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Analisi matematica.. — A  Goursat problem for a system of 
interacting waves(#). Nota (**} di M e h m e t  N a m ik  O g u z t ö r e l i ,  pre
sentata dal Socio M. P i c o n  e .

R iassunto. — In questa Nota viene studiato un problema di Goursat per un sistema di 
equazioni di tipo iperbolico alle derivate parziali e alle differenze finite che descrive un si
stema di onde in interazione fra prossimi vicini.

i. In the present paper we investigate a physical system S which con
sists of fi -j- I cascaded interacting subsystems described by the equations

(1.1) S* : Zuk =  'ikuk+x — (Ys +  Y*-i) uk +  Yæ-i uk-\ +  vt (k =  o , \

subject to the conditions

(1.2) uk j^o =  uk l^o =  0 (k =  O , I

where y& are certain constants, vk =  vk (x , y) 's are certain given functions 
which are supposed to be continuous for all finite (x , y)  , uk =  uk Çx , y) 's 
are the unknown functions to be determined, and 3 is the “ total derivative ” 
operator in the sense of M. Picone [1 ] :

(1-3)
32 

dx dy

We assume that y~i “  y« =  o and =  un+1 =  o.
Clearly, Eqs (1.3) represent a system of damped waves which are inte

racting according to the nearest neighbors actions. Let us note that when 
uk and vk 's are functions of only one variable, say t, and the operator 9 reduces

to the ordinary differentiation with respect to /, 3 =  — , then the system (1.1)-

(1.3) become the differential-difference system considered in [2] which occur 
in certain birth-and-death processes [3], in particle waves and deformation 
in crystalline solids [4], and in several mechanical problems and in the inte
gration of certain partial differential equations [5].

Although the Goursat problem ( 1.1 )—( 1.3) can be reduced to the problem 
considered in [2] by the use of the techniques of Fourier transforms, we shall 
establish the solution directly by means certain forward and backward recur
rence relations, employing the method used in [2].

(*) The work presented in this paper was partly supported by the National Research 
Council of Canada under the grant NRC-A4345 through the' University of Alberta and by 
the Canadian Council Leave Fellowship W730016.

(**) Pervenuta all’Accademia il i°  luglio I974*
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2. It is well known that the solution of the Goursat problem

(2.1) du +  cu =  f ( x , y )  , u \x=0 =  « |j,=0 =  0

is given by the formula (cf. [7])

*  y

(2.2) u (x , y)  =  I" d£ j  R  (x , y  ; \  , yj) /  (^ , vj) dv)
Ò Ò

R (# , Ç , y)) being the Riemann function for the equation du +  eu =  o 
which is of the form

(2-3) R ( x  , y  it, ,rï) =  J (— c(x  —  t y ( y  —  rj)) ,

where
0°  7

(M )

(Compare also with [8]).
We now put

(2.5) Ck =  Ys +  Ys-i

and

(2.6) R*(* ; ? ,  n) =  O  — *)»•

Hence, the solution of the Goursat problem (1.1)—(1.3) is of the form

(2-7) uk(x ,y )  =  v k{ x , y )  + R* O » y  ; I , fi) uk+i { I . ■*)) dv)

a:

+  Y*-11*dS j Ri ( x  , y ,  I , VÙ uk_ 1 (Ç , tj) dv),
Ò Ò

where
* y

(2.8) V t (x , y)  =  j ’ d l  j R*(* , y  ; I , f\) vt (£ , ij) dr),
b b

for k =  o , î n. Clearly, all the functions V k ( x , y )  are completely
determined by the given functions vk (x , y).

Since u_i  (x , y)  — o, we have
x  y

«0 O  . y)  — V0 (* , y)  +  Yo d£ |* R0 (* , y  ; \  , tj) (Ç , v)) dvj.
b o

(2-9)
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And since
x  y

(2.10) . % (x , y)  =  Vi (x , y)  +  y! j" d£ j Rx fa:, y  ; Ç , 7j) u% (£ , y)) dv)
Ò Ò

x  yr '''*
+  ïo J de j Ri ( x  , y  ; cr, t )  uü (a , t )  ô t  :

0 0

we may write
*  y

(2.11) ux {x ,ÿ )  =  { W iO  , y )  +  Y i j  R i ( x  , y  ; £ , yj) «2(Ç, y)) dyj }
0 Ò

x  y

+  rf j  àZ j Si (x , y  , l , Y)) ux ( l , ï)) dv)
0 0

by virtue of Eq (2.9), where
x  y

(2.12) Wi (x , y)  =  V i (x , y)  +  y0 j  d£ Ri (x , y  ; E, , yj) V0 (Ç , y)) dyj
0 0

and

(2.1:3) Sx ( x  , y  ; l  , 7)) =  j de? j Rx (* , y  ; a , t )  R0 (a , t  ; Ç , 7]) dr .
\  î

Since Eq (2.11) is a Volterra integral equation of the second kind with respect 
to u x ( x  y y)> we have

x  y

(2.14!) «i { x  , ÿ )  =  Z 1 ( x  , ÿ )  +  Y1 ^ d l ^ T 1 ( x  , y \ l ,  yj) u 2 , y]) du) ,
Ö 0

where
a: 4/

(2.15) Z 1 ( x  , y )  =  W V* , _y) +  y2 j" dÇ IV *  , jv ; £ , y) ; y*) W i(£ , yj) dyj
0 0

and
* y

(2.16) Ti(*,j)/;Ç)Y)) =  Ri (*,>/; Ç,Y)) +  y2 j" d a  f  T x { x , y  ; o, t) Ri(ct , t  ; 5 , 4) dx
5 VI

and ^  , y  ; Ç , 7] ; X) is the resolvent of the kernel Sx (x , y  ; £ , 7)).
Now, putting

(2.17) ZoOr.jy) =  V0 (* ,y )  , T0 (* , y  ; ? , y)) ,=  R0 (x ,4V ; \  , yj),
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we assume that the following formula is valid for some k\

x  y

(2.18) % - iO  ,y )  =  Zk - i ( x , y )  +  Ys-i f  dE I Tk-x(x , y ;  E , tj) uk(E , vj) dyj.
0 b

Then, by virtue of the Eqs (2.7) and (2.18), we may write

x  y

(2.19) ut (x , y )  — { W* ( x , y )  +  yk j dE j  R k(x , y  ; E,, tj) % +1(H, , tj) d?) }
b b

x  y

+  y L i j d£ j  Sk (x , y  ; E , i\) uk (E,, yj) d-q,
0 0

where
x  y

(2 .2 0 ) Wi(x ,y)  = V i ( x , y )  +  Yi_1 I dE, j  Rk(x , y ; E,, yj) Z ^ X(E,, rj) dyj,
0 0

and
#  .r

(2.21) Sk(x , y ;  E , t ]) =  j da j  Rk(x , y  ; a , t)  , t  ; £ , tj)d r  .
5 z)

Since Eq (2.19) is a Volterra integral equation of the second kind in uk (x ,y),  
we have

x  y

(2.22) uk( x , y )  =  Zk(x , y )  +  Yk | dE j T k(x , y  ; E , yj) , yj) dv),
0 0

where
x  y

(2.23) z k( x , y )  =  W ,(*  ,y )  +  y L i j  f  r * (* >y ; ? ,  ; yL i) > *i) d7i
0 0

and

(2.24) T i ( x , y ;  E,t\) =  Rk( x , y ;  +
x  y

+  ï L i  j d(T j r *(.x  >y ; ? » *) ; rL i)  >T ; ? » n)
Z v .

dv,

and Fk (x , y  ; Ç , 7] ; X) is the resolvent of the kernel S  ̂(x , y  ; \  , 7]). Thus 
the recurrence formula (2.18) is also valid for k  +  1, if the functions W k, 
Tk, and T k are defined by the recurrence formulas (2.17), (2.20), (2.21), 
(2.23) and (2.24). Since formula (2.18) is true for k =  1 the induction is com-
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plete. Therefore formula (2.18) is valid for k == 1, 2 — 1. Thus, 
we can write

*  y

(2.25) un_x ( x , y )  =  ZM_j ( x , y )  +  y*_i j  d£ |" {x , 7  ; £ , yj) un ( I , yj) dv).
0 0

On the other hand, since ^ +1 =  o, we have

* j7
(2.26) Un(x ,ÿ )  =  Y „ ( x , ÿ )  +  y*-i j" d? J  R„(* ,.y ; £ , yj) «„_!<£ , yj) dY)

Ò 0

by virtue of Eq (2.7) with k =  n. Substituting the expression for u9r̂ 1 into 
Eq (2.26), we obtain the following Volterra integral equation

x  y

(2.27) Un{x ,y )  =  W n(x , y)  +  Y»_i J j  S*<A » J  ! S , >)) «*(£ . TÌ) dYj
0 0

whose solution is of the form
x  y

(2.28) u„(x,ÿ)  =  W „ ( x , y )  +  y ^ j  d $ j  r„(* , y  ; ? , yj ; ■£_,) W.(Ç , yj) drj.
0 0

Thus un (x , y)  is completely determined by the functions W n (x , y)  and 
r „ ( ^ , ^ ; ? , Y j ;  y ^ ) .

We now substitute un (x , ÿ)  given by Eq (2.28) into Eq (2.25). We then 
obtain

*  y

(2.29) u ^ { x  , y)  =  , y)  +  Y»-i J d£ j* , J  ; \  , yj) F„(£ , yj) dY)
0 0

where

F»(*..y) =  W  n(x , y )  ,

(2.20)

and

(2 .3 1 ) '

x  y

F„-\(x , y)  =  Zn_r(x , y)  +  y„-i [  dç | * , jy ; I , yj) F„(£ , yj) dY)
0 0

K(y ,y; = y L i  vn(y , y , l , yj ; y ^ ) ,

i , y  ; Ç , Y)) == |" d£ |"TK_X(at , ; 5 , t)  A„(a , r  ; % , yj) dx .
’ t  a

Hence the function unr.1( x yy)  is also completely determined.
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We now assume that uk (x , y)  admits a representation of the form
x  y

(2.32) uk(x , y)  =  F*(* , y) +  y* j d£ j" A *(* , y  ; I , t\) F„(S , i\) dr) .
0 Ö

Then, by virtue of Eqs (2.22) and (2.32), we can write
x  y

% -i(*  > y )  =  ( x , y )  +  y^.-i I d i  f  K ^ i x  , y ;  i  , tj) F„(£ , vj) dvj,
0 0

a:

F»-i(^ , y )  =  , y)  +  y ^  |*d? j " (* , .y ; i  , yj) F* (i  , tq) dvj
Ò Ö

* ^
A m (^  . y  ; ? , ?)) =  h  I"d<7 I"T * -!^  ,4 ; CT , t)  K k ( a  , t  ; i  , yj) d r  .

'% '•n

Since the formula (2.32) is true for k =  n, the formula (2.32) is valid for 
k — n , n  —  I, n — 2 , • • - , 1 , o, if the functions and are defined
by the backward recurrence relations (2.30) and (2.34).

Thus { u0 (x , y)  , ux (x , y)  , ■ ■ ■, u„(x , y)}, where uk (x , y)  is given by 
the formula (2.32), constitutes the solution of the Goursat problem (I .r)-(1.2).

(2.33)

where

(2.30)

and

(2.34)
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