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Equazioni differenziali. — Periodic Solutions of Certain fourth 
order differential equations. Nota (*> di H. O. T e jlimola, presentata 
dal Socio G. S ansone.

R iassu n to . — L’Autore sotto opportune ipotesi prova l’esistenza di una soluzione perio-
dica dell’equazione

* (4) +  a i*  +  g  {x) x  +  h (x , x , x , x) =  p  (t) , 
dove p  {t) è una funzione periodica nota.

i. Consider the real differential equation

C1-1) * (iv) +  «1 x +  g(x) ÒC +  a3 x +  h(x) =  p( t ) ,

where ax >  o, a3 >  o are constants, g  , h and p  are continuous functions of 
the argum ents shown in ( i . i )  and the function h is bounded, th a t is

I h (x) I <  H ( H a  constant) for all x.

T he equation ( i . i) has been investigated by a num ber of authors for the bounded­
ness of solutions. Ezeilo [i] , for example, in generalizing an earlier result of 
Reissig [5] for the special c a s e ^ ( i)  =  constant), showed th a t all solutions

t
of ( i . i )  are ultim ately bounded if h(x) sgn x  >  o (| x  | >  x0) , P(^) =  J  p ( t )  d r

is bounded for all t 2> o and if there are constants A3 o and A2 satisfying 
A 2 >  a~x such tha t

y
(1.2) G (y) sgn>> >  A 2 \y  \ —  A3 fo r a l i  y  , G ( »  =  J jt(s) ds.

0
This result was further extended by the present A uthor [6] in a recent paper.

W hen p  is a periodic function there seem to be fewer results on the exi- 
stence of periodic solutions of ( i . i ) under the same or sim ilar conditions on 
g  as in [i]. The only well known result in this direction is th a t of Reissig [4] 
which, when specialized to n =  4, concerns the case g(x )  =  a2 (a2 constant) 
in ( i . i )  with a2 >  a~x as ; the later inequality  being the analogue of (1.2) in 
this case.

T he object of this note is to prove an existence result for ( i . i )  under con­
ditions sim ilar to those of Ezeilo above. We shall in fact be concerned with 
the more general equation

C1 -3) <̂(lv) +  a± x  +  g  (x) x  +  a3 x +  h (x , x  , x  , oc) =  p  if),

(*) Pervenuta all’Accademia il 27 agosto 1974.
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where h i  s a  continuous function depending on all of the argum ents shown 
and h is bounded, th a t is

( I -4) I h (x , y  , z  , u) I <  H ( H a  constant)

for all x  , y  , z  and u.
T he following is our m ain result:

Theorem. Let p  be periodic in t with period co and let h satisfy (1.4) and 

(ï-5) h(pc , y  , z  , u) sg n *  >  o ( | * | > * 0).

Suppose further that there are constants A 0 >  o, A ± >  o and a2 >  o satisfying 

(1-6) a2 > a~ia3

such that

( 1-7) |P(*)I - I p  ( t )  dx <  A n o ) ,

(1.8) G O ) sgny  >  a2 \ y  | — A 1 fo r  all y , G(y)  =s j  g(s)  ds .
0

Then the equation (1.3) admits at least one periodic solution with period co.

2. Some Preliminaries

T he procedure for the proof of the Theorem  is essentially the same as 
in [2]. Consider the param eter ([^-dependent equation

(2- 0  *(iv) +  <h. X +  {(I — (x) a2 +  w (x) }  X +  a3 X +
+  C1 — fx) â  x +  ]xh (x , x , x , x) =  [ip (t) , o <  (JL <  I,

which reduces to the original equation (1.3) when (x =  1 and to the linear 
equation

(2-2) tf(iv) +  axx +  a2 x +  a3 x +  a4 x =  o

when [x =  o. H ere a$ is a constant to be fixed such th a t the linear equation
(2.2) is asym ptotically  stable. Following Reissig [4] define, for some constant 
S, an auxilliary  equation as follows:

(2.3) *(lv) +  ax x  +  (x) x  +  az x +  hß (x , x  , x  , x) =  \xp (t) , o <  (x <  1,

where

(2*4)
j. £ iiC*) =  (i

j ĥ  {x , x , x , x) =  j

a2 +  yg(x)
(1 — fx) a4 x +  \ih (x , x , x , x) ,
(1 — fx) aA S sgn x +  \ih (x , x , x , x)

if I x j <  S, 
if I x I >  S.
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Since hp is bounded, indeed by (1.4),

(2-5) I K ( x  , y  , z  , u)\ <  a4 S +  H f o r a l i  x  , y  , z  , u,

the equation (2.3), in contrast with (2.1), is am enable to the techniques deve­
loped in [3] for boundedness of solutions. In  fact it suffices here to show that 
(I) all solutions of (2.3) are ultim ately bounded, with bound independent of 
solutions and of pt. (o <  p <  1), and (II) th a t for a suitable choice of S and a4) 
every solution x(i)  of (2.3) ultim ately satisfies | # ( £ ) | <  S. For since the 
equation (2.3) reduces to (2.1) when | x  | <  S, an application of the Leray- 
Schauder fixed point technique to (2.3) would show, by (I), th a t the equation
(2.1) adm its a periodic solution with period co and this would im ply the 
existence of an co-periodic solution of the original equation (1.3).

In  w hat follows two sets of constants will be used. T he letters d\ , dk , • • • 
denote finite positive constants whose m agnitudes depend only on ax , a2 , 
a3 , a4 , x 0 , A 0 and A x but are independent of p and S. Each d z-, i  =  1 , 2 , • • • 
retains the same identity  throughout. The second set of constants are 8 , 81 , 
82 , • • • . Each 8, w ith or w ithout subscript, denotes a constant whose m agni­
tude depends only on ax , a2 , a3 , aA , x 0 , A 0, and K x as well as on S and g , 
but definitely not on p. Each of the num bered 8's retains a fixed identity  th rou ­
ghout bu t the unnum bered ones are not necessarily the same each tim e they 
occur. To emphasize the dependence of a 8 on another constant, say 73, we 
shall write 8(73).

y

Let G (y)  =  j  G(s)  d̂ * and define a function G* on [o , 00) by 
0

G*0 ) =" max I G © I .
\l\<y

Since G is continuous, it is clear th a t G* is a non-decreasing continuous func­
tion on [o , 00) such th a t G*(o) =  o (since G (o) =  o) and | G (y)  j <  G * ( |y  |) 
for all y .  Since j y  | =  ]/(y2) we m ay now define a function G* on [o , 00) 
by setting

G *(y2) =  G*(| y  I ) .

Evidently  G* is also a continuous non-decreasing function [o , 00) such tha t 
G*(o) =  o and

I G (y)  I <  G* (y 2) for all y.

As a first step tow ards the verification of (I) and (II) above, we shall 
show th a t there are constants do , di , 80 (*/)) and a continuous function A (y) 
such th a t every solution x(f)  of (2.3) ultim ately satisfies

(2.6) ! * ( /) | <  *0 +  2 d0{! +  80(73) +  A(t]) +  G*(A(73))} ,

(2.7) m ax ( I  x( f )  I , \ x ( f ) \  , I x  (f) | ) <  d\ {1 + 8 0  (73) +  A (73) +  G*(A (73))} , 

where x 0 is the constant in (1.5) and

(2.8) 73 =  a1 a-1 (a4 S +  H) +  A 0 +  1 .
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3. A  FUNCTION V (x  , y  , z  ,u )

The m ain tool for the proof (2.7) is a slightly modified form of the 
function V  used in [3], which in term s of our present notations, is given by

(3-0 V =  V0 —  2 Y)Vl — 7)V2 ,

where

II0>

y

f  Gll(s) d j
J

—  y z  + — (u2 +  ax a* 1 z2) ,

< II

0
( u  sgn z  , if 1* 1 >  1 u 1 ,
j z  sgn u  , if \u [ > M .

II

l y sgn u  , if 1 u 1 > 1 ^ 1 ,
( u  sgn y  , if \ y l > M -

g , oo gv- 0 )  ds ,
0

First, we show th a t V  satisfies

(3.3) —  dz (y)2 +  1) +  d<i (y2 +  z2 +  u2) < V  <  d±(y2 +  z2 +  u2) -f

+  G * (> 2 +  Z2 +  U2) +  d 5 (vf +  I)

for some dz , dz , d± and de . Indeed
y

V 0 =  J {G VL(s) —  a ~ 'a 3 s } d s  +  ^ u *  +  ±  (a\'2 z  —  a~W 4 /2 y )2>
0

>  —  (Æ2 — Æ-1 a3) y 2 +  —  « 2  -f  -L (æ}/2 æ- i /2  2  —  a -1 /2  æi /2 ^ ) 2 —  A l  | y  | ,

by (1.8) and the fact th a t o <  [x <  I. Thus

V0 >  dß (y2 +  z* +  u2) —  d1

for some de and d1 , and by (3.1), the last inequality  implies the left-hand ine­
quality  in (3.3), since I Vi | <  | u  | and J V2 | <  | u | . Observe next from the 
definitions of and G* th a t

yj  Gj* (s) ds <  a2 y 2 +  G* (y2) for all y , 
b

so that, in view of (3.2)

(3 4 ) V0 <  G* (y2 +  d2 +  u2) +  a2 y 2 + y  O'2 +  ^ ) + ~  O 2 +  ax **) ,

since G* is non-decreasing. T he right-hand inequality in (3.3) is implied by 
(3.4) since I Vi ! <  I u  | and | V2 | <  | u  |.
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Consider (2.4) in the system form

x  =  y  , ÿ  =  u  —  axy  , z  =  — a3y  —  h^(x , y  , v  , w)
(3-5)

« =  z — G ,*(» +  (aP(0,

where v =  u  —  axy , w  =  z  —  GlJt(y) +  p,P(/). For any  solution (x , y , z , u )  =  
e= (x(t) , y ( t ) , z (/)) , u(t)) of (3.5), let V* have its usual m eaning. W e shall 
show th a t

(3-6) V * <  —  I if y  +

where §0(7)) is a continuous function of rj. Indeed a simple calculation from
(3.1) and (3.5) will show th a t

v*  < — a1 y { G ll(y) —  a f 1 a3 y )  +  (a4 S +  H) ( \y  | +  a*11 s  |)  +

+  A0 [ u,\ +  +  M2 ,
where

, —  27) | 2’ | +  S(7] ) ( | G (t( ^ ) | +  I ) ,  if \ Z \ > \ U \ ,
1 _  I (1^ I +  1) , if \ u \ > \ z \ ,

M  j —  >l l« l  +  S (V ])M  , if \ u \ > \ y \ ,
2 ~ \  7} I s  | +  S(t)) ( | G „ ( y ) | +  1) , if \ y \ > \ u \ .

Since 7] is given by (2.8), we therefore have tha t

j — ai y { G » ( y ) ~  a - 1a3y }  — {a1a - 1(a4 S +  H) +  2A0+  2} \ z \  —
■ { 2 ^ æ -1(æ4S +  H ) +  A 0 -+- 2} \u\ +  8 (ri) flGuOOl +  | y | + i ) ,

if \ z \ > \ u \ > \ y  \ ,

— ai y { G u.(y) — œï1asy }  — \z\  +'$(*))( | (y) [ +  \ y \  +  i),
(3.7) V * < \  if \ z \ ^  I u\  and \ y \ ^ \ u \ ,

—  ^ y l G ^ y )  —  a - i ^ y j  —  l u \ +  8(n) ( \ y \  +  i ) ,
if I u I >  I z  I and I «I > . \y\  ,

—  y{G ».(y) —  « f 1 «3y }  +  s(vj) ( I G „ (y ) | +  | y  | +  i) ,
' if \ y \ > \ u \ > \ z \ .

T he inequality  (3.7) is the analogue of (4.3) of [3] and we have, corresponding 
to (4.4) of [3], th a t V* satisfies

(3-8) V* <  —  ai y  {G,* O ) —  « f 1 az y  } +  8 1 (4) ( | G„ (y) | +  | . y | ) - | - S  (vj)

always, for some §i (y)) , § (y]). Observe from (1.8) tha t

{G nO ) —  ax x a3 y }  sSn y  >  0 2 - - a3) I y  I —  A r for all y  ,
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so th a t in view of (1.6),

(G * O ' ) —  « f 1 % y }  sg n y  -> +  oo as | y  \ -> oo .

Thus the various argum ents em ployed in [3 ; § 4] apply  here; the results
(3.7) and (3.8) can be used in precisely the same w ay as (4.3) and (4.4) of [3] 
to yield the result

v * < — I if y 2 +  z2 +  u2 > 8l(ri) 

for some §2(4). This verifies (3.6).

4 . V e r i f i c a t i o n  o f  (2 .6 )  a n d  (2 .7 ) .

W e start w ith (2.7), the actual proof of which depends on the results (3.3) 
and (3.6). O bserve th a t for any  solution (x(t) , y ( f ) , z ( t) , u(t'j) of (3.5),

(4 - 0  /  Oo) +  *2 Oo) +  u2 (t0) <  §0 0))

for some t0 >  o. For otherwise we would have V* <  —■ i , and so 
V ->  —  ° °  as /  I  00, contrary  to the estim ate V  >  —  d3(7)2 +  i) in (3.3). 
N ext we show th a t

(4*2) y 2 00 +  /  (f) +  u if) <  Si (t]) for all f > t 0,

where

(4 -3) ^3(7)) =  d<i [(ds +  ds) (t)2 +  1) +  O/2 +  df) So(y]) -f- G*(So(y)))] .

Since S3 (v}) >  So (*/)), if (4.2) were false, there would exist To >  to such th a t 

y 2 (To) +  /  (To) +  u2 (To) >  S| (4)

and this, since y 2 (f) -f- z2 (f) +  u2 (t) is continuous, would im ply the existence 
of tx, t2 w ith it2 >  h  >  such tha t

(4-4) y 2 O2) +  !?\t2) +  «2 O2) =  §1 (4) , y 2 (iti) +  z2 (iti) -f u2 Oi) =  So(4)

and

(4 - 5) y 2 0 ) +  /  0 ) +  u2 it) >  ag (4) ( h < t <  h ) .

B ut (4.5) and  (3.6) im ply  th a t Y  (fi) <  VOi) whilst (4.4) and (3.3) give tha t 

V  O2) >  di Si (4) —  dz (4s +  1) >

>  d\ So (4) +  G* (Si (4)) +  dz (42 +  1) ;>

> v O i ) ,

which is a contradiction. Therefore (4.2) holds.



334 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LVII -  novembre 1974

The result (4.2) obviously implies tha t

m ax ( \ y ( t ) \  , | z ( f )  | , | u ( t )  |)  <  $3(73) for all t  >  t 0 .

Since each 8(73), w hether num bered or not, which featured in the preceding 
argum ents, is a continuous function of 7], it follows th a t the result (2.7) is, in 
view of (3.5), im plied by  (4.2).

We tu rn  now to (2.6). T he details of the proof here are as in [6; § 3] 
(see also [2; § 4 ])  and we shall m erely sketch the outline. Let (x  , y  , z  , u)  =  

— (* (0  y y  if) I -KO » M(fi) be any  solution of (3.5) and define the function 
+ =  <K0 by

(4.6) I  =  z  +  az x.

Then, in view of (3.5), (2.4) and (1.5),

(4.7) <\> < o if x > x 0.

W e also have by (2.7) th a t

(4.8) I + —  ^3 * I <  di{  1 +  80(7j) +  A (73) +  G*(A (73))} , To

for some To. I f  therefore suffices to show tha t

(4 *9 ) I 410 0 1 ^  a3 x o ~t~ { 1 +  So (7]) +  A (73) +  G* (A  (73))} , t  >  T i

for some Ti > T o .  For, by  (4.6) and (4.8), this implies th a t

as \ x (/)\  ^  as x o ~f~ 2 { I +  8q 0 )) “b ^  (71) H- G (A (73))} , t  >  T i ,

which is (2.6) w ith d0 — a^ 1 dx . T he actual proof of (4.9) follows as in that 
of the corresponding result (3.4) of [6] (or (4.8) of [2]) using (4.6), (4.7) and
(4.8) as required; further details will be om itted here.

5. Completion of the proof of the Theorem

In  view of our earlier rem arks it rem ains now to show th a t there is a su ita­
ble choice of the constants a4 >  0 and S >  0 such th a t (I) the linear equation

(5- l) x (iv) +  % +  a2 x  +  a3 x  +  a4 x  — o

is asym ptotically stable and (II), every solution x( f )  of (2.3) ultim ately  sati­
sfies I x( t )  I <  S.

F irst we verify (II). Define a function x : R +-> R + by

X O') =  xo +  2 ̂ 0 { 1 +  0̂ O') +  A (y) +  G* (A O'))

x(r) =  max x(y) •
\y\ <r

and let
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Set d§ — a\CL% , d*i — dQ H A 0 +  i- In  view of (2.6) and (2.8), the condi­
tion (II) would be m et by a choice of the constants a4 , S satisfying

(S*2) S >  x(dß #4 S -f- df) .

It is in fact easy to check th a t (5.2) is satisfied by, for example,

(S*3) S =  x(^7 ~\~ 0  =  dg , =  dß (dg -|- 2)

for any  real num ber n  >  1.
T urning to (I), observe th a t the R outh-H urw itz  stability  criteria

(54 ) &i >  o , 1 =  I , 2 , 3 , 4  , (a± a2 —  a3) a3 —  ax a4 >  o

are sufficient for the asym ptotic stability  of (5.1). In  view of (1.6), (5.4) would 
be m et by the value <24 in (5.3) if n is chosen large enough to ensure that

(d8 +  2)~n <  o f 1 (aL a2 —  a3) .

This completes the proof of the Theorem .

6 . Remarks

T he Theorem  extends readily  to equations of the form

(6.1) X(w) + f ( x )  x + g ( x )  x +  a3 X +  h(x , x , x , x) =  pit),

in which the constant ax in (1.3) is replaced by a continuous function /  
satisfying

V

(6.2) F(z/) —  ax v =  0(1) as | v | -> oo , F(z/) =  J / ( . r )  d j
0

but w ith the  constants ax , az and the  functions g  , h and p  as before.
T he proof of the theorem  in this case is exactly the same as for the equa­

tion (1.3) except th a t (2.3) has to be replaced by

*(iv) + / „ ( £ )  x +  g^(x) x  +  a3 x  +  h ^ x  , x  , x , x) =  y.p(t) 

w ith gy, and h{l as in (2.3) and

A (* )  =  (I —  I*) a% +  y f ( x ) ,

and the system  (3.5) by

x  =  y  , ÿ  =  u  —  axy
(6 -3)

u = z  —  Gv,{y) —  { ¥ v_(y)

, è =  —  a3y  —  (x , y  , v , w ) ,
V

-  axv} +  nV(t) , F ^ v )  =  j / ^ ( s )  ds
0

24. — RENDICONTI 1974, Voi. LVII, fase. 5.
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with v ==' u —- ax y , w  =  z  —  (y) —  (y) -f- p.P (t). Also, because o f the
term  F^fV) —  ax v which features in (6.3) but is absent in (3.5) a new choice 
of Y) has to be m ade. Indeed, since

I —  ax v I <  B for all v

for some constant B >  o, the choice

7] =  a± a3 1 (aA S +  H ) +  A 0 +  B +  1

will suffice.
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