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Analisi funzionale. — On ^.-Lipschitz retractions of the unit closed 
ball onto its boundary(,). Nota (**) di M a s s im o  F u r i  e M a r io  

M a r t e l l i , presentata dal Socio G. S a n s o n e .

R iassunto. — Sia D il disco unitario di uno spazio di Banach. Si prova che 3D è un 
retratto a-Lipschitziano di D se e solo se esiste k >  o ed un’omotopia H : 3D X [o , i] -> 3D 
tale che H (x , o) =  xQ, H (x , i) =  x  e oc(H (A X [o , /])) <  tka (A) per ogni A c  3D.

1. Let D be the unit closed ball of a Banach space E and /  : D D 
be a Lipschitz m ap w ith constant k >  I. In [2] K. Goebel proved th a t

7)00 < \  —  l\k
where vj ( / )  .=  inf {|| x — at gD} .

It is not known w hether there are Banach spaces such th a t y] ( / )  =  o  

for any  Lipschitz m ap /  : D -> D. However K. Goebel pointed out th a t when 
E is a H ilbert space there are Lipschitz m aps /  : D -> D with y) ( / )  >  o if 
and only if S, the boundary  of D, is a Lipschitz retract of D.

In [4] we proved th a t Goebel’s inequality  holds also for a-Lipschitz maps. 
M oreover we showed that, in any B anach space, S is an a-Lipschitz retract 
of D if and only if there exists an a-Lipschitz m ap /  : D -> D with 7) ( / )  >  o.

In this paper we succeeded m constructing an exam ple of a Lipschitz 
m ap / :  D > D such th a t */)(/)■> o. M oreover we gave another form ulation 
of the problem  of finding an a-Lipschitz retraction r  : D -> S, which involves 
the contractibility of S. This form ulation is given in term s of the existence 
of a particu lar hom otopy H : S x [ o ,  i ] - > S  joining the identity  and a con­
stant map.

2. Let E be an infinite dim ensional Banach space. In  this paper we al­
ways denote by S , D the unit sphere and the unit closed ball of E  respecti­
vely. W e will use the following well-known results concerning S and D.

i) S is a re tract of D, i.e. there exists a continuous m ap r :  D -> S 
which m akes the following diagram  com m utative

S ----- J- ------ ► D

S
where j  is the inclusion and is is the iden tity  on S.

(*) Supported by Sonderforschungsbereich 72 at Institute for Applied Mathematics, 
University of Bonn.

(**) Pervenuta all’Accademia il 21 agosto 1974.



62 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LVII -  Ferie 1974

ii) S is contractible, i.e . there exists a continuous hom otopy 
H :  S X  [o, I ] -> S joining the identity  and a constant m ap.

L et A  be a bounded subset of E. We denote by a (A) the infimum of all 
s >  o such th a t A  can be covered w ith a finite fam ily of subsets w ith diam eter 
less than  s (see Kuratow ski [6]). W e will use the following properties of a.

1) a (A U B) =  m ax {a (A) , a(B)}, A  , B C E.

2) a (A) =  o if and only if Ä  is compact, where Ä  is the closure of A.
3) a(coA) =  a (A) (G. B arbo  [1 ]), where cöA denotes the closed convex 

hull of A.

4) a ([o  , T ]-A ) =  T a(A ), where [ o , T ] - A  =  {tx : o < / < T ,  i e A ) .

Let M C E  and /  : M -> E be a continuous m ap. If  there exists k >  o 
such th a t a ( / (A ))  <  Æa(A) for any bounded set A C  M then /  is said to be 
a-Lipschitz w ith constant k. In  the case when k <  1 (k == 1) /  is called 
a-contractive (a-nonexpansive). W e recall the following result concerning 
a-contractive m aps [1 ].

Let f  : C -> C be an a-contractive map defined on a closed bounded and 
convex subset of a Banach space E. Then f  has a fixed  point.

U sing the above result it can be easily seen th a t an a-nonexpansive m ap 
/ :  C - > C  is such th a t yj( / )  =  o [6].

In  this paper we deal w ith a-Lipschitz m aps defined in the unit closed 
ball P  of a B anach space E. T he fact th a t y ](/) >  o will p lay  a key role in 
our considerations. Therefore we will always assume th a t the constant k  is 
bigger than  1.

3. Let E 0 be the subspace of C [o , 1] consisting of all functions x  such 
th a t x  (o) =  o. The following example shows th a t S C E0 is an a-Lipschitz 
re tract of D.

W e point out th a t the problem  of whether S is an a-Lipschitz re tract of 
D in any  infinite dim ensional Banach space is still open.

Example. Consider the m ap 9 : D -> D defined by

?(*) 00 = . f  (C1 —  0 1 *00! + 1)

where
I kx , o  <  T <  I jk 

^ ( T) — |  j ( l / / è < T < I ,  k > \ .

Since g  is continuous and piecewise differentiable with | ^ ( t ) |  < k , g  is 
L ipschitz with constant k. I t follows that

I ? < [ * ) ( * )  —  < p O ) O D I  =  k ( ( i  —  0 1 * 0 9 1  +  0 —  * - ( ( i  —*)\y(f)\+t)\ <
< k \ ( l — t ) \ x ( f ) \ + t — ( l — t ) \ y( t ) \ — t \ = k ( l - t ) \  —
<  k \ x ( t ) —  y ( t} \  .
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Thus <p : D -> D  is a Lipschitz m ap with constant k. W e need only to 
prove th a t 7)(<p)> o. L et x e D .  C learly there exists t0 6 (o , 1) such tha t 
(ï — /0)l *(*0) I +  l0 =  ï/^- This implies th a t <p(#) (*0) =  g( i j k)  =  1. On the 
other hand  |*(*0)| =  (}\k  —  /0)/(i — A))- Therefore

ll<P(* )— *11 >  l? (* )  Oo) — *(*o)l >  I —  i/>é

and  so 7] (9) >  1 —  1 /L
The following theorem  shows th a t if S is an a-Lipschitz retract of D then 

for any s >  o there exists an oc-Lipschitz m ap /  : D -> D with constant 1 +  s 
such th a t 7] ( / )  >  o.

THEOREM i. Let Q be a bounded closed and convex subset of a Banach 
space E. Assume that there exists k0 >  1 such that any <z-Lipschitz map 

f : Q~>Q constant k0 has the property */](/) =  o. Then any u-Lipschitz 
self map of Q has the same property.

Proof. Let /  be an oc-Lipschitz selfmap of Q with constant k >  1 and 
let o <  X <  I .  Define f \ ( x )  — (1 — X) x  +  VX*) f°r any x  e Q. The m ap 
A  is a-Lipschitz w ith constant 1 — X +  Xk. M oreover 7] (A )  =  V ( / ) -  Since 
there exists o <; X0 <  1 such th a t 1 —  Xo +  Xo k <Ç h0 and any  a-Lipschitz 
m ap g  w ith constant less than  h0 has 7}(g) =  o the theorem  is proved. Q .E .D .

It is known th a t the un it sphere S in an infinite dimensional Banach space 
is contractible, i.e. there exists a continuous homotop y H :  S X [o , 1 ] -> S 
joining the identity  and a constant m ap.

Theorem  2 below shows th a t the problem  of finding an a-Lipschitz 
retraction r  : D —> S is equivalent to the one of the existence of a continuous 
hom otopy H : S X [0,1] -> S w ith particu lar properties. We need the following 
Proposition.

PROPOSITION i. Let X be a complete metric space and let OF be a 
fa m ily  of subsets of X such that fo r  any z >  o there exists a finite subfamily 
{Fi , F2 , • • • , F*} of &  with the property that oc(X/U,- F,-) <  e. Assume
that the restrictions f /F,  F  e of a conti?iuous map f  : X -> X are oc-Lips-
chitz with constant k. Then f  is a—Lipschitz with the same constant.

Proof. Assume first th a t J 5" adm its a finite subfam ily { F,- : i  =  1,2 , • • •, n }  
which is a covering of X. I f  A  is any  bounded subset of X we have

< / ( A )) =  m ax { a ( / ( A  H F,.)> : i  =  1 , 2 , • • •, n} <

<  m ax {kcL(A D F,-) : i  =  1 , 2 , • • • n} =  >§a(A).

Assum e now th a t IF has not the above property. Consider the fam ily ^  
consisting of the sets which are complements of finite unions of elements of 
IF. C learly is a filterbase. M oreover by assum ption in f { a (B) : B e J }  =  o. 
Therefore, by  * a result proved in [3], we have

a) the set K  =  0 { B :  B e f }  is non-em pty and compact.
b) For any  neighborhood U  of K  there exists B e  J  such th a t B C U .
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Let A  be a bounded subset of X. We w ant to prove th a t a ( /(A ))  <  >èa(A). 
This is true if a (A) =  o since Ä  is compact. Assume a (A) > 0 .  There exists 
a neighborhood V  D /(K )  such th a t oc(V) <  k<x.(A). Let U  be a neighborhood 
of K such th a t / ( U ) C V .  T here exists a finite subfam ily { Fi , F2 , • • •, F„} 
of &  w ith the property  th a t U* F,- C X / U .  Put A 0 =  A D U  and A,- =  A  n  F f-, 
i =  I , 2 , • • •, n. W e have

a ( / ( A ) )  =  a  ! Û ;  /'(A,-) I =  m ax { a  (/(A ,-)) : i  =  o  , I , - • • , ' « }  <
( 0 )

<  m a x { a (V ) , £a(A )} =  ka. (A). Q .E.D .

THEOREM 2. Let D be the unit closed ball in a Banach space E  and let 
S be the boundary of D. The following two conditions are equivalent

i) there exists an u-Lipschitz retraction r  : D ->  S with constant k ,
ii) there exists a homotopy H : S X [o , 1] -> S, joining the identity and 

a constant map such that

a  (H (A X  [ o  , t])) <  then (A) 

fo r  any A C S  and te  [o , 1 ].

Proof, i) => ii). Define H (x , t)  =  r(tx). We have a (H  (A x  [o , t])) =  
=  a ( r  ([o , t\ • A)) <  >éoc ([o , t] • A) =  tk(x.(A). ii) => i). The m ap 71 : S x [ o , i ] - ^ D  
defined by n (x  , t) =  tx  is a quotient m ap. Since H is constant in the set 
tu 1 (o) there exists a unique continuous m ap r  which m akes the following 
diagram  com m utative

S X  [o , I ]
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D

Obviously r is a retraction since H (x , 1) =  x  for any ^ e S .
Let o <  q <  I and put Fn =  {x  e D : qn+1 <  || x  || <  qn}, n =  o , 1, • • •

The fam ily { F^ : n =  0 , 1  , • • •} satisfies the assum ption of Proposition 1.
L et us prove now th a t r/Fn, n — o , 1 , • • • is a-L ipschitz w ith constant

klq. T ake A C F „  and put A  =  {xl \ \x\ \ :  Are A}. Since Â C [ o ,  i / f +1]. 
A  we have a(Â ) <  a  (A)lqn+1- On the other hand r(A)  C H ( Â  X  [ o  , qn]. 
Therefore

a (r (A)) <  qn ket (Â) <  ket (A) \q .

By the above Proposition it follows th a t r is a-Lipschitz w ith constant k\q. 
Since this holds for any  q <  1 we have th a t r is a-Lipschitz w ith constant k. 
Q.E.D .
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