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Geometria differenziale. — Special infinitesimal projective transfor- 
mation in a Finsler space. Nota (,) di H. D. P a n d e  e A. K umar , 
presentata dal Socio E. B o m pia n i.

RIASSUNTO. — Studio delle trasformazioni infinitesime proiettive speciali negli spazi 
di Finsler con l’uso della derivata di Lie.

i. Introduction

Let us consider an ^-dimensional Finsler space Fn [1] M having funda­
mental metric tensor (x , x) which is given by

(1.1a)

and

(m b )

gii (x > ■*) =  7  3; h  F2 (x ,£ ) ,

gij gik = $  =
I if k — i
o i î  k f i i .

d. =  9/9 X'

Let us consider, further, an infinitesimal point transformation 

(1.2) x l =  x* +  uz f i)  dt

where u* f i)  is a vector field and dt is an infinitesimal constant. The covariant 
derivative of a tensor field T) f i  , x) is introduced in [1] as

(1.3) t;,4 =  a, t ;  — (pm t j) or + t ;  r Z — r m r*r

where f i  , x) are the components of the connection parameter.
Using this co variant derivative and the infinitesimal point change (1.2), 

the Lie-derivatives of a tensor field and connection parameters are given by [2]:

(1.4) ^ t ; ( * , * )  =  T —  +

and

(1.5) Fyl ( * ,* )  =  u\Jt +  K)kr i f  +  (dr T*i) u\s #

respectively, where

(i -6) ^ jk i f i  ? %) =  2 { r k]j +  f i  r ;•[/) Gl] +  r mh v fi} }2

(*) Pervenuta all’Accademia il 14 ottobre 1974.
(1) The numbers in brackets refer to the references at the end of paper.
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where G* (pc , et) are the Berwald’s connection parameters positively homo­
geneous of degree two in et***.

Between the operators , d and | k , we can obtain the following com­
mutation formulae

(1-7) â/ ( ^ T ; : ) - ^ â / T} =  o ,

(1.8) (ß i T})|r — seu T}]r =  Tj seu r ;/ -  Ti <?„ r*rj  -  &  Tj) seu r*L

and

(1.9) T*i)v — ( x u r*/),, = seu K}kl +  2 (dr t%) <fu r£ » .

The projective deviation tensor field Wj (x , et) is given by:

(1.10) w ; (x ,e t) =  H; —  H8) —  et* (dr H y — 9H)l(n +  1) ,

and satisfies the following identities:

(1.11) a) W } x l =  o ,  b) a/ W}ir/ =  2W }, c) W;- =  o ,  d) d{ Wy =  o.

2. S p e c ia l  in f in it e s im a l  pr o je c t iv e  t r a n sfo r m a t io n

Under the projective transformation defined by

(2.1) G1 (pc , x) =  G* (pc , x) — P (pc , et) et*

where T?(pc,£) is a scalar function, Sinha [3] has considered the Lie-derivative 
of a connection param eter r*j (pc-, £) as

(2.2) seu r % (* ,* )  =  — 2 si- â4) p  .

U nder the special projective transformation characterized by

(2-3)

we have

(2.4)

(n +  I) g:,» {n +  1) Irk

,± ) =  - ^ P - ^ S i k G ly .

Substituting the value of SPU (x , x) in the commutation formula (1.9), 
we get

(2-5) &u K'jk l( x , x )  = _|_ J)' [̂ ' Grr[k\l] +  Grrj\[l S4J • 

(3. r ^ ) ( 8?, Grr +  Gïlr» )] .

(2 ) 2 A[M] =  Akk —  Akh 2 A (hk) =  A hk +  Akh .

14. — RENDICONTI 1974, Vol. XVII, fase. 3-4.
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Multiplying (2.5) by &  &  and noting the homogeneity property of G* (x , x ) i 
we obtain

(2.6) seu Kjkl& &  =  —  [2 Grr\i& — Grrl\k & —

—  8j Grr\k &  — { (3/ r;|) G) +  f r  r*j) G 'n # } * '* *  — 2 (a. r;/) Grr# & \

where we have the fact that ='£*\k =  o.
Contracting (2.5) with respect to the indices i and /, we get

( 2 - 7)  Kjk =  —  JjT+1) [^rk\j— ■ nGrrj\k —  (pi Tjk) Grr — -

— f r  T%) Grri X* +  f r  I # )  Gl +  f r  1$ )  Gri #]:

Multiplying (2.7) by x J'x ky we have

(2.8) seu KJ t*J** =  —  -— y [(I —  n) Grr\k* ï— V  {(é.-Tyi) Grr x k +

+ fr v*i) Grri *• — fr  r*;-) g;±*~ (da r*f) g; *-».

Eliminating the term Grr\k &  from the equations (2.6) and (2.8) we obtain

(2.9) ^  Mj (a:, £) =  ^  [(« — 1) { 2 Gqi x { — Gw|i & %k —

~ n { f r  Y*ì) Gr +  f r  Y*Ì) G^x*  +  2 f r  r ; / )  G)} #  V ]

where

• def. • -
(2.10) MJ (x , £) = ' ( i — n) K)u  x j  x k — &J ££u KJk &  x h .

3. Some theorem s

Applying the commutation formula (1.8) to the projective deviation tensor 
field W} (x , x), we get

(3.1) <?„ W% —  (&u Wj)k =  — [2 { Wj 8 i G7>m —  W i 8(r G?)m} —

— (âr W j)G : — 2WJ G^]  .

C ontacting  (3.1) with respect to the indices i and r  and in view of (1.11), we 
get

(3-2) -2J, WJp -  (3 >u W,%- =  -  Wj GZi •

Transvecting (3.1) by and noting (1.11), we have

(3-3) { W j|r — (XM W;),r } £  =  —  — 1 —  { Wj G Zi — 4 Wj GZ }.
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We now suppose that the special infinitesimal projective transformation leaves 
invariant the covariant derivative of projective deviation tensor, i.e.

(3-4) Wyp =  o .

In view of (3.4), equations (3.2) and (3.3) reduce to

(3-5) Wj),,- — Wj G”/ =  o

and

(3-6) (n +  I )  (Seu WJ),, ir’' =  Wj G Z i*  — 4 Wj G“ .

Eliminating Wj G™/ from equations (3.5) and 3.6), we have

C3.7) (n +  i ) ( ^ W / V ^  —

Thus, we have

T h e o r e m  2.1. Ifi a F insler space Fn admits an non-affine special infini­
tesimal projective transformation such that the covariant derivative of W*(x , x) 
remains invariant then equation (5.7) holds.

THEOREM 3.2. I f  the special infinitesimal projective transformation is 
affine in a Finsler space such that the covariant derivative of W) remains inva­
riant then we have

(3-8) (» +  1) *  =  {seu WJ)k .

In  a symmetric Finsler space [5] i.e. W |k =  o, equation (3.4) is always 
satisfied; then we have

T h e o r e m  3.3. I f  a symmetric Finsler space admits an non-affine special 
infinitesimal projective transformation then (3.7) necessarily holds.

T h e o r e m  3-4* U  Special infinitesimal projective transformation is 
affine in a symmetric Finsler space then (3.8) necessarily holds.
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