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Geometria differenziale. — Recurrent Finsler spaces with pseudo
projective tensor field. Nota di H. D. PANDE e B. SingH, presentata
dal Socio E. Bowmprani.

RIASSUNTO. — Si studiano gli spazi di Finsler ricorrenti in relazione alla derivazione
covariante di Berwald.

I. INTRODUCTION

Let us consider an #-dimensional Finsler space F, in which the metric
tensors £;; (x, %) and £7 (x, %) are symmetric in their indices 7 and j and are
positively homogeneous of degree zero in their directional arguments. The
Berwald’s covariant derivative of a vector field X’ (x, #) is defined by

(1.1) Xin=2, X' —3, X’'G} + X" Gliu.
In view of (1.1), we have

(1.2) Ziim=—2Aupd" Ay =FC,,.
The H-recurrent Finsler space [2] @) is characterized by
(1.3) Hig =N Hi

where A;(x , #) is a non-null vector field.

The pseudo-projective deviation tensor field W™ (x, £), [5], is defi-
ned by

(1.4) W% =a(x,# Wi+ 6 (x, %) H

where W’ and H} are the projective deviation and Berwald’s deviation tensor
fields respectively. The functions @ and & are homogeneous of degree zero in
their directional argument. The pseudo-projective tensor field Wi, (x, %) is
defined by

(1.5) Wi (x,;t):élwzj’:—;%é?ww*;’]"
where
(1.6) Wit = a Wi + 6Hy; + 8,a Wi, + 3, bHY;

+ % {3 a Wi + 8y @ 9y W)y + 8 6Hj,y + 8y 63y H

(*) Nella seduta del 29 giugno 1974.
(1) Numbers in brackets refer to the references at the end of the paper.
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In virtue of the homogeneity property of W' (x, %), we have the following
identities and contractions:

(r.7) (@ Wiy #' =Wy, @) Wy #'=W7,
(1.8) W =6(n—1)H.

2. RECURRENT FINSLER SPACES IN THE SENSE
OF BERWALD’S COVARIANT DERIVATIVE

DEFINITION 2.1. An #-dimensional Finsler space F, is said to be
W¥-recurrent if the tensor field Wy (x , #) satisfies the relation

*7

<2.I) Wl—);;'(k) =7\é W]/,j .

Transvecting (2.1) with # and #* successively, we get

(2.2) Wie =N W
and
(2.3) Wie=nW7.

Hence from (2.2) and (2.3) it is clear that the tensor fields Wi (x,%) and
W (x, #) are also recurrent in a W*-recurrent Finsler space and they are
called W,/-recurrent and W*%-recurrent F, .

THEOREM 2.1. [f a W}Z-remrrem‘ Finsler space is projectively flat and
H-recurrent, then the following relation holds:

(2.4) # {a Wiy + be Hity + Ny oy — M Nij Y = 2 (8, 0) Wi
where
(2.5) Niy (v, %) = 8 a Wiy + 8, 6H; +
+ % {8 @ Wiy =+ Sy @ 3y Wiy + 8 S Hj + 3 6 8 Hiy 3
Proof. With the help of the commutation formula (3, X")y)= 9, XfH—
— X" Glu, we get for the tensor Wy (x , £)
(26) (4 Wi)e — 4 Wije = — Wil Giu + Wi} Gls + Wiy Gl

Differentiating (2.2) partially with respect to #/ and using the equation (2.6),
we obtain

2.7) G Wiay— 3 M Wi — 2,8 Wij = — Wil Glay + W3 Gl + Wiy Gl -
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Multiplying (2.7) by #* and using the fact that Gz, #° = o and applying the
relation (1.5), we have

N ¥z X7 ¥z A
x 9 Az W;,; = {Wl},}@) — Az W;},;J} X

Substituting the value of Wy, (x, %) from (1.6) in the above equation and
using (2.5), we obtain

(2.8) 28, M Wi = {a W}y, + 6Hjy + Nijy Yoy —
— % {a Wiy, + 6Hj,; + N}

Since the space is projectively flat (i.c. Wy, =0) and H-recurrent, then (2.8)
yields (2.4) in view of the equation (1.3).

THEOREM 2.2. If a W'-recurrent Finsler space is Wirecurvent, then
we have

(2.9) £x(Mjpmy — Mp,) # 4 =0
where
; . def 2 2 oy %7 .
(2.10) MI;,mj(x,x)z?{a;;J\ij —I—é;W 7N, +

+ 90 W' + WY Gl + 3 Gl W}
Proof. The pseudo-projective tensor field WZW (x,2), [s1, is given by
(2.11) Wiy (%, x) g;k Wi (x, %) .

Differentiating (2.11) covariantly with respect to 2™ and using equations (1.2)
and (2.11), we get

* 3 ¥z
(2.12) Wi om) — Mow Wiznj = &aiomy Wiy = — 2 Api 1y I Wi .

The tensor field Wy, (x,%) is recurrent in W*-recurrent F, if and only if
the right hand member of (2.12) vanishes. We obtain

@ ; YA i
(2.13) @ Wo =2, (5 W) — G 8, (&5, W' +
+ (& W) Giy — (85 W) G, — (&%, W) Gl — (&, W' Gy
and
(2.14) 5 Wy =8 (3, W) — 8, (GT 3, W*) +

& (W Gh) — 55 (W5 GY).

o A
(2) &, =13,5.
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From equations (2.13) and (2.14), we get the following commutation formula:

*,

. %7 2 ; A %4 . Xy ~7
(2.15) @ WHo— 8 Wy =—GJ % W% + 3, W Gl +
. * i . * ; Ky a ;
+ %W G+ %W [ Gy +W )3, Glyy —
. ¥z - Xg ¥z
— WGl —3, Wy Gly—W59,G; .
Differentiating the identity Wiy, + Wiy, = % (g4 0 WH+ 2, &y W,

[5], covariantly with respect to x” and using relations (2.11) and (1.3),
we obtain

(2.16) N (Wi + W) = % {802 Qi W i) o + i1 Gy W i) ) -

Substituting the value of A, (WZ;,j + Wiy in (2.16) and applying the com-
mutation formula (2.15), we get

@17) (22 {8 Whon + 8 Wi Gl + 8 GlaaWS —
— o £ Wi #'# =0

Since W*-recurrent F, is also W*f-recurrent F,, then differentiating (2.3)
partially with respect to #/ and #*, we get

N 7 . 7 . 7 . . X7 . *7
(2.18) 9?}, W*j(m) = 9?1, 7\,” W*j + ah 7\,,, W*j —|— 3] 7\m 8,,W _; + 3?}, \%% 7 A

e

With the help of equations (2.10), (2.17) and (2.18) we obtain the required
result.

THEOREM (2.3). In an n-dimensional W* recurrent F, the following
relation is true:

(2.10) {8 gy Wit + 9 My W48 ey Wi b =0
Progf. Differentiating (2.2) partially with respect to 4/, we have
(2.20) & Wi =8, % W + 2,8, W5, .
From equations (2.1), (2.6) and (2.20), we obtain
(2.21) : (3 \) Wif = Wif Glp — Wi Gl — Wi Gl

Interchanging the indices /, % and 7 in (2.21) and adding all the three equations
thus obtained, we get

(2.22) G N) Wi + (B 0) Wi+ (3, 0) Wi =
= WZY G-izg + W;Y G'z;lzé + W;ty wirjb .
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Differentiating (2.22) covariantly with respect to x*, and applying the commu-
tation formula (2.6) and using the relation (2.2), we get

(2.23) (B Mgy + A, Gli) Wi+ (3, My + A, Gior) Wf; +
+ & Mgy + Glax 2y) Wik= Wi Gluacy + Wi Gl + Wi Gljage) -

Multiplying (2.23) by #* and using the symmetric property of Gj;z, we get the
required result.
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