
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

Sergey J. Prishchepionok

On a sl (2, R)-module

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 57 (1974), n.5, p. 308–310.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1974_8_57_5_308_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1974_8_57_5_308_0
http://www.bdim.eu/


308 Lincei -  Rend. Sc. fis. m at. e nat. -  Vol. LV II -  novembre 1974

Matematica. — On a s i  (2 , R ̂ -module. Nota (,) di Sergey J. 
Prichtchepionok , presentata dal Socio Straniero S. L. Sob olev .

Riassunto. ■— Questa Nota è dedicata allo studio della rappresentazione dell’algebra 
si (2 , R) in uno spazio Lorentz-invariante delle distribuzioni. Viene provato che tale rap
presentazione è operatorialmente irriducibile, e viene investigata la struttura dello spazio 
della rappresentazione quale modulo finito SO (2 , R).

o. L et O (p  , q) be the group of all non-degenerate linear transform ations 
of the real vector space R n > p  q — n  preserving the bilinear form,

W e denote by  Ojl (p , q ) the com ponent of the iden tity  of thiß group. By 
L  (p) and by L x (p) we m ean the space of distributions defined in R n, inva
rian t under the action /  lugf , g  e J , f  e L  (p ) ( / e L 1 (p)) of the groups 
J = 0 (j>,q) and ] =  O l ( p }q) respectively. It is known [2] th a t L x(p) =  L (p) 
for n  —  I >  p  >  I and L x (p) =  L  (p) © L n (p), where L  (p) , p  =  1 is 
the space of all even and L w (1) is the space of all odd Lorentz-in vari ant 
distributions.

T he paper studies the algebra si  (2 , R) of operators in Ljl (p) generated 
by  the transform ations

I . In  this section we shall prove the following
Theorem i. The only linear continuous intertwinning operator in L n (p), 

p =  I , n  —  I or in L  ■(p') is constant.
Im m ediately obtained
COROLLARY. L (P) , L „ ( i)  are the topologically decomposable s i (2 , R) — 

modules.
To prove the theorem , we use the model of the spaces L  (p)} proposed 

by  L. G arding and A. T engstrand [2]. We repeat in a few words the structure 
of this model. L et us denote by H w>y the space of functions defined in R of 
the type 9 i +  t ’* y <p2, w ith <p,- ( t )  e C“  (R) *' =  I , 2 ; m  =  [ © — ] ; Y (T) =  
=  In I T p 1 if p  , q are odd, y =  0 ( t )  — the Heaviside function — if p  >q 
are even and y =  in other cases. Equipped with the suitable topo-

p  n

Bp „ ( x y )  =  Xt X i j i  —  X  x 0-y,-.
i  — l  1

S / = ( D P  — P Q ) / / e L ^ ) .

(*) Pervenuta all’Accademia il 15 ottobre 1974.
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logy, H WjY is a locally convex, complete reflexive topological space. It is 
dual, equipped w ith the M ackey, topology is topologically isom orphic to the 
space L(/>). U sing the representation and the intertw inning operators con
tinuity , we reduce our problem  to the analogous problem  in the space H WtY. 
In  H WjY we have

D = 2( * Æ ~ X4 )  ' t , = x  ; S =  4 ( x ~ - ~ )  ;x =  ( m ~ i ) o r K  =  m ~ ^  

in different cases.
Since the intertw inning operator A  commutes with these transform ations, 

it m ay be shown (we om it all technical details) th a t for any  9 e Co° (R) , 
A  9 e CS° (R), and (A9)' =  A  9'.

U sing a theorem  proved by J. Peetre ([3], Theorem  2) we derive th a t 
the restriction of A  to Co° is a differential operator of locally finite degree. 
So, it is easy to see th a t this restriction is constant. To complete the proof, 
we need only to apply  these argum ents to the m apping A o^ y^ ( f )  =  x m y / ,  
A °^  : Cp (R) -> H ^ y.

Notice th a t we use the continuity  of the intertw inning operator only to 
reduce our problem  to the problem  in the space H WjY. So, there are no linear 
intertw inning operators in H m>Y except constants.

In  sim ilar w ay prove: if y1 =f= y2, there are no continuous intertw inning 
operators between H *lfYl and H ^2>Y2 except the triv ial ones.

2. To form ulate the result of this section, we recall the definition of 
SO (2 , R if in ite  m odule over s l {2 , R) (see for exam ple [1]).

A  si  (2 , R )-m odule is said to be SO (2 , R ifin ite  if it contains a dense sub- 
m odule E 0 which is the straight sum of irreducible (one-dimensional) SO (2 ,R)- 
modules and each of these irreducible components is taken w ith finite order.

L et X , A  , B-be the basis for s i  (2 , R) with the conditions [X , A] =  
=  A  ; [X , B] =  —  B ; [A , B] =  —  2 X, where 4 - R • (X) is the Lie algebra 

of SO (2 , it). I f  E 0 — 2 ® R • x a > X #a =  cLxa denote by E 0_ the set
aeZ

{ ^ e E 0 , B ^  =  o }  and E 0+ =  { j e E 0 , A i  =  o}.
It is convenient to w rite the topological isomorphisms between spaces 

L  (J>) , R n (J>) and H'm>Y in this form:

n is even n is odd

P is even P is odd IIÏ P is even III II

iim, Y2 H m,yx
,

H m,ys
f

Hw,Y!

H « j 3

H m,ys

HwJ 2

H ere yx =  In | x  p 1, y2 =  0 (x) ; y3 — x l/2 0 (x). Since the structure of 
these spaces as the SO (2 , R)-finite m odules depends on n  only, denote by 
K n any  of these spaces.
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Now we can form ulate the following

Theorem 2. 1) E n is the SO (2 , R ):finite module over s i (2 , R).
2) E 0 =  E 01 © E 02 © E 03 ;

00
3) I f n / 4 is not integer, then E 01 is isomorphic to E 02 , E 0* =  © R  • X ty ;

T ?  T -  y = — 0 0
E 0*+ =  E 0/_ =  0 ;

0 0

4) I f  n \A is integer, then E 0>- =  2 © R  • *,•/ \ E0i+ =  0 , E01_ =  ©
;'=-oo

© R ^nf4:,l ) Eq2_ 0 y Eq2-}- R* —1,2© R* %—n/é,2 i
5) I f  n odd y E 03 =  0 . I f  n is even y E 03 is the only irreducible

(n/2 —  I f  dim ensional s i (2 , R)-:module. We om it the proof of this theorem .

By using simple argum ents we find easily all such algebraic SO (2, R)- 
finite m odules over s i (2 , R). T hen we can see th a t the “ ch a in s” described 
in Theorem  2 are not all possible modules of this type (i.e. when the order of 
each eigenvalue of X is one).
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