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Geometria differenziale. — Remarks on a totally real subma-
nifold in almost Tackhibana manifolds. Nota® di Sericur YAMAGUCHT,
presentata dal Socio E. Bompiant.

RIASSUNTO. — Le sottovarieta di una varietd quasi hermitiana si distinguono in due
classi olomorfe e antiolomorfe (o totalmente reali). Definiti le varietd « quasi di Tachibana »
se ne studiano le sottovarietd totalmente reali. '

§ 1. INTRODUCTION

C.S. Houh [3], S. T. Yau [8], B. Y. Ohen and K. Cgiue [1] have investi-
gated totally real (anti-holomorphic) submanifolds in an almost Hermitian
manifold or a Kahlerian manifold of constant holomorphic sectional curva-
ture and obtained many interesting results.

Recently, the author and T. Ikawa [6] have proved the following:

THEOREM. Lot M” be a totally real submanifold of a Kihlerian manifold
M®". A necessary and suficient condition in order that the normal connection
is flat is that the submanifold M" is flat.

The purpose of this paper is to study a totally real submanifold in almost
Tachibana manifolds, that is, we prove the following:

THEOREM 1. Let M” be a totally real submanifold of an abmost Tachibana
manifold M**. A necessary and sufficient condition in order that the normal
conmection is flat is that

R(Z,V)JX—JR(Z. V)X +JREZ,V)X =o0.

THEOREM 2. = Let M3 be a totally real submanifold of a special abmost Tachi-
bana manifold M® with constant a. A necessary and sufficient condition in ovder
that the normal connection is flat that the submanifold M3 is of constant curvature a.

§ 2. ALMOST TACHIBANA MANIFOLD

Let M be a C* almost Hermitian manifold with metric tensor G0y,
Riemannian connection V, and almost complex structure J. Denote by & (M)
the vector fields of M. Then M is said to be an almost Tachibana manifold
(K-space, nearly Kihler manifold) provided (Vy J) (X) = o for all X € Z(M).

(*) Pervenuta all’Accademia il 6 settembre 1974.
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The curvature tensor R (X, Y) (X, Y € £(M)) of an almost Tachibana mani-
fold satisfies [2,5]
(2.1) (RZ, V)X, W)y—(R(EZ,Y)JX,JW)
=—((Vz D), VxDW)), W,X,Y,ZexM).
We put Q (X,Y) =(JX,Y) for all X,Y e Z(M). Then the 2-form Q

is said to be associated. An almost Tachibana manifold M is said to be special
with constant « if the associated form Q is a special Killing 2-form with

constant o« (==0) [5].

In a special almost Tachibana manifold with constant «, we have [5]

22) (V2D (Vx W) = —a({Z,X) (Y, W) —(Z,W)(Y,X)
—(JZ, X5 (Y, W)+ (JZ, W) {JY,X)).

It is known that a special almost Tachibana manifold is a 6-dimensional
Einstein manifold [5].

§ 3. SUBMANIFOLD

Let M” be a submanifold immersed in a Riemannian manifold M"*s,
Let (,) be the metric tensor on M"*# as well as the metric tensor induced
on M”. We denote by V the Riemannian ccnnection in M**# and V the Rie-
mannian connection in M” determined by the induced metric on M”. Let Z*(M”)
be the set of all vector fields normal to M”.

The Gauss-Weingarten formulas are given by

(31) VgY=VyY+BX,Y)
(32) VxN=—ANX)+DyN , X,YeZ(M") , Nez' M,

where (B(X,Y),N) = (AN(X), Y) and Dy N is the covariant derivative
of the normal connection. A and B are called the second fundamental form
of M”". _ '
The curvature tensors associated with V,V and D are defined by the .
following:
R(X,Y)=[Vx,Vy] —Vixy
(3-3) RX,Y)=[Vx, V3] —Vixy
R'(X,Y) =[Dg,Dy] —Dixy.

If the curvature tensor R' of the normal connection D vanishes identically,
then the normal connection D is said to be flat.
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The Gauss equation is given by
(34) (R@Z,V)X,W)=(RZ,V)X,W)—(B(Y,X),B(Z, W)
+(BX,Z),BXY,W)), W,X,Y,Zexr(M".

Moreover we know the following equation:
33 REZVN'=REZ VHN—BA"(Y),2)+BA"2),Y),
Y,ZexM") , Nex'm,
where (R (Z, Y) N)! is the normal projection of R Z,Y)N.
Let M” be a submanifold immersed in a 2 (# -+ p)-dimensional almost
Hermitian manifold M2*"*# (p > 0) with almost complex structure J. We

call M” a totally real (anti-holomorphic) submanifold of M2"*# if M” admits
an isometric immersion into M2"*# such that

J (T, (M) Cv, s

where T,, (M") denotes the tangent space of M” at 7 and v,, the normal space
at .

§ 4. PROOF OF THEOREMS

Let M” be a totally real submanifold in an almost Tachibana manifold
M?* with almost complex structure J.

Let E;, Ey- -+, E, be othonormal basis of £ (M"), then by the definition
of totally real submanifold, *(M") is spanned by JE,,---, JE,. Therefore,
if Ne&'(M”), then JN e (M.

PROPOSITION. Let M” be a totally real submanifold of an abmost Tachi-
bana manifold NI*" with abmost complex structure J. Then we have

(4.1) AV =AYX), X,Yez.
Proof. Since JX € ' (M), it follows that

(4-2) Vy JX = —A™ (V) + Dy JX

by virtue of (3.2). On the other hand, using (3.1), we get

(4-3) Ve JX = ¢y DX+ JVy X + JB(X, V)

and hence, regarding with (4.2), it holds that

— A (V) —AY(X) + Dy JX + Dy JY
=]JVyX+VgY+2BX,Y).



180 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LVII — Ferie 1974

Comparing with the tangent part of this, we have
2(B(X,Y),JZ)=(A*Y),Z2y + (A (X),Z)

for Z € £ (M"). If we subtract the equation obtained by interchanging the
vectors X and Z in this equation, then we can obtain

(B(X,Y),]J2)=(B(X,2),]JY),

which means (4.1)
Now, we shall show the Theorem 1 and 2 stated in 1.

Proof of Theorem 1. From (3.3), making use of (4.1). We have

(RZ,V)JX,JW)=(R'(Z,V)]JX,JW)—(B(X,Y), B(W,2))
+(BX,Z),B(W,Y)), Wezx M.
Therefore, by virtue of this and (3.4), we have
44 REZ,VJX—JREZ,VX+]JREZ,V)X=R(Z,V)JX,
which means that Theorem 1 is proved.

Proof of Theorem 2. Let M® be a special almost Tachibana manifold
with constant «. Then, owing to (2.1) and (2.2), the equation (4.4) can be
rewritten as follows

(REZ, V)X, W) —a((Z,WY(Y,X)—(Z,X)Y(Y, 6 W)
=(RY(Z,V)JX,JW), WeX M,

which completes the proof of Theorem 2.
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