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Analisi funzionale. — On a-Lipschitz retractions of the unit closed
ball omto its boundary . Nota ¢? di Massimo Furi e Mario
MARTELLI, presentata dal Socio G. SANSONE.

R1AsSUNTO. — Sia D il disco unitario di uno spazio di Banach. Si prova che 3D & un
retratto a—Lipschitziano di D se e solo se esiste 2> o ed un’omotopia H: 3D X [o, 1] — 3D
tale che H(x,0) =%y, H(x, 1) =2 e a (H(A X0, #])) < #4a(A) per ogni AcCdD.

1. Let D be the unit closed ball of a Banach space E and f:D —D
be a Lipschitz map with constant 2 > 1. In [2] K. Goebel proved that

n(f)<1—1/k
where 0 (f) =inf{|x —f(x)||: xe€D}

It is not known whether there are Banach spaces such that n(f)=o
for any Lipschitz map /: D —D. However K. Goebel pointed out that when
E is a Hilbert space there are Lipschitz maps f: D =D with 7(f) >o if
and only if S, the boundary of D, is a Lipschitz retract of D.

In [4] we proved that Goebel’s inequality holds also for a-Lipschitz maps.
Moreover we showed that, in any Banach space, S is an a-Lipschitz retract
of D if and only if there exists an a-Lipschitz map /: D — D with 7 (f) > o.

In this paper we succesded in constructing an example of a Lipschitz
map f: D —D such that n(f) > o. Moreover we gave another formulation
of the problem of finding an «-Lipschitz retraction »: D — S, which involves
the contractibility of S. This formulation is given in terms of the existence
of a particular homotopy H: SX[o, 1] =S joining the identity and a con-
stant map.

2. Let E be an infinite dimensional Banach space. In this paper we al-
ways denote by S, D the unit sphere and the unit closed ball of E respecti-
vely. We will use the following well-known results concerning S and D.

i) S is a retract of D, i.e. there exists a continuous map »: D —S
which makes the following diagram commutative

S—]'—>D
AN |
oI

S \il

S

where ; is the inclusion and 7g is the identity on S.

(*) Supported by Sonderforschungsbereich 72 at Institute for Applied Mathematics,
University of Bonn.
(**) Pervenuta all’Accademia il 21 agosto 1974.
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ii) S is contractible, i.e. there exists a continuous homotopy
H: SX[o,1] =S joining the identity and a constant map.

Let A be a bounded subset of E. We denote by «(A) the infimum of all
€ > o such that A can be covered with a finite family of subsets with diameter
less than ¢ (see Kuratowski [6]). We will use thz following properties of .

1) (AU B) = max {«(A), a(B)}, A,BCE.

2) a(A) = o if and only if A is compact, where A is the closure of A.

3) a(coA) = a(A) (G. Darbo [1]), where coA denotes the closed convex
hull of A.

4) o([o.T]-A) = Ta(A), where [0, T|'A={tr: o<s<T, xeA).

Let MCE and f: M —E be a continuous map. If there exists 42> o
such that a(f(A)) < A«(A) for any bounded set AC M then f is said to be
a-Lipschitz with constant 4 In the case when Z2< 1(4=1) f is called
a-contractive (a-nonexpansive). We recall the following result concerning
«-contractive maps [1].

Let f: C—C be an o-contractive map defined on a closed bounded and
convex subset of a Banach space E. Then f has a fixed point.

Using the above result it can be easily seen that an a-nonexpansive map
f: C—C is such that n(f) = o [6].

In this paper we deal with a-Lipschitz maps defined in the unit closed
ball D of a Banach space E. The fact that (f) > o will play a key role in
our considerations. Therefore we will always assume that the constant £ is
bigger than 1.

3. Let Eo be the subspace of C[o, 1] consisting of all functions x such
that x(0) = o. The following example shows that SC Eg is an a-Lipschitz
retract of D.

We point out that the problem of whether S is an «-Lipschitz retract of
D in any infinite dimensional Banach space is still open.

Example. Consider the map ¢: D —D defined by
P @O =2(1—=D|xA)]+9

where’

£(7) ={

I, 1ALt <T1, £>1.

Since g is continuous and piecewise differentiable with |g'(7)| < 4,z is
Lipschitz with constant £. It follows that

1@ O — 9 O =1t — D 2O+ ) —g(1 —2) |y (O] +8)| <
SEG—D 5@+ t— =Dy O] — ¢ = b1 —D)| 2D — |y D] | <
<klx@®)—y®)].
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Thus ¢: D —D is a Lipschitz map with constant 2. We need only to
prove that n(¢)> o. Let x€D. Clearly there exists € (0, 1) such that
(1 —2%y)|x(%)| + % = 1/k This implies that ¢(x) (,) =g (1/£)=1. On the
other hand |x(%)| = (1/&—¢#y)/(1 —#;). Therefore

o) —=xll = |e@) () —xE)| >1—1/k

and so n(p) >1— 1/A.

The following theorem shows that if S is an a-Lipschitz retract of D then
for any e > o there exists an «-Lipschitz map f: D — D with constant 1 - ¢
such that n(f) > o.

THEOREM 1. Let Q be a bounded closed and comvex subset of a Banach
space E. Assume that there exists ky> 1 such that any a-Lipschitz map
i1 Q—>Q with constant ky has the property n(f) = o. Then any o-Lipschitz
selfmap of Q has the same property.

Proof. Let f be an a-Lipschitz selfmap of Q with constant 2> 1 and
let o<A< 1. Define fo(x) = (1 —2) x4+ M (x) for any x€Q. The map
Jx is a-Lipschitz with constant 1 — A+ 2%, Moreover 7(f,) = Ay (f). Since
there exists 0 <Ay <1 such that 1—2% + 2% % <4, and any a-Lipschitz
map g with constant less than £, has 1 (g) = o the theorem is proved. Q.E.D.

It is known that the unit sphere S in an infinite dimensional Banach space
is contractible, i.e. there exists a continuous homotopy H: Sx[o, 1]—S
joining the identity and a constant map.

Theorem 2 below shows that the problem of finding an a-Lipschitz
retraction 7 : D —S is equivalent to the one of the existence of a continuous

homotopy H : SX[o,1] — S with particular properties. We need the following
Proposition.

PROPOSITION 1. Let X be a complete metric space and let F be a
Jamily of subsets of X such that for any € > o there exists a finite subfamily
{F1,F2, -+, F,} of F with the property that a(X/U; F) < e Assume
that the restrictions f|F, ¥ € F, of a continuous map f: X=X are o-Lips-
chitz with constant k. Then f is a—-Lipschitz with the same constant.

Proof. Assume first that & admits a finite subfamily {Fiii=1,2,---,n}
which is a covering of X. If A is any bounded subset of X we have
a(fA) = max {a(fANE): i =1,2, -, n}<
<max{ke(ANF):i=1,2,--n} = ka(A).
Assume now that # has not the above property. Consider the family #
consisting of the sets which are complements of finite unions of elements of

. Clearly 4 is a filterbase. Moreover by assumption inf{a(B): Be #} = o.
Therefore, by ‘a result proved in [3], we have

@) the set K=N{B: Be#} is non-empty and compact.
) For any neighborhood U of K there exists B € # such that BC U.
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Let A be a bounded subset of X. We want to prove that «(f(A)) < Zx(A).
This is true if «(A) = o since A is compact. Assume «(A) >o0. There exists
a neighborhood V D f(K) such that «(V) < £x(A). Let U be a neighborhood
of K such that f(U)CV. There exists a finite subfamily {F;, Fz,---, F,}
of # with the property that U; F,CX/U. PutAg=ANUand A, =ANF,,
i=1,2,--,%n We have

x(f(A) = @

C;#f(&)% — max {a(f(A): i= 0,1, n}<
< max {a(V), 4x(A)} = £«(A). Q.E.D.

THEOREM 2. Let D be the unit closed ball in a Banach space E and let
S be the boundary of D. The following two conditions are equivalent

1) there exists an a-Lipschitz retraction »: D—S with constant k,

ii) there exists a homotopy H: SX[o, 11— S, joining the identity and
a constant map such that

a(H(AX[o, #])) < tha(A)
Jor any ACS and te [o, 1].

Proof. i)=ii). Define H(x,?) = r(tx). We have «(H(AX [0, #]) =
=a(r([0,#]-A)) <ka([0,?]-A) = tka(A). ii)=1i). The map n: SX[o,1]-->D
defined by w(x,#) = #x is a quotient map. Since H is constant in the set
7' (0) there exists a unique continuous map » which makes the following
diagram commutative

SxJo, 1]

T \\ H
N

¥
D— S
7
Obviously » is a retraction since H(x, 1) = x for any x €S.
Let o<g<1 and put F,={zx€eD: g1 <||x||<¢"}, n=0,1,---
The family {F,: #=o0,1,--} satisfies the assumption of Proposition 1.
Let us prove now that »/F,, n =0, 1, - is a—Lipschitz with constant
klg. Take ACF, and put A= {x/|x|: x€eA}. Since AC [o, 1/g"].
A we have a(A) < a(A)jg"+t. On the other hand »(A)CH(AX[o,¢"].
Therefore

a(r(A)) < ¢" ka(A) < ka(A)g.

By the above Proposition it follows that » is a-Lipschitz with constant Z/g.

Since this holds for any ¢< 1 we have that » is a-Lipschitz with constant 4.
Q.E.D.
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