.

R iassunto. — Estensione al metodo di Abel dei risultati ottenuti da Bosanquet per la 
sommabilità di serie.

i. Introduction

S u p p o s e  t h a t  {  sn }  , n  =  o  , 1 , • • • b e  a n y  s e q u e n c e  o f  n u m b e r s  a n d  t h a t ,
f o r  —  I <  X,

( I .I ) t̂ X /  n +  A \
E -  =  l  «  ) ’

for n =  +  I , +  2

E è = i  , E * = o , for n =  —  I , — 2

$n &v
v= Q  v —0

( 1-2)  9x 0 )  =  ( I  —  x f +1 S e »  j ,  x n,

< P x ,s (* ) =  ( I —  *)x+1 £ e  l t „ x n.

C l e a r l y

? x , i  ( * )  =  ? x  (x) , 90 (x) =  9 (x) =  £ a n x n.

W i t h  B o r w e i n  [ 1] ,  w e  s a y  t h a t  t h e  s e q u e n c e  { s n }  i s  s u m m a b l e  ( A * )  t o  s  a n d  
w r i t e  sn - >  s ( A x) ,  i f  t h e  s e r i e s  d e f i n i n g  <p\(x) i s  c o n v e r g e n t  f o r  a l l  x  i n  t h e  o p e n  
i n t e r v a l  (0 , 1)  a n d  t e n d s  t o  t h e  f i n i t e  l i m i t  a s  x -> 1 — o .  T h e  ( A o )  m e t h o d  
i s  t h e  o r d i n a r y  A b e l  m e t h o d .

W e  d e f i n e  S “ , f o r  n >  o ,  b y

n

( 1 4 )  S “ =  S *(sv) =  E “ I I sv , a  i s  a n  i n t e g e r .
v=0

T h u s

Sw Sq ~f~ ‘ * * +  y ^n j CLn ,

E Î = S Î ( i ) .

a n d

( 1-5)

(*) Nella seduta del 14 dicembre 1974.
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For positive integer oc, we have

C1-6) S - “ (* .) =  S  (-)■*(“ )(«)*.-,* (n >  &) ,|A=0 \ r* /

since E “ a =  o for n >  oc.
If we write

(1.7) A °un =  un , A , uM =  u„ —  un+1 , A *= A (A *-’) ,

then

C1-8) à k s„ =  ( - Ÿ S ^ ( s v).

We shall use the following identities which will be used in the sequel.

(1-9) s r ß = s Bß(s :) ,

where a , ß are zero or integers

C1*10) ^LE“ xn — (1 — x)~* 1 Qx\ <  I , oc' >  — 1) .

2. The fo llo w in g  theorems are known

THEOREM A. I f  — 1 <Ç p <Ç >é(p , k integers) and p  is reaf then neces­
sary and sufficient conditions fo r  { tn } to be summable (C , p) whenever 
Sf =  O (nÂ+p) are

(2.1) s , =  o(*p-*“') , %(n +  i)k+p\Ak+1en \ < 00 .

THEOREM B. I f  — 1 k i p  is real, — 1 <  X ötz*/ sequence { tn } 
A summable (Ax) whenever Skn =  0 (nk+p), then

(2.2) E ( ^  + i ) " +jS|A"+1{ £ „ e ^ / ( x ^ } |  < 0 0 ,  

where

f r y  n) =  I  A _  ” I X(X~ ~ I) ”   X(X— 1) (X — 2) »
J_i_ » +  I •" |2_ zz +  2 |3 ?z +  3 ‘ *

Theorems A and B are due respectively to Bosanquet [2], Mishra and 
Singh [4]. In this paper, we will prove the following theorem.

THEOREM C. I f  p  is real, — 1 <  X , k is an integer such that — 1 <  k 
then necessary and sufficient conditions fo r  the sequence { tn} to be summable 
(Aa) whenever S£ = 0  (nk+p), are

(2-3) sn — 0  ( n - t - x)
and

(2.4) 2  ( *  +  I A i+1 {  s „  E * / (X  , » ) }  I <  0 0  .
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3. The lemmas, needed  for the proof, are collected below

Lemma i . I f  p  =j= 1 , — 2 , • • •, — /è, then =  O (nk + whenever
sn =  0  (n*)

Lemma 2. I f  q is real and  2  (n +  0*1 I <  °°> ^ en is a num ­
ber s such that en =  s +  o (nr9).

LEMMA 3. I f  the sequence {sn} is summable (Ax) and an — 0 (n~1) then 
the sequence is convergent.

For Lemmas 1 and 2, see Bosanquet [2] while Lemma 3 is due toM ishra [3].

4. In t h i s  s e c t i o n ,  w e  g i v e  t h e  p r o o f  o f  t h e o r e m  C

Sufficiency. By virtue of condition (2.3), it is easy to show that the series 
defining <px,sOO is convergent for o < ^ < i ,  whenever Skn =  0 (nk+p). As 
the general term of a convergent series tends to zero, we have, after k  +  1 
partial summations

for o <  x  <  I. In particular if we take

s ? =  ( » +  i f +p,
then

Makiqg x  ~> \ — o and using condition (2.4), we see that

lim cpX|E (x) =  lim £  (n +  i)*+* A*+1 { E* x nf ( k  , » , * ) } ,
#->1 — 0 x —>1—0

where

X ( X - i )
2 n +  2 [3 n +  3

X2 _  X(X— i)(X — 2) n xZ

Clearjy
lim /(X  , n , x) = /( X  , n) .

Hence

(4-3) lim ?x>elx)  =  2  (* +  I f +P ^ +1 {£„ E„V(X , n ) } .
*->1-0

Condition (4 .3), since (2.4) holds, ensures the truth of sufficiency part of the 
theorem.
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Necessity. (Ax') summability (o <  X') implies (Ax) summability (— 1 <X<o) .  
Therefore we need to consider only the case — i < X < o .  Necessity of (2.4) 
follows from theorem B. We divide the proof of (2.3) into the following cases:

Case I .

p ^ r — ! .  — 2 .— 3 ‘ — k.

Case 2.

P =  —  I , — 2 — k .

Proof o f Case i .  After Lemma i, if follows that the sequence { tn } is 
summable (A*) whenever s„ =  O (nii) and thus by Theorem B, with k =  o,

(4-4) 2 (» +  i ) ' | A { e . E S / ( X >» ) } | < o o .

By virtue of Lemma 2, we obtain

(4-5) £» E « / 0  , n) =  o {n~*) +  s ,

where s is a constant.
In the case p  <  o , s is arbitrary and therefore it may be taken as zero. 
For p > o, we observe that en— s{  E*/(X , n)}~x, satisfies the conditions of 

en in sufficiency part of Theorem C. Hence the series 2 an { (E*/(X , n fT 1}
is summable (Ax) whenever S  ̂=  0  ( n +p). The (Ax) summability of the series 
^ a n zn implies the (Ax)-summability of ^ s a n {E*/(X , n)}~x.

If p  >  o and an =  (n +  i / -1 {E«/(X , n)} then clearly Sf =  0 (nk+p) 
and ^ s a n {E*/(X , n)}*1 is not summable (Ax). Therefore s is necessarily 
zero.

Now consider the case p  =  o and take as an example 

(4.6) an { E*/(X , n) }“r  =  ( n +  i)""1 cos {log (n +  1)}.

This example is due to Bosanquet [2], By an argument similar to that of 
Theorem A, we can prove, after Lemma 3, that ^ s a n {E*/(X , n)}̂ 1 is not 
summable (Ax) whenever Sf =  O (nk+p) and so also in this case s =  o. This 
proves Case 1.

Proof of. Case 2. Suppose p  =  — [x, where [x =  1 ,2  , • • •, k. The sequence 
{ t n } is summable (Ax) whenever S* = 0 (nk~ïl). By virtue of (1.9) with 
ß =  k — (x m d  a =  (x, we see that =  O( i )  implies St = 0 (nk~{K). Thus 
the sequence {tn} is summable (Ax) whenever S ^ = 0 (i). If follows from 
Theorem B, with k =  — p  =  [x, that

(4 -7) 2  I S *+1 { £„ E*/(X , «)} I <  00.

We have, after (1.7) and (1.8) and Lemma 2,

(4-8) E*/(X , v)} =  j  +  0(1) .



S10 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LVII — dicembre 1974

Repeated applications of (1.9) with ß =  i and (1.5) gives 

(4-9) £x E*/(X , n) =  sE% +  0 (7 /).

Since AM'+I E£ =  (—)|i+1 =  o for n >  o, it follows from (4.7) and (4.9)
that e„— Æ £{E „/(X  , w)}"1 satisfies the conditions of zn in sufficiency part 
of the theorem with k =  —  p  =  p. Hence the series J X  {Æ|î (E*/(X  , n))~x} 
is summable (Ax) whenever S„ =  O(i ) .  If we consider

(4-10) {E*/(X , n)}~~x an =  (n +  cos { log (n +  i)}

then clearly the series J^saH { E*/(X , ti) }~x is not summable (Ax) whene­
ver =  O( i )  and so also in this case s =  o. This completes the proof of 
the necessary part of the theorem.
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