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Geometria differenziale. — Remarks on a totally real subma
nifold in almost Tachibana manifolds. N ota(,) di S e i i c h i  Y a m a g u c h i ,  

presentata dal Socio E. B o m p ia n i .

RIASSUNTO. — Le sotto varietà di una varietà quasi hermitiana si distinguono in due 
classi olomorfe e antiolomorfe (o totalmente, reali). Definiti le varietà «quasi di Tachibana» 
se ne studiano le sottovarietà totalmente reali.

§ i .  In t r o d u c t io n

C. S. H ouh [3], S. T. Yau [8], B. Y. Ohen and K. Cgiue [1] have investi
gated to tally  real (anti-holom orphic) subm anifolds in an almost H erm itian  
m anifold or a K ahlerian m anifold of constant holomorphic sectional cu rva
tu re and  obtained m any interesting results.

Recently, the au thor and T. Ikaw a [6] have proved the following:

T h e o r e m . Let M* be a totally real submanifold of a Kählerian manifold 
M2n. A  necessary and sufficient condition in order that the normal connection 
is fla t is that the submanifold M ” is flat.

T he purpose of this paper is to study  a totally  real subm anifold in almost 
T achibana manifolds, th a t is, we prove the following:

T h e o r e m  i. Let be a totally real submanifold of an almost Tachibana 
manifold  M2**. A necessary and sufficient condition in order that the normal 
connection is fla t is that

R [z  , Y) JX  — JR (Z , Y) X +  JR  (Z , Y) X =  o .

T h e o r e m  2. Let M 3 be a totally real submanifold of a special almost Tachi
bana manifold  M6 w ith  constant a. A necessary and sufficient condition in order 
that the normal connection is fla t that the submanifold M 3 is of constant curvature a.

§ 2. A lm o st  T a c h ib a n a  m a n if o l d

Let M bé a C°° alm ost H erm itian  m anifold with m etric tensor ( , ) ,  
R iem annian connection V, and alm ost complex structure J. Denote by #*(M) 
the vector fields of M. T hen  M is said to be an almost T achibana m anifold 
(K -space, nearly  K ähler m anifold) provided (Vx J) (X) =  o for all X e

(*) Pervenuta all’Accademia il 6 settembre 1974.
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T he curvature tensor R  (X , Y) (X , Y e Æ’(M)) of an alm ost T achibana m ani
fold satisfies [2,5]

(2.1) < R  (Z , Y) X , W > —  < R (Z , Y) JX  , J W )

-  -  < (VZ J) (Y) , (Vx J) (W) >, W  , X , Y , Z e æ (M ) .

W e pu t D (X , Y) — { JX  , Y ) for all X , Y G f  (M). T hen the 2-form Q 
is said to be associated. A n alm ost T achibana manifold M is said to be special 
with constant oc if the associated form D is a special Killing 2-form with 
constant oc (=J= o) [5].

In  a special alm ost T achibana m anifold with constant oc, we have [5]

(2-2) <(VZ J ) (Y ) ,( V X J ) (W )> =  — « ( < Z , X > < Y . W >  — < Z , W ) < Y , X >

{ JZ ; X ) ( JY  , W  ) +  { JZ , W  ) {JY , X »  .

It is known th a t a special almost T achibana m anifold is a 6-dim ensional 
Einstein m anifold [5].

§ 3. S u b m a n if o l d

Let M n be a subm anifold im mersed in a R iem annian m anifold M n+A 
L et ( , ) be the m etric tensor on ÌAn+p as well as the m etric tensor induced 
on M*. W e denote by V the R iem annian connection in Mn+P and V the R ie
m annian connection in M n determ ined by the induced m etric on M*. Let ^ ( M ”) 
he the set of all vector fields norm al to M*.

T he G auss-W eingarten formulas are given by

(3.1) VX Y =  Vx Y +  B ( X ,  Y)

(3.2) VX N =  —  A N(X) +  D x N , X , Y e J ( M M) , N e f i (M”) ,

where <(B (X , Y) , N )  =  (A N (X) , Y ) and D x N is the co varian t derivative 
of the norm al connection. A  and B are called the second fundam ental form 
of M*.

T he curvature tensors associated with V , V and D are defined by the 
following:

R (X  ; Y) =  [Vx , VY] — V[X,Y]

(3-3) R  (X , Y) =  [ Vx , Vy] — V[X,Y]

R1 (X , Y) =  [D x , D Y] —  D [Xiy] .

I f  the curvature tensor R 1 of the norm al connection D vanishes identically, 
then the norm al connection D is said to be flat.
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T he Gauss equation is given by

(3.4) < R ( Z ,  Y ) X , W >  =  ( R (Z , Y) X , W  ) •— < B (Y , X) , B (Z , W) >

+  < B ( X , Z ) , B ( Y , W ) > ,  W , X ,  Y , Z e f ( M " ) .

(3.5) (R (Z , Y) N)1 — R 1 (Z , Y) N —  B (AN (Y) , Z) +  B (AN (Z) , Y ) ,

where (R  (Z , Y) N)1 is the norm al projection of R (Z , Y) N.
Let M n be a subm anifold im mersed in a 2 (n +  ^ -d im en sio n al almost 

H erm itian  m anifold U.2(n+p) (p  >  o) w ith almost complex structure J. We 
call M n a to tally  real (anti-holom orphic) subm anifold of M2^ 4"^ if M n adm its 
an isom etric im m ersion into M2(w+̂  such that

where T m (M w) denotes the tangent space of M n at m  and the norm al space 
at m.

L et M n be a to tally  real subm anifold in an almost T achibana m anifold 
M2w with alm ost complex structure J.

L et Ex , E 2* • - , E n be othonorm al basis of <T(Mn)y then by the definition 
of to tally  real subm anifold, (M w) is spanned by J E X , • • - , JE^. Therefore, 
if N e a r 1 (M"), then JN  e (Mn).

PROPOSITION. Let be a totally real submanifold of an almost Tachi
bana manifold  M2̂  with almost complex structure J. Then we have

M oreover we know the following equation:

Y , Z e f ( M ”) , N e f ^ M ”),

J (Tm (MB))CV(

§ 4. P roof of T h eo r e m s

(TO

(4.2)

A jy (Y) =  A jy (X), X , Y e f ( M ”).

Proof. Since JX  6 S£l  (M B), it follows tha t

VY JX  -  -  A JX (Y) +  D Y JX

by virtue of (3.2). On the o ther hand, using (3.1), we get

(4-3) VY JX  — (VY J) X +  JVY X +  JB  (X , Y)

and hence, regarding w ith (4.2), it holds th a t

_  A JX (Y) —  A 1* (X) +  D Y JX  +  D x J Y 

=  J ( V Y X + V x Y +  2 B ( X , Y ) ) .
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Com paring w ith the tangent p a rt of this, we have

2 (B  (X , Y) , JZ  ) =  ( A JX (Y) , Z } +  (X) , Z >

for Z e f  (M*). If  we subtract the equation obtained by interchanging the 
vectors X and Z in this equation, then we can obtain

< B ( X , Y ) ,  JZ> =  < B ( X , Z ) ,  J Y ) ,

which m eans (4.1)
Now, we shall show the Theorem  1 and 2 stated in 1.

Proof of Theorem 1. From  (3.5), m aking use of (4.1). W e have

<R (Z , Y) JX  , J W )  =  < R 1 (Z , Y) JX  , JW > -  < B (X  , Y) , B (W  , Z)>

+  ( B (X , Z) , B (W , Y) ), W  t f ( M * ) .

Therefore, by  virtue of this and (3.4), we have

(4 4 ) R (Z , Y) JX  —  JR (Z , Y) X +  JR (Z , Y) X =  R1 (Z , Y) JX  ,

which m eans th a t Theorem  1 is proved.

Proof of Theorem 2. Let M6 be a special almost T achibana manifold 
w ith constant a. T hen, owing to (2.1) and (2.2), the equation (4.4) can be 
rew ritten as follows

< R ( Z , Y ) X ,  W > — a « Z , W >  < Y , X >  —  < Z , X >  < Y ,  W »

=  < R i ( Z > Y) J X ,  J W ) ,  W  e X (JVT), 

which completes the proof of Theorem  2.

R e f e r e n c e s

[1] B. Y. Chen and K. Ogiue (1974) -  On totally real submanifolds, «Trans. Amer. Math. 
Soc. » ,  IQ3, 257-266.

[2] A. Gray (1970) — Nearly Kähler manifolds, « J. Differential Geometry», 4, 283—309.
[3] C. S. H ouh (1974) -  Some totally real minimal surfaces in CP2, « Proc. Amer. Math. Soc. », 

40 , 240-244.
[4] S. TACHIBANA (1959) -  On'almost—analytic vectors in certain almost Hermitian manifolds, 

«Tohoku Math. J. », 11, 351-369.
[5] . S. Yamaguchi, G. Chuman and M. Matsumoto (1972) -  On a special almost Tachibana

space, «Tensor N. S. », 24, 351-354.
[6] S. Yamagiuchi and T. IKAWA -  Remarks on a totally real submanifold, to appear.
[7] K. YanO (1965) — Differential geometry on complex and almost complex spaces, Pergamon 

Press.
[8] S. T. Yau -  Submanifolds with constant mean curvature, I, II, to appear.


