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Geometria differenziale. —■ Special curvature collineation and 
projective symmetry in Finsler space. Nota di H. D. P a n d e  e 
A. K um ar, p resen ta ta^  dal Socio E . B om piani.

Riassunto. — Studio di relazioni fra le connessioni (di Berwald, proiettive) in uno spa­
zio di Finsler, trasformazioni puntuali infinitesime (determinate da un campo di vettori), colli- 
neazioni speciali sia di curvatura sia di Ricci secondo le denominazioni di Prasad.

L et us consider an ^-dim ensional Finsler space Fn [i] G-> in which the 
m etric tensors g-y and g ij (x , £) are sym m etric in their indices i  and j  and are 
homogeneous of degree zero in x \  T he co vari an t derivative in the sense of 
Berwald of any  vector field X* (x , x)  is given by

( d i )  Xfo =  dk X* +  dk X* Ghk +  X Ä G\k j

where =  d\dxk and dk =  djdxk

and the function G* (x , £) is positively homogeneous of degree two in its 
directional argum ent. This function satisfies the following identities:

(i .2) G\ky £r =  o , G\k x k =  G\ , òh dk G* — G\k •

The projective covariant derivative [2] of a vector field X*(# ,.£ ) is given by

(1.3) XP» =  a, x ‘ — àt  X' n hyk x 1 +  x A U‘u ,

where (x , £) is the projective connection coefficient defined by

(j -4) n i, ( x , x) =  gU -  ^  (2 sj, Gj)r 4- Glu) (2).

W e have the following com m utation formula:

(1.5) 2Vmn)] =  Tj H *smk] —  Ti H i ,  — 3, f i  H i  ,

where H\k (x , is B erw ald’s curvature tensor which is positively hom o­
geneous of degree one in £ .  T he deviation tensor field H}(x  , x) satisfies the 
following identities:

(1.6) H } u ^ ' = H i h , H ‘ =  (n — I) H , h ; * ^ V = o  , 3* H}, =  HjU •

(*) Nella seduta del 29 giugno 1974.
(1) The numbers in the square brackets refer to the references at the end of the paper.
(2) 2 A(ä£) =  A** +  A** and 2A[AAj — Am — A kh-
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Now let us consider an infinitesimal point transform ation

(1.7) x* =  x* +  v \x )  dt ,

where vl (x) is any  vector field and dt an infinitesimal constant. T he Lie- 
derivatives of Ty (x , x) and G\k(x  , x) [6] are given by

(1.8) =  Tm  vh +  TÌ vhU) -  Ty v(h) +  8, T j  4 )  

and

( x-9) ^G lk  — v\h)(k) +  Hvm +  G^y v[s) x

respectively. The following com m utation formulae have been obtained:

(1 .10) Tj) — dk (^?Ty) =  o ,

(1. 11) £e(XXk)) -  (jsri5)w =  t ') j? g L  -  t ]  <eG% -  (a, t} )  x g \s

and

(1 .12) ( ^ g ;* )w —  ( ^ g L ) w =  jspHiy, +  {seoh) G\jhx l ~  ( js p g # x lG\hk .

T he following definitions will be used in later discussions of the paper.
Special Projective motion. Sinha [4] has defined th a t a Fn is said to adm it 

a projective motion provided there exists a vector v* such tha t

(1.13) ^G jk  =  —  2§(y Vk) —  Py££  , Fk =* dkF and =  dAdk I>,

where P (x , x) is a scalar function, positively homogeneous of degree one 
i n x \  W e consider a special projective change [1] as defined by

C1 •I4) P =  ( ^ 7 5  and P** -  — —  Gykh.

W ith the help of equation (1.14) we can w rite -(1.13) in the form [7]

C1 *15) &Ghk =  n i r — GjU .

Special C urvature Collineation (Prasad [3]). A  F„ is said to adm it a 
special curvature collineation if there exists a vector v* such tha t

(i. 16) se n U = o .

Special Ricci Collineation (P rasad [3]). A  Fn is said to adm it a special 
Ricci collineation provided there exists a vector such tha t

(I.I7 ) ^ H , y = 0 .
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2. Special Curvature Collineation

W e shall now consider the condition under which a special projective 
motion is a special curvature collineation. The Lie-derivati ve of H)kh(x ,x )  
takes the following form in view of the equation (1-.15).

(2.1) <dH)kh =  2 { n.WO] Gj [&(%)] “j” n ]̂Y T- Gmj[£ G"̂ ]y) X } .

If a special projective m otion for is a special curvature collineation 
then we get from (1.16) and (2.1).

(2-2) ^h(k)]— Gw)j =  o .

where we have m ade use of (1.2) and of the fact that x\k) =  o. T hus we have

THEOREM 2.1. In  a Fmsler space Fn i f  a special projective motion becomes 
a special curvature collineation then equation (2.2) holds.

C ontracting (2.1) w ith respect to indices i and h and using (1.6) we get

(2*3) 2 { Gj[k(i)] ~f~ (Gmj[i n^]y Gm/[i G ]̂y) X ]■ .

From  equations (1.17) and (2.3), we obtain

(2.4) WjW)] —  G}[k(i)] +  (Gmj[i n ^ Y  -----  G^y^G^y) X* =  O  .

M ultip ly ingi (2.4) by x j  and noting (1.2), we get

(2-5) =  0 .  '

Thus we have

Theorem 2.2. A necessary condition fo r  a special projective motion to be 
a special Ricci collineation in a Fn is that (2.5) holds.

3. Special Projective Symmetric F insler Space

DEFINITION 3.1.  A Finsler space F^ is said to be a special projective 
symmetric space i f  (1.15) holds and its Berwald*s curvature tensor satisfies the 
relation

(3*1) H^(y) =  o .

In  this space the following identities are also satisfied

(3*2) ci) Ĥ £(y) ==: o , b) Ply(Y) =: o and c) H(y) =  o .

By applying; the com m utation form ula (1.11) to the deviation tensor field 
H){pc ,£ )  and using (1.15) and (3.2), we get

(3*3) (fi&H)){k) — HI (Uty —  Glj) — H ) (JVkh — GjU) +  òh H) (Jlhks —  G ^) x  .
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With the help of equations ( i . i), (1.3) and (3.3), we obtain

(34) ( ^ h ;-)w =  h ;w - h }((,)).

Thus we have following theorems:

Theorem 3.1. In  a symmetric Finsler space i f  an infinitesimal transfor­
mation (1.7) defines a special projective motion then equation (3.4) holds.

THEOREM 3.2. I f  m  a symmetric Finsler space an infinitesimal transfor­
mation (1.7) defines a special projective motion such that the Berwaid's and 
projective covariant derivatives of H} (pc , £) with respect to xk becomes equal 
then ( ^U}) (k) =  o.

With the help of equations (1.1), (1.2), (1.6), (1.12) and (1.14), we get

(3.5) - 2 W , » a | n ; , 0 (» , - G : OT)1- s . n ; , B g j | * -  <•>.

From equation ( i . i )  and operator and (k) we obtain the following commuta­
tion formula

(3.6) à, ( H — (dh Hj,)(m) =  Hj* g l ,  — 2 ,

which reduces in view of (3.1) to

(3-7) H', GL, +  H ‘y GsUm — HÙ G)hm =  o .

Taking the Lie-derivative of (3.7) and by using equations (1.15) and (3.5), 
we get

(3.8) ( n ^  g w ) +  2GAotj ( n [jt.g (4)] GY[jr.(i)] +  èp n [ygG ^) #r -j-

+  Gm J  + 2 G L ( n ^ M M , - G« , 1 +  s, n i g Gÿ J>v —

-  2 Gi -  ( " i l , ,  -  G« ,  +  n '„WlG «) =  °  •

Transvecting equation (3*8) by and by using the homogeneity properties 
of the functions G* (x , £) and U}k (x ,£), we obtain

(3*9) H # +  2 I! =  0 .

Thus we have

THEOREM 3.3. I f  in a symmetric Finsler space Fw an infinitesimal tran­
sformation defines a special projective motion then equation (3.9) holds.

(3) The indices in bracket □ are free from symmetric and skew symmetric parts.
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