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Equazioni differenziali. —■ Periodic solutions of certain third order 
differential equations. Nota di J. O. C. E zeilo, presentata dal 
Socio G. S ansone.

RIASSUNTO. ■— Q uesta N ota considera le equazioni della forma 

W  X +  4 (x) x  +  9 (x) X +  0 (x) =  fi {t) 4- q ( t , x  , x)

dove 4 ,9  f i ,  q sono funzioni continue dei loro argom enti fi (t +  co) = f i  (t), q fi +  co , x , y)  =
t

— q ( t , x , y )  per co >  o,co costante, e l , x , y  qualunque. Nel caso speciale q — o e j fi (s)ds

lim itato per i  qualunque allora la (1) ha una soluzione co-periodica se esistono due costanti 
a = l=o , k  > o tali che

y
i) xQ (x) sgn a <  o , ( \ x \  > k) : ii) ( /  ̂  (s) d ^ —■ ^ = 0 ( 1 )  per J y  | —> 00.

0
Se i) è sostituita dalla condizione più restrittiva xQ (x) sgn a <  — S <  o ( |^ |  > h) l ’esistenza 
di una soluzione periodica vale per l’equazione (1) per | q ( t , x  , y)  | <  a  +  ß | x  | con a +  ß 
costanti e ß <  S.

I. Consider the differential equation 

( l i )  x +  ax +  9 (x) x  + . 0 (x) =  p  (f)

where a 4= o is a constant and 9 (x) , 0 (x) and p  (t) are continuous fonctions 
depending only on the argum ents shown, and p  (t) is oo-periodic in t, that 
is p  (t +  cù) =  p  (f) for some real num ber o> =f= o. f

r
In  A ppendix  3 of his paper [1] Reissig showed th a t if P (t) =  | p  (j) d j  

is boupded and if fu rther 0 satisfies the two conditions: 0

(i-2) X- 1 0 (x) -+ o as \ x \ -* 00,

( i-3) xd (x) >  o ( <  o) for f x \ > h ,

then (1.1) has a t least one to-periodic solution, for all a rb itra ry  cp.
A  careful study  of Reissig’s proofs will however, reveal th a t in the two 

special cases:

(i) a >  o and xd (x) <  o ( | x  | >  h)

(ii) a <  o and xQ (x) >  o ( \x \ >  h)

or, to pu t it m ore com pactly, when

(M ) x Q (x ) sgn a <  o ( \ x \ >  h)

(*) Pervenuta all’A ccademia il 19 luglio 1974.
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the existence of an co-periodic solution can indeed be established for ( i . i ) 
w ithout the explicit use of (1.2) on 0; and the object of the present treatm ent 
is to draw  attention to other extensions of the result which are equally valid 
subject to the same (1.4) or to the stronger condition:

xQ (.x) sgn a <  —  Sx2

for some constant & >  o.
W e shall deal first w ith the equation

(1.5) x (x) x -j- cp (x) x +  0 (x) =  p (f)

where ^ is continuous and depends only on x, the basic conditions on 9 , 0
and p  being the same as before. 

y
L et Y  (y ) == I ^ C7)) dv). W e shall prove here 

*0

THEOREM i . Suppose that P (f) is bounded fo r  a ll t, and that there exist 
constants a =(= o , h >  o such that

(1.6) T  (ÿ) — ay =  o (1) as | | -> 00,

(1.7) xd (x) sgn a <  o ( \ x \ > h ) .

Then there exists at least one co-periodic solution o f  (1.5).
W ith a stronger restriction on xd (x) sgn ai it is possible to extend our 

treatm ent to the perturbed system

(1.8) x  +  (x) x  +  9 (x) x  +  0 (x) +  9 (x) =  p  (t) +  q ( t , x  , x)

in which the basic conditions on ^ , 9 , 6  and p  are as in (1.5 and ç ( t , x  , ÿ )  
is continuous and satisfies q (t +  co , x  , y )  =  q ( t , x  , y), for all t  , x  ,y .  W e 
shall indeed prove here

T h eo rem  2. Suppose that P (t) is bounded fo r  a ll t, and that fu r th e r :

(i) There exist constants a =(= o , h  j> o and 8 >  o such that (1.6) holds 
and such that

(1.9) xQ (x) sgn a <  —  Ŝ :2 (\x \  >  h)

(ii) there are constants a >  o , ß >  o such that

(1.10) \ç ( l , x  , y )  \ <  & ß \ x \ fo r  all t , x  , y .

Then (1.8) has at least one tù-periodic solution i f  ß <  S.
Note th a t i because the conditon (1.7) contrasts sharply w ith the “ Routh- 

H urw itz requirem ents

a >  o , xQ (x) > 0
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for (1.1), there is no basis w hatever for com paring the present theorem s with 
the existence theorem s (such as given in [2], [3]) for equations (1.1) of the 
dissipative type.

2. P ro o f  o f  T h eo rem  i. W e shall deal first w ith the case: 

a > o  and xO (x) <  0 ( \x  | >  k).

T he proof is by  w ay of the auxiliary  th ird  order differential equation

(2 .1) x +  {(1 —  (x) a +  ^  (*)} x +  (jlç (x) x +  {(1 — y.)cx +  (J.6  (*)} =  \Lp (t)

involving a param eter fi. e [o , 1], where c <  o is an arb itra rily  fixed constant. 
N ote that, as in [1], the equation (2.1) reduces to the constant coefficient 
equation

x  +  ax +  ex =  o

when [i =  o and to the equation (1.5) when fi. =  1. The auxiliary  equation (2.1) 
however is not the same as the one used in [1] and its chief advantage lies 
in the fact th a t its periodic solutions can be w ritten out easily in the form of

an explicitly defined integral equation. Indeed let O (x) =  J  <p (?) d r and 

let X , F  be the column vectors, and A  the 3 X3 m atrix , given by

(2.2) x =  [ y  ) F  =  (  —  T  (y) +  ay —  O (x) +  P (t) ),
ex — (x)

0 I 0

0  -— a I

—  c 0 0

A  =

T hen (2.1) can be checked readily  to be equivalent to the 3-vector system 

(2-3) X =  A X  +  (*F (X , t).

Note here th a t F  (X  , t) — F  (X , t  -|- to), since the boundedness of P (f)
CO

necessarily implies th a t j*p  (t) â t =  o and therefore th a t P(/) is co-periodic.
J
0Also the characteristic equation for the m atrix  A, nam ely the equation

X -j- a \  -f- c =  o

has no purely  im aginary  roots if c =4= o, so th a t the m atrix  (e~Acù— I) (where 
I is the iden tity  3X 3 m atrix) is invertible. From  these it is now a straight-
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forward m atter to deduce (by, for example, adapting the argum ent on pp. 27- 
28 [4]) that

Lemma X =  X (t), is an 00-periodic solution o f (2.3) i f  and only i f  X 
satisfies the integral equation

(2.4) X =  f i x

where
* +  C0

(T X )0 ) == j _  I)-1 ev-s) A F (X (j) , s) ds.
t

If  B denotes the linear space of all co-periodic 3-vectors X (f) which are 
defined and are continuous for all t  in [o , co], equipped w ith the norm

Il X II =  sup (1*001 +  lx (01 +  \z (7) I) ,
0'</<cù

the usual argum ents will show th a t the m apping T  defined in the lem m a is a 
completely continuous m apping of B into itself. Thus, by Schaefer’s version 
(see [5]) of the Schauder-Tichonov fixed point theorem , the existence of a 
point X e  B fixed under T, which corresponds in an obvious w ay (in view 
of the lemma) to an co-periodic solution of (1.3), is assured if it can be shown 
th a t there exists a fixed positive constant D 0, independent of [i., such tha t

(2-S) H XII <  D 0 .

for all solutions X e B  of (2.4) w ith o <  pt. <  1.
As to the actual proof of (2.5) it will again suffice here, in view of the 

characterization (2.4) of all co-periodic solutions of (2.3), to show th a t there 
exists a fixed positive constant D 1? independent of fi. (o <  (x <  1), such tha t

(2.6) I* (7)1 <  D i

for all co-periodic solutions of (2.1) (with o <  pt. <  1) since the functions 
(T  (y) —  ay) and P (f) appearing in the definition (2.2) of F  are both 
bounded. T he m ain tools for (2.6) are the two equations:

CO

(2.7)  ̂{(1 —  pt.) CX +  [i.0 (x)} d t  =  o 
0

co CO

(2.8) j  [ax2 — {JLX {T* (x) — ax +  P (/)}] dt — f  {(1 — pi) cx2 +  pi;r0 (x)} d t = o
0 *0

obtainable either by in tegrating (2.1) directly or by first m ultiplying (2.1) 
by x  and then integrating. Now the fact th a t c <  o and xQ (x) <  o ( \x \  >  h) 
shows, in com bination w ith (2.7), th a t

(2.9) ]x (t) | <  h for some t e [o co],
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and at the same tim e enables us to derive the following estim ate for the inte­
grand in the second integral on the left hand side of (2.8):

(1   fx) CX2 +.JJUT0 (x) <  D 2

for arb itra ry  x  and [ t e [ o , i ] ,  where D 2 =  h m ax | 6 (x )\.
|x| <h

Also, since (’F  (jy) ■— ay) and P are bounded and a is positive, the 
rem aining integrand in (2.8) necessarily satisfies

ax2 —  fix {T* (x) —- ax +  P} >  — ax2 — D 3 (o <  (x <  1) 

for some fixed D 3. Thus, by (2.8),
(ù

j  x 2 d t <  2 (D2 -f- D 3) cùcT1.
0

from which, since

I X (t) I <  I X (t)  I + x  d t

T+CÙ

<  I x (t)  I +  mx/2  ̂j X2 At j  , ( t  <  t  <  T +  w)

by  Schw arz’s inequality, we obtain, on using (2.9), tha t

\x  (7)| <  h +  w {2 (D2 +  D3) a-1}112, ( t  <  t  <  t  +  to).

This estim ate is the same as (2.6) since x  (f) is co-periodic, and the theorem  is 
hereby established for the case: a >  o and x% (x) <  o (\x \ > /i) .

It is not necessary to write out a separate proof for the case

(2.10) a <  o , xd (x) >  o (\x \ >  A).

For, the substitution t  = — i* in (1.5) reduces (1.5) to the equation

(2.11) x '"  +  (J; (x') x "  +  cp (x) x ’ +  6 (x) — p  (s) , ~  , x  =  x  (—

in which the functions ^  , 0 (x) satisfy
y

r _
(2.12) j  ^ (yj) dï ] — 0( 1)  as \y \-> o o  and xQ (x) <  o (\x  | >  k) 

0

where ax
t t

bounded.
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3. P r o o f  o f  T h e o r e m  2. A gain we shall trea t only the case

(3.1) a >  o and xd (x) <  — &r2 (\x\  >  A)

in some detail, since the other case:

a < 0  and x6 (x) >  8x2 ( \ x  \ >  h)

can be obtained in the same w ay as before by m eans of the substitution 
t  =  —  s in (1.8)

T he procedure in the case (3.1) is almost as in § 2, and I shall thus sketch 
only the outlines. The auxiliary  equation and the 3-vector F, for example, 
are the same as before except only th a t p  is to be replaced in the auxiliary 
equation by p  +  q and the en try  cx —  0 (x) in F by e x -— 0 (x) +  q ( t , x  , y)  
bu t the m atrix  A  is unchanged. N ext, w ith q subject to the restriction (1.10), 
it is easy to check from the form of F  th a t an estim ate such as (2.6) for all 
co-periodic solutions of the corresponding auxiliary  equation will again secure
(2.5) and thus the existence of an co-periodic solution of (1.8).

T he two m ain steps in the verification of (2.6) are (2.9) and an estim ate
CO

for j x 2 dt; and as before, the starting  point for (2.9) is the equation 
0

CO

(3.2) I [(1 —  (i) ex +  (X {0 (pc) — q) —  q ( t , x  , £)}] d t — o
b

which one obtains by  integrating the corresponding auxiliary  equation from 
t  =  o to t  =  co. If  we assume henceforth th a t ß <  8, then it is clear from (1.9) 
and (1.10) tha t

(3.3) % ( x ) ~ q  (t , x  , £ ) <  o ,  if * > A 0,

and tha t

(3.4) Q ( x ) — q ( t , x , £ ) ^ o f if x < h 0>

where h0 =  m ax  [h , a (8 —  ß)-1] . W ith c fixed negative as usual, it follows 
from (3.2), with o <  [l <  1, and from (3.3) and (3.4) tha t

(3.5) \x (r) \ <  A0 for some t e [o , co] 

which is the required  analogue of (2.9).
CO

It rem ains to obtain an estim ate for | x 2 dt. W e have, after m ultiplying
0

the corresponding auxiliary  equation by # and then integrating from t  =  o 
to t  =  co, th a t

oy co

(3.6) [at2 — ( J u r { T  (x) •— a x f - P } ]  dt ■— ■ j [(1 —  (js.) cx2-\-\l {xQ (x) — xq}\ dt =  o.
0 *0
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As before
CO co

(3-7) f  [ ^ 2 — {T  (x) —  ax  +  P}] d t >  — a [ x  d t —  D 2 co .
"0 0

Also, by (1.9) and (1.10) if ß <  S then

— xd  (x ) +  xq ( t , x  , x)  >  —  D4

for some fixed constant D4 whose m agnitude depends only on h , a , ß , S 
and 0; and hence

CO

—  \  K1 — cx<2t +  ^ {^0 (x) +  xç}\ d t >  — D4 CO (o <  [i. <  1).
0

T he above estim ate, when combined w ith (3.6) and (3.7) shows that
CO

j  x 2 d t <  a (D2 T D 4) co^“1
0

and the boundedness result (2.6) can now follow as before, in view of (3.5). 
This concludes the verification of the theorem.
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