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Geometria differenziale. — On the intersection of principal 
fibre subbundle. Nota di A lexandra N eagu , presentata n  dal Socio 
B. S egre .

RIASSUNTO. — Questo lavoro verte su qualche problema riguardante l’intersezione 
dei sottofibrati principali chiusi di uno spazio fibrato principale differenziabile.

Let P (M , G) be a principal differentiable fibre bundle. We denote 
by 7T the canonical projection P -> M and let stf =  {(U t- , <p,-)/z £ I } be the 
highest atlas of P (M , G), where (U,- , 9*) are allowable charts of P.

A  principal fibre bundle Px (M ,GX) is a principal subbundle of P (M ,G) if:
a) P i is a subm anifold of P, and G± is a Lie subgroup of G;
b) tci =  7u |Pi, where 7^ is the projection Px -> M;
c) R̂ r =  R ^|Pi, where and are translations on P x and P respec­

tively, defined by g  £ Gv

PROPOSITION i [i]. The subset P1C P (M  , G) is a principa l subbundle 
o f P (M , G) if, and  only if, — 7r|Pi satisfies the fo llow ing  conditions'.

a) tc-l (Pjl) — M;
b) =  2 • G± i î  2 £ iz~ l (x) and x  — tu (2);
c) fo r  every po in t x  £ M. there exist an open neighborhood U  of x  and  a 

dijferenttable m apping g : U ->  P (M , G) satisfying g (U) C P i and  n 1 o g =  idv .

PROPOSITION 2 [3]. P i(M  , Gx) is a closed subbundle o f P (M , G) i f  and  
only i f  there exists a cross section s : M -> P/G-^

L emma  1. The structure group  G of P (M , G) is reducible to a closed sub­
group  G jC G  if, and  only if, the fo llow ing conditions are satisfied'.

a) there exist a differentiable m anifold  V, a representation o f G on 
V, (g  , u) £ G X V -> g  • u  E V, and  a po in t u0 6 V such that the isotropy group  
o f u 0 is Gjl* The orbital m apping  p (u0) : G -> V defined by p (u0) • a =  a • u0 

is a ,subimmersion (this condition is obviously satisfied in the finite dim en­
sional case);

b) there exists a morphism A  : P -> V such that A (P) — Gu0 (the orbit 
o f u0) a nd  A  {2 • g) =  g ~ 1 A  (2) fo r  every 2 € P and g  £ G.

Proof. Let us consider the m ap

iU9: a /G £ G/G± -> iUo (a/Gi) =  auQ £ V .

(*) Nella seduta del 14 novembre 1974.
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W e prove th a t iUo is an immersion. If  a\G 1 ^=b/G 1 then a~x 'b € Gx. Supposing 
iUo (a/G]) =  iuo (b/Gj) it results au0 =  bu0 and u0 =  a~x bu0) in other words 
a * 1 b e Gj. Let a be the canonical projection G -> G/Gv  W e have p (u0) =  iu ° X 
and p (uq) • a =  (iUo o X) (a) =  iUo (ajGx) =  a • u0 . Since p (u0) and X are ana­
lytic it follows th a t iUo is analytic. Since gG ± is a subm anifold of G then 
T^ (^ Gi) =  K er- ^ ( p  (*„)); but K er I f  Â =  f  g (g G f  and hence T M f)iUo is 
injective. On the other hand, the image of zUq coincides w ith the im age 
of (p (z/0)), and the latter has a topological supplem ent. Consequently iu% 
is an immersion.

We shall prove now the first statem ent of the lemma. L et be the 
restriction of tz to A“4 ( u 0). W e prove th a t satisfies the conditions of P ropo­
sition I.  Since Gu0 is the im mersed subm anifold of V, it results tha t A  is a 
m orphism  of P on Gu0 =  G /Gx. Assum e z ± E tc“ 1 (x) C P. Since A (z±) E Gu0 

there is g  E G such th a t A  (z-j) =  g u 0 and:

A  (%*<£*) = £ ~ 1 A (2i)  =  Uq .

It follows th a t z ± g  E A~~x (u0), so th a t tz± (A ^ 1 (u0)) =  M.
Let and he two points of A“ 1 (u0) satisfying tu1 =  ^1(^2) =  x

and ^ e G  such th a t z 2 — z 1 * g . I t follows th a t A  (#2) =  A (z± • =  <̂ ~ 1 A  (z±),
hence g ~ x Uq =  u 0 and ^ e G ^  Accordingly tt“ 1 (x) =  z ± G.

Let U ' be an open neighbourhood in G/G 1 and W  =  ^„(U '). Then W
is an open set in Gu0 equipped with the induced topology, and A ^ fW ) is 
open in P. Let U  C A ^ fW ) be an open set of P. We have A (U) C W  and 
f ^ f A ^  C Ü '.  It is clear th a t for every open set U ' in G /Gx, there is an open 
set U  in P such th a t (iu}  0 A) (U) C U b  Let t  be a local cross-section over 
U /; we have:

A 2""1
U C M — p (M , G) — Gu0 - X- G/ Gx G.

I f  X is the canonical projection G -> G /G x  then X o t =  id. Let us denote 
c? =  iü} ° A  o s , h := T o g and yj (x ) =  s (x) • h (x ) (for x  E U). * Then X o k  =  
=  X o t  o c =  g and

A (ï) (x ))  =  A (s (x) • h (x)) =  [h O )]-1 • A  (s (x)) =  [h (Y)]“ 1 • (iUt « o) (x) =

=  \h W ]" 1 • 4. ((* o h) (xj) =  [h c*)]-1 • (h ( x ) ^ )  =

=  [h (.r)]~1 • h (x )  • Uq =  Uq .

Hence ?) is a local cross-section over U, with its values in A""1 (u0)..
Conversely, let P x (M , Gx) be a closed principal fibred subbundle of 

P (M , G) and V =  G/Gx. T hen there is a global cross-section 's : M '-> P/Gx* 
Let (U , 9) and (U , ^) be the bundles charts of P (M , G) and P/Gx, 
respectively. :

One can define the m orphism  A  : P -> V by:

A  Q2) — W ]” 1 * t 1 (s  (x)) f ° r 2 e TC"”1 (x ) and x  E U .

25. — RENDICONTI 1974, Voi. LVII, fase. 5.
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Here <px (resp. is the restriction of 9 (resp. ip) to { j} x G  (resp. { x } x  G/Gj). 
I f  (U , 9) and (U , are two associated bundles charts such th a t U  D U =j= 0 . 

then

[<P* 1 (C] 1 i>x 1 (s (CD =  I> ^  (C  '9* 1C)] 1 (C  ^  3] (-S' (C ) =

=  i P  c c r 1 [«,,, ( c r 1 ( c  4 c 1 ( o  =  [«pc1 o r 1 4 c 1 (■*■ ( o -

W here (resp. is the transition function subordinate of charts (U , 9) 
and (U , 9) (resp. (U , <£) and (U , ^)). Here we have used the property: a-^ (x) =  
=  a ^  (x) for the associated bundles charts. Assume z  e P and ^ e G .  Thus

a  (s ■ g) =  A [cp* (9 J 1 (z) ■ g )I =  [9 J1 (<px (<p-! (C) • ^ r 1 • 4c 1 (s ( C D  =

=  • [9 J 1 C)]-1 9 J 1 (-S' (C ) =  A  (z ) . q .e .d .

Consequence I .  In  the conditions of the Lem m a 1, if u± , u2 6 Gu 0 are 
the isotropy groups Gx and G2 respectively, then A (uj) and A“"1 (u2) are 
conjugated subbundles; more precisely there is g  € G such th a t A“"1^ )  • g  =
- A“ 1 (u2) and G2 =  g ~ x G,.

Indeed, let a be the element of G such th a t u2 =  a* uy, we have A  (z • a -1) =  
=  a • A  (z) =  aut  =  u2 for every z  e A "1 (u±). Then A“"1 (uj) • a~x =  A“ 1 (uj), 
and so the assertion is true for ^  =  a~K

Consequence 2. In the conditions of the Consequence 1, G =  Gx if  and 
only if g £  j V' (Gx) (the norm alizer of G± in G) or g  e */L(G2) (the norm alizer 
of G2 in G).

T h eo r e m  i . L et P ( M ,G )  be a principa l fibred  bundle and  P 1( M ,G 1), 
P2 ( M ,G 2) two closed subbundles o f P (M , G) such  that G iO G 2 is a L ie  
subgroup o f G. The intersection Px O P2 is a subbundle o f P i f  and  only if, 
7c (P i O P2) =  M, where tc is the projection o f P (M , G).

Proof. W e have the m orphism  A x : P -> G /G 1( which satisfies the con­
ditions a) and b) of Lem m a 1, and A f 1 (e/Gj) . =  P± (M , G ^. The group G2 
acts on G[G1 and the isotropy group of u 0 =  e\G± is Gx O G2. Let A be 
the restriction of A ± to P2. Let and 7c2 be the restrictions of 7c to Px
and P2 respectively. Let a be the fixed point of tc“ 1 (x) D 7c-1 (x) for any 
x  e M; then  for every ß e P there is ^ e G 2 such th a t ß =  a • g. W e have:

A  (ß) =  A  (oc • g) =  g - 1 A  (a) =  g * 1 ■ e/Gj_ =  g - 1 u 0 e G2 uü .

T hen the m orphism  A  takes its values in the orbit G2 uQ. It follows that 
P 2( M ,G 2) is reducible to a subgroup G2 O Gx, and the reduced bundle is 
A  1 (uj) == P i Cl P2.

E xam ple I . Let A1 and A2 be two distributions on a m anifold M, where 
dim  M ,== n, dim  A1 — p x and dim  A2 =  p 2 . Let Ga be the subgroups of
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GL in  , R) defined by:

G* =  { \ \ 4 \ \ e G L ( n ,  R)/*£ =  o }

Ax =  I , 2 , • • •, p a ; =  / a +  I , • • ., n ; a =  I , 2 .

Let J^(M ) denote the principal fibred bundle of all linear frames of M and 
let ^ “ (M) =  «^(M )/G a be the G rassm ann bundle of all tangent ^„-planes 
of M. ^ ( M )  and ^ a (M) are the associated fibred bundles. The distri- 
bution Aa on M defines à global cross-section:

A“ : r  e M  -> A“ (r) =  - A“ e (M ) .

Let (U , 9) and (U , ip) be the associated allowable charts on ^ ( M )  and 
(M), respectively. Thus we can define the morphism:

by
A a : & (M )  -> G** (n) =  GL (n , R)/Ga

A , w  =  L9*"1w r 1 - ^ 1(A^

for z  G Tc 1 (V) and ^ e U ,  where 9* (resp. <Ĵ ) is the restriction of 9 (resp. ip) 
to { x }  X GL (n , R) (resp. {*} X G^a («)). __ If  (Ü , 9) and (Ü , ÿ) are the 
other associated charts such th a t x  e U D U then:

[?* 11»]"1 • 40 (A“) =  [a-^ (x) 90 (T)]“1 (a^ (x) • 40) (A“) =

=  [ ? 0  (*)r 1 ix *  ^ o r 1 • « «  (x) 4 0 1 (A“) =  [9 J1 c^)]-1 • 4 0  (A“)

where a~9 (resp. a ^ )  is the transition  function of (resp. ^ « (M ) )  corre­
sponding to the charts (U , 9) and (Ü , 9), (resp. (U  , 40 and (Ü ,"$)) and 
we have used th e  propriety  (x) =  a ^ ( x )  which holds for associated charts.

It follows th a t A a does not depend on the associated allowable charts. 
Since G L.(n  , R) acts transitively  on Gp<*(n) and the isotropy group of <?/Ga 
is Ga then BGa (M ) =  A ” 1 (e/Ga) is a principal fibre subbundle.

It follows th a t BGi (M) O BGa (M) is a principal fibre subbundle if, and 
only if, for every i g M ,  tc“ 1 (x) O n~ 1 (x') =(= 0 ,  where and tc2 are the 
projections of BGi (M) and BGa (M), respectively.

E xam ple 2 . Let G (n) be the G rassm ann m anifold of all subspaces of 
R n. It is well known [2], th a t G (n) is a compact m anifold and Gp (n) (the 
G rassm ann m anifold of ^-subspaces of R*) p  =  1 , 2 , • • •, n y is a connexe, 
open and closed subm anifold. The group GL (n , R) acts differentiably on 
G (n)t and G^ (n) are its orbits.

Let Bh (M) be a closed principal subbundle of a G -structure BG(M). If  
the homogeneous space G /H  is isom orphic with an orbit of G with respect to 
the representation of G on G (ri), then BH (M) is defined by a distribution A
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on M (there exists a G-structure BGi (M), as in Exam ple 1, such that 
BH ( M ) ^ B GO B Gi).

Indeed, since G is reducible to H there is a m orphism  A 0 : Bg -> G /H  
(Lem m a 1) such th a t A 0 (z • g) =  g ~ 1 A 0 (z) for all k B g and g  £ G. L et us 
choose G * (n) such th a t Gu0 C G^ (n), and let p  by the projection of BG(M). 
I f  z ± £ 7r_1 (x) (tc is the projection of ^ ( M ) )  and z 0 £ p ~ x (x) then there exists 
g  £ GL (n , R) such th a t z ± =  z 0 g. We define the m orphism  A : ^ ( M )  -> Gp (n) 
by A  (>,) =  g - i  A 0 (>0).

Since A 0 (^0) £ Gp (n), and Gpin )  is an orbit of GL (n , R), then 
g ~ x A 0 (z0) £ Gp (n). Hence A  takes its values in Gp (n). If  z ± =  z 0 g  with 
^0 e P ~l (x )> an<̂  S  e G, then z 0 =  z0 gg ~ 1 and hence

A (>i) =  g ~ x A0 (z0) =  g - 1 A 0 (z0 gg”1) =  g ~ i (g g -1) A 0 (z0) =  g~  1 A 0 (z0).

It follows th a t A  is well defined. The statem ents of Lem m a 1 are fulfilled and 
so J^ (M ) is reducible to Gx. W e obtain a global cross-section of the fibred 
bundle ^  (M ^jG ^  Let BGi (M) be the reduced fibre bundle; it follows that 
Bh (M) =  Bg n  BGi .
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