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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Ferie i g j 4  (Luglio—Agosto)
(Ogni Nota porta a pie’ di pagina la data di arrivo o di presentazione)

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofìsica)

Matematica. —  On the ostensible steady state of a dynamical 
system. Nota (,) di R u t h e r f o r d  A r i s , presentata dal Socio straniero 
C. T r u e s d e l l .

R iassunto. —■ In questo scritto si distingue il concetto di stato stazionario ostensibile 
di un sistema dinamico da quello del vero stato stazionario come condizione che prevale quando 
inputs costanti producono outputs costanti. Si danno esempi per dimostrare che i due stati 
stazionari, sebbene, spesso si raggiungano simultaneamente, sono distinti logicamente dacché 
lo stato stazionario ostensibile si raggiunge in un tempo finito mentre il vero stato stazionario 
può essere approssimato asintoticamente.

In t r o d u c t io n

T he classical definition of a dynam ical system  is th a t it is a trip let 
(X , R  9 co) whose m em bers are a m etric space X (the state space), the set of 
real num bers R  (the tim e axis) and a m ap œ: X X R -> X : (pc , t) satisfying 
the axioms:

1) a>(x , o) =  x  , \/-x e X;
2) <5(m (x ,  t j  , t2) =  m (x  , tx +  t2) , \ f x  e X , tx , t2 e R;
3) cö is, continuous.

Such a definition leads to a full and satisfying m athem atical theory  (see, for 
example, B hatia and Szego, 1970), but w ith an eye to its more banausic appli
cations in control theory, this definition has been amplified to m ake explicit 
the role played by  the inputs to and outputs from the system  (K alm an, Falb 
and A rbib 1969)- To the formalities of this extended definition we shall tu rn  
in the next section, bu t for the m om ent let us continue in an inform al vein.

(*) Pervenuta all’Accademia il i° luglio 1974.

1. — RENDICONTI 1974, Voi. LVII, fase. 1-2.
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T he invarian t set of a dynam ical system includes those states which are 
independent of tim e and closed sets of states, such as lim it cycles, in which 
the system  m ay rem ain indefinitely. M ore formally it is a subset S of X con
sisting of all states x  such th a t

co (x  , t) e S , \/-t , x  e S

w ithin this invarian t set we distinguish isolated points known as critical points, 
or, to speak m ore fam iliarly, steady  states of the system. W ith the amplified 
definition of a dynam ical system  we m ay discern the possibility of having an 
ostensible steady state in which, for constant inputs, the outputs of the system 
rem ain constant. In  the ostensible steady state the in ternal states need not 
be constant since constancy is only claimed for th a t function of them  which 
appears as the ou tput of the system. T h at this is a very practical view of the 
system is evident from  the fact th a t this ostensible steady state would be w hat 
the operator of the system  would regard as its steady state, since every obser
vation he could m ake of it would be constant in time.

T he distinction between the two steady states would be triv ial (or, at 
least, trite) if one were always to im ply and be im plied by the other. Clearly 
the true steady  state always implies th a t the outputs are constant and we shall 
show th a t there are m any  circum stances in which the existence of the osten
sible steady state does entail th a t of the true. But we shall also give an exam ple 
of a sim ple system  in which the ostensible steady state is reached in a finite 
tim e but the true steady  state is not attained until m uch later.

D e f in it io n

T he extended definition of a dynam ical system  S  m akes it an septuplet 
(T , X ,, Q , T , co , Y]) whose elements have the following m eaning: the tim e 
set T  is an ordered subset of the reals (a generalization of the R  of the classical 
definition which allows for a system  to be defined only on a discrete set of 
times); X is the state set (in the classical definition this is a m etric space); U  
is a set of inpu t values and Q, a class of functions {co : T  -> U }  which are the 
inputs\ Y is the set of outputs values and F a class of outputs { y : T  -> Y } ; co 
is the transition function  which defines the state x ( t ) f given th a t x ( f )  was its 
state at an earlier tim e and the input during the interval ( t  , t) is co(/)—thus

co : T  X T X  X X £ ì -> X with x ( t)  =  a>(t ; t  , x (y )  , co);

finally yj: T x X  —> Y is a readout map  defining the output y ( f ) =  ?](/, x(t))  
in term s of the in ternal state. On the input space Q the following restrictions 
are imposed: firstly, th a t it is not em pty; secondly, th a t if  co and c o 'e ß  and 
h  <  t2 <  h ,  then co" =  co in (ti , tf[ and co' in (t^ , 3̂] is also a m em ber of £2. 
T he direction of tim e is im plied by  the fact th a t œ is defined for t  >  t  but not
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necessarily for t  >  t. The transition function satisfies the first two classical 
axiom s in the forms:

co(t ; t , x  , <ù) =  x  V i e  X , t e  T ,  co e Q.

to (fa ; h  , x  , co) == d> (73 ; h  , Ô) (fe ; h  , #  , co) co) , e X , t\ <  /2 <  h .6 T.

The special status of the inputs is em bodied in the requirem ent th a t 
co(t ; t  , #  , co) =  to(t ; t  , #  , co') if co =  co' on ( t  , /]. T he th ird  classical 
axiom, th a t of the continuity  of co, is used to define a smooth dynam ical 
system  for which T  =  R  , X and Q are topological spaces and ( t  , ; r , co) -> 
-> co(- ; t I x  j co) is a continuous m ap T x X x û —> C1 (T —> X ).

A  dynam ical system  is constant iff is an additive group under the usual 
addition of reals, Q is closed under the shift operator (V : co (f) -> co (t +  s))y 
œ (t  ; t , x  > oj)  =  œ (t  +  s ; r  s , x  , z* <d) for all s e  T  and the readout m ap 
Y) is independent of tim e. W e can now define the steady states of a constant 
dynam ical system  w ith a constant input by saying th a t a true  steady state 
obtains if x ( t )  is constant and an ostensible steady state if y ( i )  is constant.

E x a m pl es

W e shall confine attention to constant systems which can be represented 
by differential equations. If  X is a linear vector space of n  dimensions, £2 
one of m  dim ensions and F of r, then a smooth linear system can be represen
ted by

(1) £  =  Fx =  Geo,

(2) y  =  H x,

when F  is n X n  m atrix , G an n X m  and H an r X n .  A  constant state x  m ust 
satisfy

o =  F x  +  Geo,
i.e.

(3) x  =  —  F -1 Gw and y  =  —  H F " 1 Gw.

T hus z  =  x  —  x  satisfies

(4) 2  =  F 2

and if  the eigenvalues of F  have negative real parts the steady state is stable. 
W ith an in itial state x 0 =  x ( o ),

x  (f) =  x  +  (exp Ft) (x0 — x)

(5) y  (t) =  y  +  H (exp Ft) (.x0 —  x).

Then if the system  is com pletely observable (or, as some have it, constructible) 
both x ( t )  and y ( t )  only approach their steady state values asym ptotically 
as t  o. T he approaches to the true steady state and to the ostensible one
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are entirely sim ilar since, if —  X is the greatest eigenvalue of F, each component 
of x  and y  will u ltim ately differ from the corresponding com ponent of x  and y  
by  a quan tity  proportional to exp — \t .

By w ay of contrast we m ay consider a system in which both steady states 
are reached at the same time. Let X be the space of piecewise continuous 
functions on o <  z  <  Z whose values at any instan t t  are x  (z , t) and which 
satisfy

dx , dx .
(6) t k + i r  +  * =  °-

T hen the boundary  condition at z  =  o

(7) x ( p , t )  =  iù

specifies the input, while the output is

(8) y ( t )  =  x ( Z  ,t).

T he steady state is a function of z  satisfying

dx
d^ +  x =  O

giving

(9) x{z)  =  <ùe~z and y  =  (ùe~z .

I f  we confine attention to constant initial conditions with

(10) x ( s , o )  =  x 0

then

( i o
( <ùe~z , 0 <  z  <  t  \ 

%(<Z ’ ^  \ x Q er*, t < z <  Z I ’

(12)
f x0 er*, t  <  Z Ì

y ( , )  =  \  « * - ,  z < ,  )■

T hus at the instan t t 
steady state y  are 

H ow ever if we

=  Z, both the true steady state x( z)  and the ostensible 
achieved sim ultaneously, 
consider the system governed by

(13)
dx . ,  \  d x  1 

- ü  +  (x — I) - t o + x = 0

with input

(14) X  (0 , f )  —  w,

initial state

(15) x ( s , o )  =  x 0 ,
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(16)
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y ( t )  =  x ( Z  , 1) ,

we have an exam ple which shows the distinction between the true and osten
sible steady states. F irst let us observe th a t if

CO

(17) co >  I , Z >  j U ^ 1 du — co —  I — In co,
1

then there is no continuous solution to the steady state equation

(18) ( x —  i) —  +  *  =  o.

In  fact the steady state solution consists of a continuous segment in o <  ^  Ç 
wherein x (z )  drops from  co to x 1} according to the equations

(19) z  — co —  x ( z ) —  In [cojx(z)]

(20) Ç =  co—■x1 —  In (co/aq).

A t z  =  Ç there is a d iscontinuity  from aq =  x  (Ç —  o) to x 2 — x  (C, +  o) where

(21) — (*i +  *2) =  I

and the solution then rises continuously in Ç <  z  <  Z according to the equa
tions

(22) z  =  Ç +  ac2 —  ac (z) +  In [x (z')/*2]

(23) Z =  ^ +  ac2 —  I .+  In (i/ac2).

It m ay be shown th a t for any co and Z equations (20), (21) and (23) suffice 
to determ ine Ç , aq and x 2 . U nder the assum ptions of equation (17) the output 
is independent of co and Z being

(24) y = i .

W e shall now show th a t the ostensible steady state is established in a 
finite tim e

(2  5) T0 =
In x 0 , Xq >  I , 
o  , Xq <  1 .

This depends only on the initial state which we take to be a constant. (Similar 
results can be obtained for a rb itra ry  initial conditions, but we are concerned 
to give the simplest exam ple ra ther than  the most general result). By contrast 
we shall see th a t the true steady state is only approached asym ptotically 
as t -> 00 though there is a particu lar com bination co , Z and x0 , th a t allows 
it to be reached in a finite tim e

In (x0 /x2) , x 0 >  I,

In (i/ac2) or 00 , x 0 <  I.
(26) T  =
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The solution can be constructed from characteristic curves which satisfy 
the characteristic equations

(27)
d t 
di*

àz
di* =  x —  I

dr
d7 —  x .

Hence a characteristic through t ' , z ,  x  is given param etrically  by 

(28) t  =  t' +  ^ , z  =  z  +  x '  (1 —  e~s) — ^ , x  =  x  e~s.

A fam ily of characteristics for t r =  z  — o and various x '  is shown in fig. 1; 
the value of x  decreases m onotonically along a characteristic and its slope 
becomes negative when x  drops below 1.

Fig. I.

Consider first co >  x 0 >  1 w ith Z satisfying the inequality  (17). Then 
the characteristics em anating from the /-axis are all parallel and have a sm aller 
slope from  the chafâcteristies em anating from the ^-axis. In  the neighbour
hood of the origin two sets of characteristics would overlap did a discon
tin u ity  not intervene. A t such a point as P in fig. 2. There is a discontinuity 
from x 1, on the left, to x %, on the right, where x± is determ ined by following the 
variation of x  along the characteristic A P  and *2 by following BP. Thus if 
s1 and S2 are the param eters at P along A P  and BP respectively and P is z  =  Ç, 
/  =  t  we have

(29) x 1 =  (oe~Si , 'Ç =  co(i —  e~Si) — s± =  co —  x ± —  In (co/x ^  

and

(30) *2 =  x o , T =  s2 =  In Oo/*2).
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M oreover the speed of the discontinuity  is

(31) =  u

The path  of the discontinuity  can be found by combining equations (29)-(3i) 
to give a differential equation for x ± in term s of x 2, nam ely

(32) £  -  1%7- i )  ’ 5f = T ^ i + ^ -
This equation is integrated until

(33) (x 2 —  ln *2) —  (x i —  In x ±) =  Z — (co —  In co) +  1

when a point (R, in fig. 2) is reached on a characteristic (CQR) which just 
touches z  =  Z (at Q). T hereafter x 1 and x 2 m ust satisfy equation (33) since 
at a point s on the discontinuity  x x is given by the characteristic US and x 2 
by  a characteristic SV which is just tangent to z  =  Z at V. I t requires a 
special relation between Z, co and xq for (% , x 2) to be equal to (x1 , x 2) at R.

z
Fig. 2.

If this relation happens to be satisfied then the discontinuity  has arrived at 
z =  Ç at tim e t  =  T  =  ln (xq/x2)- In  all other cases the value of Ç -> Ç as 
T - >  00 and (%  , x 2) - >  ( « !  , ac2) on the curve given by equation (33) . However 
y ( t )  =  x ( Z  j f) is constant and equal to 1 at all points above Q. T hus the 
ostensible steady state is achieved in tim e T 0 =  ln x0 even though apart from 
exceptional circum stances, the true steady state is only approached asym p
totically.

If  c o >  I > x0 >  o we again require a discontinuity to avoid the over
lapping of characteristics for the characteristics em anating from the ^-axis
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have negative slope (cfr. fig. 3). T he shock path  m ay be traced using the same 
equations as before up to the point L  on the characteristic D L  through 2 =  Z 
w ith x  =  xq <  I at D. Between D L  and DM there is a centered simple wave 
region covered by  characteristics em anating from D with values o f x  at D ran-

Fig. 3-

ging from x 0 to 1. T hus a point N on the shock path  IM  would have to satisfy 

x 1 — w r ' 1 , E, =  a  —  xx — In (ta/xj)
(34)

*2 =  x'e~s' , Z =  E +  *2 — x '  +  In (x 'jx2) , t  =  In (x 'lx2).

These equations can be combined to give an equation for x ’ as a function of 
and x 2 nam ely

(35) Z — co —  x 1 -\- x 2 — x r +  In ( x ' x 1Icùx2)-

W ith x r so determ ined the relation between x ± and x 2 on the shock pa th  is 
given by

(36) d^i _ x\  (x2 — x f) (x — I ;
d%2 X2 ( x  -x') ( x i   I )

I t is in fact convenient to regard x '  as the param eter along this part of 
the shock path  and in tegrate the equations

(37)

(38)

dri _  x i ( x 2— x ' ) ( x — 1) dx2 __ x2(x — x')
dx' x ' ( x  — x2) (X! — i) ’ dx' ~  x' (x —■ x2)

dZ, __ (x2 — x') ( x — I) dT __ x 2 — x'
dx' x* (x — x 2) ’ dx' x ' {x  — x 2)

The first p a ir of equations m ust be integrated sim ultaneously but the second 
pair can then be in tegrated  by quadratures. This integration continues until
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x'  =  I when the  point M is reached. Beyond this point (on M K) the path  
of the discontinuity  approaches its steady state value asym ptotically in just 
the same fashion as before. T here will again be a particu lar condition on 
M , Z and xq th a t m akes ^  +  ^ = 2  a t M ;  in this case x x =  x x , x 2 =  * 2 at 
M and the true steady state is achieved in finity tim e T  =  In (i !x2). However 
we note th a t y  (t) =  x ( Z  , t) =  i for all t  >  o. Thus the ostensible steady 
state is attained  instantaneously  even though the true steady state is (excep
tional circum stances apart) only approached asym ptotically.

C o n c l u s io n

T he exam ples given show th a t the ostensible steady state of a dynam ic 
system  is clearly distinguishable from  the true steady state and, being an em- 
m inently  practical concept, is w orthy  of being so distinguished. It has been 
shown th a t in m any cases both are achieved sim ultaneously or approached 
asym ptotically  in the sam e m anner, but th a t there are cases in which the osten
sible steady state is attained  in a finite tim e (or even instantaneously) where 
the true  steady  state is achieved a t a later tim e or approached asym ptotically.

Control theory  envisiges the dynam ical systems of an “ input-output ” 
character (see e.g. K alm an, Falb and A rbib  1969, p. 10) in which no attention 
is paid  to the in ternal state space X. (Such are the popular boxes, of which 
N orbert W iener rem arked th a t he supposed they were black, ex officio). 
T he ostensible steady state is thus the steady state of an input-output system. 
But a w arning note should be added when the control of a system  is studied 
m erely in an inpu t-ou tpu t sense. N am ely th a t there are often constraints on 
a real system  th a t are as im portan t to the internal variables as to  the ou tput 
and a mode of control which observes these constraints on the output but 
allows then to be violated w ithin m ay be as fatal to the system  itself as a control 
which disregards the constraint altogether.
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