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Fisica m atem atica. —- On stùpplementary conservation laws fo r  
second order hyperbolic conservative equation (*\ Nota di A n d r e a  
D onato  (**\ presentata (***> dal Socio D . G r a f f i .

RIASSUNTO. — In questa Nota si determina la classe delle equazioni conservative del 
secondo ordine di forma canonica che ammettono una equazione di conservazione supple
mentare, seguendo un procedimento dovuto a G. Boillat. Si ha occasione di illustrare il metodo 
su un esempio particolare.

In  a recent paper [1] G. Boillat found a necessary and sufficient condi
tion for a conservative hyperbolic system of first order to have a supplem entary 
conservation law.

In  this paper, using the procedure established in [1], we determ ine the 
class of conservation equations of second order in canonical form adm itting 
a supplem entary  conservation equation. We then give the explicit form of 
this conservation equation and show the usefulness of the m ethod in the case 
of a non linear string equation [2]. In the last part we study  the problem  of 
obtaining directly the conservation equation and we find the same results.

I .  Let us consider the following hyperbolic conservative system  of N 
equations (L

( 0  f*  (M) “  0 (/ =  1 , 2 , • • •, m)

which can be written

(1D ut +  A ’ (u) u£ =  o ; A* — V / ‘ , u t =  dtt u ,  u { =  d .u ,

with V =  (iST ’ IST ’ "  ’’ Hd) ■ The system (0  is hyperbolic so th a t the 

m atrix  A„ =  A ’ n{ ^n2 =  2  =  1 j  has N eigen-vectors, left and right,

linearly  independent. I f  D stands for the m atrix  whose columns are the right 
eigen-vectors of A„, the necessary and sufficient condition for (i)  to have a 
supplem entary conservation law of the type

(2) a, h +  a,, h* =  o

(*) Work supported by the C.N.R. through the «Gruppo Nazionale per la Fisica- 
Matematica ».

(**) Istituto Matematico dell’Università di Messina.
(f**) Nella seduta del 14 novembre 1974.
(1) The operators dt e di are, respectively, the derivatives with respect to the time t  

and to the space variables {i =  1 , 2 , • • - , m) • /*  and u are m +  1-column vectors of N 
components.



is th a t [ i ]:

(3)
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(DD)“ 1 -  H (h)

be independent of . In the expression (3), v denotes the transposition ope
ra to r and H is a sym m etric positive definite square m atrix. The m  +  1 scalar 
quantities h and h* in (2) are given by

(4) H - V V ^

(s) =  v  h f { —

(s') =  /*  h  .

2. Consider a second order conservative hyperbolic equation in cano
nical form

(6) U „ +  F* ( U , , U A) =  o (i =  I , 2 , 3);

by m eans of the substitution

(7) U, =  a ,u  =  ® u,. =  a ,u  =  ^

we obtain a first order system  which can be w ritten in the form (C) where

(8)

<D
ài

(9) a { = dFt
du t b\ =

dFi
äu T  *

O f course, the solution of this system  and of equation (6) are equivalent when 
we choose suitable initial conditions. The eigen-values of the m atrix  A„ 
defined by

( IO) A , =  A*‘»,• =  ( _ * "  (6 . =  ^  »,))

are:

( " ) ^1,2 — 0 ^3,4 —
Un lb if &n 4 bn

(àHn * W)

Corresponding to the double root A =  o we have the right eigen-vectors

with <4>
™ 1 • hn = O zv2 • bn = O U)± -A w2 4= 0 ,

(2) U t t , of course, denotes the second derivative with respect to the time t.
(3) A„ is a matrix 4x4 ;  o is a zero 3 x 3  matrix.
(4) • and A are, respectively, scalar and vector products.
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while for X— X3) and X — X4 , we find, respectively,

0 3 )
Fl
n d =  ß IH b«

(16) DD =

with oc , ß a rb itra ry  param eters and

C H )  4 i  =  (x 3 —  O - 1  IH - ( \  —  a n)

In view of the relation

(is) DD  = d {i) d (i)
i —1

from (12) and (13) we find

(a2 pi +  ß2 pf) b\n (a2 p , +  ß2 p2) b„„ n  \

v (a2 p , +  ß2 p2) bnn n  «q ® «q +  w2 ® w2 +  (a2 -f- ß2) m ® n  /

T he hyperbolicity of the system  requires the linear independence of the eigen
vectors and hence, from (13), bnK^= o. I f  we require DD to be independent 
of n  then the following conditions m ust be satisfied

( r 7) 0c2 p i +  ß V 2 =  o

(18) (a2 pf +  ß2 pi) b\n — p 2, (u)

(x9) «>1® «q +  w2® w 2 +  (a2 +  ß2) n  ® n =  T(w) .

From  (17) and (18) we obtain

/ 2(20)
2 I q2 _a +  ß =

!J-i P2 b
_  / 2

bnn

because (14) gives p1 p2 =  ilb„„.
M oreover (16), together w ith (17), (18) and (19) becomes

(21) DD =
p 2 (u)

, » T  («)
E quation (19) gives

(22) T b n =  — p ^ n

which is valid for any w, so it follows that

(23) TB =  - / 1  (B =  h4 ||)
and we then have

(24) (DD)-1 =  I lp ‘
0

— B

3. In  this case we have

(25 ) H =  VVÄ

&h d2h \
302 30 3z/*‘ \

$2h J
dvi 30 dvi dvk /
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while from  (3) and 2̂4) we obtain the following differential system  for h\ 

a2 hjd<b2 =  I \p2

(26) a2 h/d<b dv{ =  o 

a2 h/dvi dvk =  (— I ip2) bik =  (— I ip») a F{ldvk .

From  (26)2 we have, im m ediately, th a t

(27) h =  hx (<D) +  (»)

while (26)1, (26)2 then give, respectively
(28) 1/^2 ==^'-

(29) F* =  (—  ilh'iDldkzIdv; +  <j/(<F)] .

As / '  is given by

/ F*

(S') requires th a t g* satisfies the equations

(31) a//aO) =  (i//2 ) f >

(32) dg^dvi =  C®//-2) 4  =  (O //2) aF‘/a^

and, because of (28) and (29), we find tha t

(33) /  =  — 0> (dÄa/dü*) + J  <l>‘ (<F) d$  .

M oreover, in view of equations (28), (29) we have

(34) W  =  hi F' — J  ̂  (O) dO .

and so, on account of (33), from (5) we obtain

(3 5) M =  hi F' — J  4/  (<F) d # .

Now the equations (27) and (35) allow us to write the conservation law (2) 
in the form

(36) df (ht +  h2) +  3,- j — J  <J/ dO —  (h[jhx) (dkïldv* +  tj/) | =  o .

F inally  if we use (29) in (6) we arrive to the result

(37) U„ +  (I lk[' f W ' t d f a ld t / )  — W  <]/ +  AU V*} U* -f-

—  (1 lh 'i)(d2 hzjdv* dvk) XJik =  o .

This is the m ost general second order equation adm itting  a conservation 
law of the type (36). It is easy to prove th a t the results are available also in 
a m -dim ensional space (i =  1 , 2 , • • - , m).

27. — RENDICONTI 1974, Voi. LVII, fase. 5.
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Let us consider the particu lar case of a non-linear string equation [2]:

(38) u „  =  (I +  k\J$) U „  (k and p  are constants) 

th a t in conservative form becomes

(39) u „ + 3.  [c— <*) ( u , + ki(p +  O u r 1)] =  o.

I f  we com pare equation (38) w ith (37), we have

( h ï  =  I

(40) H s f  =  (I +  kl3i)
\ tj/1 =  o =» ij;1 =  const.

Consequently by integration of (40) we obtain

j ^i =  |«D2

(41) =  _  f  =  ^ [u , +  ki(p +  I) u r 1]

( k2 =  c* [J u 2 +  ki(p + 1) (p +  2) u r 2] +  +0 (®)

where we have set equal to zero the constants of integration. So, from (35), it 
follows:

(42) # =  — OFSÎ.

Then, because of (41) and (42), we can write the conservation law given by (36).

4. In  this last part we look directly for a conservation law of type (2) 
for system  (8). W e suppose th a t there is the following supplem entary con
servative law for the system (8):

(43) h +  9,- h* =  o

or

(44)
8h
dvi ®.-+ a¥_

3®"
_a¥_
dv& O

and we seek the condition which m ust be satisfied by h and A*. T ak ing  into 
account system (8), eq. (44) becomes

(45)
) _dk_ _a%«____3k_ _3F«_ ) fl, I j _  3h_ 2Fi_ ) k _
\ dvi +  9®  - g ö T  1 ® “  j  I  “ i p  g ® “  I p “  \ v >i —

I f  we now impose the condition th a t this equation has to be identically 
satisfied w ith respect to viik and we arrive to the differential system

(46)
W _ _ _ _ dh 3 F »
9 zfi 9O  dvk

(47)
3 h , 9 U  dh 9 F *

~dvî ' ~ 9 ®  3 < D ~  ~dW
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By differentiating eq. (46) w ith respect to ff» and eq. (47) with respect to vk 
we obtain the com patibility  condition

t/iS'i _32/z 3F> 32h 32h 9F‘ _
3vk 90 90 3vl 3vk 902 3vk ^ ’

M oreover eq. (46) differentiated w ith respect to v* gives

(49) d2h _  9 2h 9F* 9h 32f i
dvk 3vJ ~  90 3vS 3vk 90 du> dvk ’

and, interchanging j  and k  then gives the following relation

(c  ̂ 32h 9F* _  92h 3F‘
D '  90 3vi 3vk ~  90 3vk 3vJ

I f  we suppose th a t at least one of the component of the vector 32 h /3<S) 3vi , 
for instance when k  — 1, is different from zero, then we can write

(SO 92 h __ 9F» 
90 dv’ y  9v)

so (48) becomes

with <p* —  I d*k
dvi I  90 dvi

(52)

where

a2 h 
dv* dvk = '(' r*

(53)

(54)

r  =
9F«
90

92 A ,
a w ?

jpÆ_ 92 h
3zfi 90

We impose now the condition th a t the m atrix  H, given by (4), is positive 
definite, th a t is

(55)

and so

i H ü  >  o with v  =
0)

(56)

(57)

32h
902 =  p 2 >  O

A = ( \ 2 32 h
\ W 3̂ î~ T‘0  — P - ^ T w r  rii ru <  O.

Eq- (57) together w ith (52) and (54), gives

(58) A =  r* rji { T,- y),- — p 2 yt. 7],-} <  o

which m ust be satisfied for any  vp. I f  we choose, for instance, t j j _ r  we have 
A =  o and the root co =  o is in contradiction with the hypothesis th a t H is 
strictly  positive. Consequently, it is necessary to impose the condition

d2h(59) 3vk 90 = o Vk



38 6 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LVII -  novembre 1974

and we have again

(60) h =  h\ (O) +  ^2 (®).

From  eq. (48), together w ith (59) and (60) we deduce

,  d2 a 2  'hi 9 F *  _
^ O I ' ) dv*dvk a < E > 2  dvk 0

and by integration

(62) +  h\ F ’ =  ^  (O) .

From  (46), again by  integration, we have

(63) t t =  F* +  0* (0>)

where 0* by virtue of eqts. (47) and (62) is given by

(64) 0* ( ® ) = — r  V  (O) d o .

We can conclude th a t by adopting the hypothesis th a t H. is strictly positive 
we obtain the same results as in section 3.
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