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Analisi funzionale. — On the convergence of sequence of Iterates. 
N ota di S . P. S i n g h , presentata (#) dal Corrisp. G. F i c h e r a .

R iassunto. — In un recente lavoro Diaz e Metcalf hanno provato il seguente teorema. 
Sia C un sottoinsieme chiuso e convesso di uno spazio di Banach X strettamente convesso. 
Sia T : C - > C  una trasformazione non espansiva e compatta. Allora, per qui x e C, la succes­
sione { T ” x }  (dove Tx :C ->C è così definita T\(x)  =  XT* +  (1 — X) x  , x  e C , o <  X <  1) 
converge ad un punto fisso di T. In questa Nota abbiamo esteso il risultato alle trasformazioni 
densificanti e abbiamo dato alcuni corollari.

A sequence of iterates {T* x 0} of a non expansive m apping T  need not 
converge to a fixed point of T. Therefore one considers a m apping of the 
form

Tx =  XT +  (1 — X) I , o <  X <  I,

and then the sequence of iterates { Tx x 0 }, under suitable restrictions, con­
verges to a fixed point of T.

Diaz and M etcalf [1] proved the following well known theorem.
Let X be a strictly convex Banach space, C a closed, bounded, convex 

subset of X and let T : C  ->C  be a non-expansive m apping, and suppose 
T  (C) is contained in a com pact subset Ci of C. Then, for x 0 e C, the sequence 
of iterates {T x^o}, where T x : C -> C is a m apping defined by Tx =  XT +  
+  (1 — X) I , o < X  <  I, converges to a fixed point of T.

The aim of this Note is to prove the convergence result for a more general 
type of m apping introduced by H ardy  and Rogers [4].

The m apping T  is defined on X such that

(A) II T x  —  T y  y < a x \\x  — y  || +  a2 ( \ \ x  —  T x  \\ +  \\y —  T y  || ) +

+  az ( \ \ y  —  Tx\ \  + \ \ x  —  Ty \ \ )

where a f >  o, i =  1 , 2 , 3  and ai +  2 a2 +  2 a3 <  1.
We prove the following theorem.
Let C be a closed, bounded, convex subset of a strictly convex Banach 

space X. Let T : C  -> C  be a densifying m apping satisfying condition (A). 
Then, for x0 e C, the sequence of iterates {Tx:r0}, where T x : C - > C  is a 
m apping defined by T x =  XT +  (1 —- X) I , o <  X <  1; converges to a fixed 
point of T.

We need the following preliminaries:
Let A be a bounded subset of X. The m easure of non-compactness 

of A, denoted by a (A), is defined to be the infimum of e >  o such th a t A 
can be covered by a finite subset with diam eter <  s.

(*) Nella seduta del 14 novembre 1974.
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It is known [5] that,
1) a (A) =  o <==> A  is precom pact.
2) a (A U B ) <  m ax {a  (A) , a (B)}.
3) a (A) =  a (Ä) ; Ä  stands for the closure of A.
4) a (A +  B) =  a (A) +  a (B), where A and B are subsets of X.

A continuous m apping T  : X -> X is called densifying, if for any bounded 
set A with a (A) >  o, we have

a (T A ).<  a (A ).

A  contraction m apping and a completely continuous m apping are exam ­
ples of densifying m appings.

The following known results will be required in the proof.
Bx : Let T  : C -> C be a densifying m apping defined on a closed,

bounded, convex subset of a Banach space X. Then T  has at least a fixed
point in C, [3].

B2 : Let T  : X -> X be a continuous m apping.
Suppose

(i) F (T) 4 = 9, where F (T) is the set of fixed points of T.

(ii) for each y  6 X , y  & F (T) and each u £ F (T).

I! T'y —  u  II < \ \ y  —  u\\ .

Let xq e X. Then, either { T nx q} has no convergent subsequence or 
{Tw^ 0} converges to a fixed point of T  [1].

Proof. Since T  is densifying on C, Tx is also densifying. Indeed, let A 
be a bounded subset of C.

Then
T XA =  ATA +  (1 —  X) A.

Now
a (Tx A) <  Xa (TA) +  (1 — X) a (A)

<  Xa (A) T (1 — X) a (A) fsince T  is densifying)

-  a (A).

M oreover F (Tx) 4 = 9, since F (T) =  F (Tx) and F (T) 4 = 9 by Bi. 
Let

Then

Thus

and

D -  U Tx x 0.
n=0

00
T XD =  U T x x 0 .

n=l

T x D C D ,

D =  {*0} U T XD.
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Let D stand for the closure of D. Then

T x D C T x D C D ,

i.e. D is invarian t under Tx.
We now prove th a t D is compact. It suffices to prove that oc (D) =  o, 

since X complete, D precom pact implies tha t D is compact.
Let us assume th a t oc (D) >  o.
Since D =  {^:0} u T x D

oc (D) =  m ax { a (x0) , a (Tx (D)) } 
=  m ax {o , a (Tx D)}
=  «(Tx (D )j,

a contradiction to the fact tha t Tx is densifying.
Hence, oc (D) =  o, i.e. oc (D) =  o. Thus D is compact. Hence the 

sequence of iterates {Tx^o} has a convergent subsequence.
In order to apply B2, it only rem ains to show tha t for each # £ F ( T x )  

and u  6 F (Tx),

II Tx# — m|| < | | #  — u II.
Now, clearly,

||T #  —  u \ \ <  â + ^  + aJ  \ \ x - u \ \ ,
x cc 2 CO g

just by using condition (A) and the triangle inequality. 
Thus

Il T* — u \\ < Il * —« II,
In case x  =j= u, we have

\\Tx x  —  u\\ -  IITAat —  T x ^  II

=  Il X (Tx  — u) +  (i — X) (x —  u)\\

x  —  u X (Tx — u) ( I —  X) (x — u) 
I X  — u 1 II X  — u II

If strict inequality holds in (p),  we get

X (Tr —■ u) (1— X) (x — u)
T  irz m|ĵ — u II

<  I .

Hence,
II Tx # — m || <  II # —  ^  H.

However, if equality  sign holds, then, since 4p—— - Ì - , and
\ x — U I

have unit norm  and X is strictly  convex Banach space, we get

(x — u) 
\ x  — u\
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Thus
Tx .r — u U <  II ^  — z/ II , A' =|= li.

Thus the proof.

1) In case a2 — a3 =  o and a1 =  1 we get a result due to Diaz and 
M etcalf [i],  since every completely continuous m ap is densifying. If  X =  1/2, 
we get a result due to Edelstein [2].

2) In  case a2 — a2 — o am d a-± =  1 we get a result due to Petryshyn [6],
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