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Analisi matematica. — Some fin ite  sum?nation fo rm u la s(#). N o ta (*#) 
di H ari M. S r iv a s ta v a , presentata dal Socio G. S a n so n e .

Riassunto. — L’Autore considera una successione di funzioni (H^(^r)} generata 
dal prodotto di due serie di potenze di cui una è ez oppure eq\z\ e trova per le (x) 
alcune formule che in particolare ne comprendono altre da lui ottenute is precedenza.

i. Introduction
P ut

°°  n 00

W  E ( ^ ) = 2 ^ r  . G M  =  Y lg n Z "  , gn ^ T  O.n=0 n - #*=0

In th e present N o te  w e first p rove a su m m ation  form ula g iv e n  b y

Theorem i . L e t  E (Y) a n d  G [Y] be defin ed  by  (1), a n d  le t the sequence o f  
fu n c tio n s  { H („X) (x) | n  =  o  , i , 2 , • • •} be g en era ted  by

(2) E  (M l (*) /"1 + . . .  +  M r (*) t mr) G [Q (x) f ]  =  2  H 'X) (x),
n—0 V “T l )n

w here M j ( x )  , j  =  i , • • •, r, a n d  Q (x)  =j= o are re a l fu n c tio n s , m x , • • • , m r , p  
are p o s itiv e  in tegers , a n d  X is  an  a rb itra ry  com plex  num ber.

Then

(3) h (X) (r \ __ r q  (x)
" W  I q (y)

n/p
■+™r&r^n

,A=o
X +  n 

m\ki-\------ b mr -------- b m r kr) \-

[A»l/#(MiQ)]*1 [A »^(M ,Q )]^ u()l)
kx\ k,\  mr k f y ) ,

w h ere , f o r  convenience ,

(4) Av(U V ) =  U ( * )  [ ^ | ] - U W  ,

f o r  a l l  v a n d  a n y  g iv e n  p a i r  o f  fu n c tio n s  U  a n d  V.

2. Proof of theorem i

Ip order to p rove th e su m m ation  form ula (3), w e start from  the gen eratin g  
fu n ction  (2) and  set t — [ Q ( y ) ] Vf z.  W e thus h ave

( 5) E  ( f i  My (*) [Q Of)]"'7'  f i  G [Q (x)  Q ( y )  z*] 2
n= 0

[ Q O ^
( H i ) „ h <X)o o *".

(*) Supported in part by NRC grant A-7353.
(**) Pervenuta. all’Accademia il io settembre 1974.
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which, on in terchanging ^  and y , yields

,mj!P ”i\ ^  , v ^  , N t-, _  V  [Q (X)T'P tt(X)(6) E  ( S  Mj ( y )  [Q (xyp '* smA  G [Q(x) Q ( y ) **] =  £  H<A>(y)
\y=l /  »=0 \A~T~l)n

I f  we com pare (5) and (6), we get

n=0 VA “r U* \y=l
[M yW  [Q W ]” ' ' - M y W  [Q (x)] P )  •

■ J j  a  +  C  O') ■»" =  n  E  IP (My Q) [Q (*)]"'■" O  • 

"" m x )T ‘p tj(X)

y=i
00 [Am# (M1Q)]"1 [ A ^ ( M r Q)]*'

£ l!' 2 S f H? w / = S - S
rc=0 ‘ l )n k±= 0  kr = 0

00 / ,-ln+mlkl^---- , , , , ,V  Q W  Tj(^ f ,. \  n+ ml*l~l m̂rkr
■2 d -----------iTXTi— ---------H " UO*# = 0  <.A +  1 / M

and on replacing n by n — m x k x — • • • —  m r kr , we readily  obtain

2  1TTTT H«X> W ^  =  S  [Q (*)]”" ̂  •n=0  \A ~r l Jn n= 0

...............  "" [Awpy (Mi Q)]̂ 1 [A»rM(MrQ)]^

kr\

2 k\ ! >M

ì - I ttCA)
* { ( f  ~f" 0»— ----~mr r̂} —  OO *

Now equate the coefficients of zn on either side of the last equation, and 
the sum m ation form ula (3) would follow at once.

This evidently  completes the proof of Theorem  1.

3. Particular Cases

To derive the special case of Theorem  1 when r =  1, we m ay set 
My (x) =  0, j  =  2 , • • •, r, and then drop the subscript 1 in the resulting forms 
of equations (2) and (3). W e thus obtain

COROLLARY i.  Let E(V) and  G[>] be defined by (1), and let

(7) E (M (x) *-) G [Q (x) tP\ =  Yd f i f i r  ^  (*) -
n=0 *■ I)n

where M (x) o , Q (x) o are real functions, m  , p  are positive integers,
and  X is an arbitrary constant, real or complex.

Then

(8) ^ ( x )  =  [-§ g |]’'’”/'  J ]  ( X +mT )  • [A„tf (MQ)f (y)
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and

W  . [ A ,s ( M Q ) ] - 'T i a W .

E vidently  the last form ula (9) can be deduced by reversing the order 
of sum m ation in (8).

N ext we consider the special case of Theorem  i when r  =  2. In  equations 
(2) and (3) if we pu t M y (x) =  o , j  =  3 , • • - , r, let m x =  m, m i =  l, and 
replace Mi(V) , M2 (a:) by  M (x) and N(.r), respectively, we are led at once to

COROLLARY 2. With E (z) and  G[#] defined by (1), let
OO

(io ) E  (M (*) +  N (x) t1) G [Q (x) tP\ =  J  Six> ( x ) ,
n = 0  \A r  1) n

where M (x), N (x)} and Q ( x ) f = o  are real functions, I ,m  , p  are positive 
integers, and  X is an arbitrary constant, real or complex.

Then

[A*/, (MQ)]* [àlip(NQ)Ÿ  C(X) , N
’ J \  J i ---------- ^ n - m k - l j  \ j y )

T he sum m ation form ulas (8), (9) and (11) are contained, respectively, 
in Theorem  1, p. 64,and Theorem  5, p. 71 of our recent paper [4]. For several 
special cases of C orollary 1 and a num ber of interesting properties of the 
xF?’(x), generated by  (7), the reader m ay be referred to §§1, 3 and 4 of [4, 
pp. 64-70],

4. A ^-Analogue of theorem i

Recalling the fam iliar notations of Jackson [3] and H ahn [2] let the 
basic binom ial [a +  b \  abbreviate the ^-rank  product

( 12) (a +  à) (a +  qff) (a +  q2 b) • • • ( a q n~x b), | q | <  1 ,

so th a t since

(13) [a +  b\n=  an +  A j^ =  [Æ-f  &\n_l (a-\- qn~x b) ,

it follows at once th a t

(H ) [a +  £]o =  I

and

(15) f/7 4 - h~\     1   ÿ»(*+l)/2£-*
{a +  bgr-i). . • (« +  bq~") ~  [i +  aqjb\n '
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Also let [1 , p. 6]

a ] (1 —  q*) (1 — f - i ) .  • -(i — f - H i )  [I ~ q * - k + i ] k

and denote the ^-exponential function by

(17) , \z\ =  lim
- * ] * n =  0

then it is readily  seen th a t 

(18) î Æ l - v  [* - à .

The m ethod of proof of Theorem  1 can be followed step by step to esta­
blish its q analogue, given by Theorem  2 below, which is indeed a generali­
zation of our earlier Theorem  6, p. 71 in [4]. We, therefore, om it details and 
content ourselves by  stating

THEOREM 2. Let  ef [z] be defined by (17) and  G [c] by (1). Also h t
OO

(19) ^ rMr,! ( * ) / - ! ] . . .^ [M „r(^ )^ ]  G [Q(*)^] = g  H£U *),

where WLqj ( x ) i j  =  I , • • •, r, depend, in general, on both the base q and the argu­
ment a- , I q I <  I, Q(x)  =j= o is a real function , m 1 , • • • ,m r , p  are positive 
integers, and  X is an arbitrary complex number.

Then

(20) h £U *) Q(*)
Q (y>

ml kl -̂---- Ymr mr^n

’ 2
X -f- n 

m\k\  -j- • • • +  mrkr • [ i - y ] m1k1-{---- h tnrkr

H(X)
[1— y]*

q,n — m^k

Indeed it is easy to observe that, in the limit as q > I, Theorem  2, with 
M t J  (x) replaced by  (i — q) M , (*), j  =  i , • • • ,r, and (x) by (i — qfi H<X) (*), 
would lead us to Theorem  1.
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