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Probabilità. — Properties of uniform integrability and convergence 
fo r  fam ilies of random variables. N ota^  di Magda R ubinstein, 
presentata dal Socio B. S egre.

R iassunto . —  S otto  op p ortu n e con d iz io n i, y ien  sta b ilita  l ’un iform e in tegrab ilità  d i u na  
fa m ig lia  d i var ia b ili casu a li. S i gen era lizza  inoltre un  ben  noto  risu ltato  su lle  so ttom artin ga le .

i . Introduction

Let (O , P) be a probability space and («^») N an increasing family of 
sub a-fields of In what follows (Xw)weN is a sequence of random varia
bles such that:

X* is J^-m easurable, and

(O
00 c
2  | E ( Y K+i | ^ k ) | < o o
K—1 J

where Yk+i =  X k+i — X k .

Let & be the set of all stopping times (see [2]) T : ü  -> N. For T e S’ 
we denote =  (A  C £i | A D (T =  n) e . It is known that is a
a-field, T is «^-m easurable, and T X< T 2 implies «^fi C • We denote 
by Xx the function (o h - XT(“) which is «^-m easurable.

In this paper we shall show that from condition (1) and the uniform inte
grability of (X„)neN it follows that the family (XT)Teg. is uniformly integrable. 
We shall further show that, under the same conditions, the condition (1) is 
invariant by passing to an increasing sequence of stopping times, and that 
the generalized sequence (XT)T€g. converges in Lx. By Remark 2.1, Theor. 2 
is a generalization of a known result on submartingales.

2. We begin with a remark about condition (1).

2.1. REMARK. If (Xn) N is a submartingale with sup X w
*6n J

<  00,

then (1) holds. Indeed, we have

(2) É (X* I J O  -  x w =  2  e  (E (Yk+1 I #k) I jFm) , for m <  n.
K m*tn

Thus

/" X„ — f Xm =  2  / E (Yk+1 I ^k) =  ”2  [\E (Y K+i | ^ k ) | - > oJ  J  K=m J  Kmcm J
as n >  m -> 00.

(*) Pervenuta all’Accademia il 2 agosto 1974.
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2.2. Theorem . I f  (X„)^eN is uniformly integrable and satisfies (1), 
then (XT)Teg. is uniformly integrable.

Proof. In the hypothesis of the theorem, there exists, according to ([1], 
Th. I ,  p. 81, II), an element X e L x such that X„ - >  X in Lx and a.e. For 
T e Id we have:

XT =  XT — E (X I J^T) +  E (X I jFt ).

In view of ([2]) Th. 19, pp. 119, V) the family (E (X | ^ x))Teg. is uniformly 
integrable. It remains to prove that (ZT)Tggr where ZT =  XT — E (X | J^r) 
is uniformly integrable. Since X n - > X  in Li it follows that

(3) E ( X n I -> E (X I as n -> 00 in Li, for every m  6 N.

Let A e lFm. By (2) we have:

/ I E (X„ I j r j  ~ X m\ < l  2  |E  (Yk+1 I J^k) I.
J  J  K
A A

Therefore, for n -> 00, by (3) it follows:

(4) l | E ( X | J f B) - X M| < |  2  |E ( Y K+1|«*k)|../ J K=m

Let T  e & and A e ßy .  From (4) and the fact that E (X | J^T) =  E (X | # )) 
a.e. on {T =  /} , we have

(5) / |XT — E ( X |^ rT)| =  2  f lE (X|^-) — X , - | < 2  f  2 | E ( Y K+1 |#iO| =
J  i J  i J  K=*
A { T = 4 n A  { t = 4 o a

r  00 r
=  / S  | E ( Y k+i | ^ k ) | < /  2 | E C Y k + i | ^ k ) | .

K = T K =1

Now, by M arkov’s inequality,

P ({!Zx I >  a}) <
J |Zr| J iJ|E(Yk+1| # k)|

Therefore lim P ( |Z T| >  a) =  o uniformly with T e ^ .
a —> 0 0

Taking in (5) A =  { |Z T| >  a}  we obtain 
r r 00

J  |Z T| <  j  I E (Y k+i I ^ k )  I O as a - > o o  

{|ZtI> 4  {|zt I> 4

uniformly with T e V .
It follows that (ZT)Tgg. is uniformly integrable, Q.E.D.
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2.3. C o r o l la r y .  I f  (T„)MgN is an increasing sequence of stopping times 
such that T n -> 00 a.e. as n —>■ 00 and  (Xw)^gN satisfies the hypothesis of the 
Theor. 2.2, then (XTJ „ eN converges in  Li and a.e. to the lim it of (X„)wgN.

Proof. Let A =  {co e Û | T n (co) -|->  00} u  {co € Q | X , (co) -|->  X (co)}. For 
co^A , (XtJ<o))w£N is a subsequence of (X„(co))^gN which converges to X (co). 
Therefore X Tfi X a.e. (since P (A) =  0). By Theor. 2.2 (XTJ weN is uni
formly integrable. It follows that X Tn —-> X in L i, Q.E.D.

The following corollary is an obvious consequence of Remark 2.1 and 
Theorem 2.2.

2.4. C o r o l la r y  ([2], Th. 29, p. 216, V). I f  (X„)wgN is an uniformly 
integrable submartingale, then the fa m ily  (Xx)Tggr is uniformly integrable.

It is known that S’ is a directed set.

2.5. P ro p o s itio n . In  the hypotheses of Theor. 2.2, f o r ( X n]) gN the 
generalized sequence (Xx)Tggr converges in  Lx to X, the L x lim it of X*.

Proof. From relation (5) we have

j  I (E (X I J^T) X T) I <  I  I E (Yk+i I ^k )  | > A € .
Â Â

It follows that

f  C 00
(6) / ie ( X |^ - t ) — x t )| <  / 2  |E ( Y k+1|^ k ) | .

./ . /  K = T

Let s >  0. From (1) it follows the existence of Ne e N such that

(7) f  È  | E ( Y k + x | ^ k ) | < s .J k = n s

If we denote T s =  Ns then by (6) and (7), we have for T  >  T e

/ r  °o r  00

IE (X I J ^ )  Xt | < J  I E (Yk+i I I <  j  IE (YK+1 | J + )  | <  £.

Hence E (X | fP-f) — XT -» o in L x. Since

|X T — X | <  |E  (X I j r T) _  X|  +  I E (X | &?) — X T| ,

it remains to be proved that the generalized sequence (E (X | J^x) — X)Teg. 
converges to zero in Li. £

It is known that E (X | J^T) converges in Li to X. It follows that there 
exists Ns 6 N such that

I | E ( X |  J ^ ) - X | < s/2.

7. — RENDICONTI 1974, Voi. LVII, fase. 1-2.
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Let T  e gr , T >  Ns . We have

(8) I I E (X I jrT) _  x  I = J j  f I E (X I #-Ne+,) -  X I .
{ T -N .+ i}

It is easy to see that for, n < .m  and A e , we have

/
\E (X \J?„)  —  E ( X \ J F m)\ <  I E (X I — X I .

/
A A

It follows that

(9)
{T = N e + ,-} {T = N e+,-}

/
I E (X I ^ n 6+;) — X J <  j  | E ( X | J ^ e) - X |  +

r ^
+  / I E (X I <^ns) — E (X I ) I <  2 I IE (X I J 5ne) — X I .

By (8) and (9), we have:

J | E ( X | J F t) — X | < 2J | E ( X | ^ - Ne) — X < s  for T >  Ns, Q.E.D.

2 .6 .  P R O P O S IT IO N . Let  ( T w) wgN be an increasing sequence o f stopping 
times and  (X„)weN as in Theor. 2.2. Then (Xt^)w6N satisfies (1).

Proof. Let A e n • If we put A {- =  A fi {Tn =  i} then we have

Further we have:

It follows
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hence
r r Tn+r 1

| E [ ( X t m+i_ X t j | ^ t J |  <  2  |E (Y y+1|^-.)l
J J y-T Ä

and therefore

o° r  r  oo
E  /  |E [ (X Tw+1- X tJ | ^ - tJ | <  / S | E ( Y y+1| j r . ) | ,  Q.E.D.
»=i./ J y-i
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