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SEZIONE II
(Fisica, chimica, geologia, paleontologia e mineralogia)

Termodinamica. — The entropy rate admissibility criterion in ther­
moelasticity (*}. Nota (**} di C o n s t a n t in e  M. D a f e r m o s , presentata, 
dal Socio Straniero C . T r u e s d e l l .

R i a s s u n t o .  -— Si caratterizza l’ammissibilità di processi termodinamici con onde d’urto 
per corpi termoelastici mediante due criteri, uno dipendente dalla viscosità, l’altro sull’entropia, 
e si dimostra l’equivalenza di questi due criteri.

i. I n t r o d u c t io n

T he initial value problem  for the dynam ical equations of elasticity and 
therm oelasticity is not well posed in the class of smooth m otions [i] so th a t 
an existence theory  in the large can be established only for therm odynam ic 
processes w ith shock waves. On the other hand, in this class of processes there 
is no uniqueness of solutions. This observation was m ade long ago for the 
equations of gas dynam ics but in this case the entropy inequality  rules out 
all but one solution and thus resolves the difficulty. U nfortunately, as we shall 
see below, the entropy inequality  is not sufficiently powerful to single out a 
unique solution for general therm oelasticity. In  consequence the theory  m ust 
be supplem ented with additional constitutive assum ptions in the form of shock 
adm issibility criteria. One m ethod for m otivating reasonable adm issibility 
criteria is to visualize therm oelasticity  as an approxim ation of a more elabo­
ra te theory  for which uniqueness of solutions holds. In  this spirit, we dem on­
strate in Section 3 th a t by  visualizing a therm oelastic m aterial as the lim it of 
a fam ily of therm oviscoelastic m aterials of the Voigt type one obtains a 
shock adm issibility criterion, the viscosity criterion. A n analogous idea has 
already been tested in the study  of quasilinear hyperbolic systems and the 
experience accum ulated so far seems to justify  the approach (U.

Successful as the result m ay be, the approach is not entirely  satisfactory. 
Indeed, conceptually it would be preferable to characterize adm issibility of 
solutions by the in ternal structure of therm oelasticity theory  itself ra ther than  
through an artificial extension. Som ewhat surprisingly it tu rns out th a t the

(*) This research was supported in part by U.S. Naval Research Office under contract 
NONR Nooo- i 4-67^-0191-0009, in part by the U.S. Army Research Office under contract 
DA-ARO-D-3I-I24-73-G-I30 and in part by the National Science Foundation under grant 
GP 28931X2.

(**) Pervenuta all’Accademia il i° luglio 1974.
(1) For an elementary survey and a list of references see [2]. Although no general 

definitive results are yet available, it is known, for example, that the viscosity criterion gua­
rantees existence, uniqueness and stability of solutions for the model equation ut + / ( « ) x =  Q.

!. — RENDICONTI 1974, Voi. LVII, fase. 1-2.
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viscosity criterion is equivalent to a strengthened version of the second law 
of therm odynam ics. Specifically we show th a t the solution which satisfies 
the viscosity criterion m axim izes at each instan t the ra te  of increase of the 
entropy of the body. U nfortunately  the proof is com putational and does not 
provide any  clues on w hether m axim ization of the en tropy  ra te  is a particu lar 
p roperty  of therm oelasticity  or a general therm odynam ic principle applicable 
to a broader class of m aterials.

In  order to avoid cum bersome com putations we discuss here adm issibility 
of solutions for one-dim ensional bodies only. The existence theory  for quasi- 
linear hyperbolic system s suggests th a t the adm issibility criteria should be 
developed in the class of functions of bounded variation. However, in order 
to avoid technical m easure-theoretic argum ents and w ithout altering the 
spirit of the com putations we will work here in the class of continuous and 
piecewise smooth therm odynam ic processes with a finite num ber of shock 
waves. The proofs can be easily extended to the class of functions of bounded 
variation by using the apparatus developed by Volpert [3].

2. T h e r m o e l a s t ic it y  a n d  T h e r m o v is c o e l a s t ic it y

W e collect below the balance laws of continuum  therm odynam ics for 
one-dim ensional bodies and the constitutive equations of therm oelastic and 
therm oviscoelastic m aterials. For a detailed system atic treatm ent the reader 
is referred to the articles of the Encyclopedia of Physics on Classical and  N on­
linear Field Theories [4, 5].

A  therm odynam ic process is the pair (x (X , t) , 0 (X , t)), nam ely a 
m otion and a tem perature field. We shall use the notation v =  x t , u — x x , 
d  =  x Xf , g  =  0X. In  the class of continuous and piecewise smooth processes 
with shock waves, the balance laws and the principle of irreversibility, which 
are postulated in integral form, reduce to the field equations

pvt =  <7X +  p b
(2.1) IIII

ps, =  ad +  hx +  pr

(2.2) pYi* -  ( 4 ) x +  P T

at points of smoothness, and the jum p conditions

pU [v] +  [a] =  o

(2.3) U  [u] +  [v] =  o

pU +  — ^2j +  [av +  K\ =  o

(2.4) pU fo] +  [ - ]  <  O

across singular surfaces.
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The set of balance laws is supplem ented by  constitutive equations for 
<s , v \ , h  and the H elm holtz free energy =  s —  07) which are required to 
satisfy the C lausius-Duhem -Truesdell and T oupin inequality  (2.2) for all 
smooth therm odynam ic processes which satisfy the balance laws (2.1). For 
therm oelasticity (where the independent variables are u ,%  ,g )  this require­
m ent yields constitutive equations of the form

(2.5) <!> =  $ ( * ,  0) , <T= ô ( « , 0 )  , ïj =  î ( « , e )  , h  =  A ( « , 0  , g )

h (u , 0 , g ) g  ^  o.

For therm oviscoelasticity (where the independent variables are u , d , Q , g ) 
the constitutive equations are of the form

(2.6) <p =  <ji(«,0) , ( J = S ( u , d , Q , g )  , 7 ) = î ) ( ^ , 0 )  , h =  £ ( u , d , d ; g )

$ =  P - i  + ï ( u ’J > e ’S) . ^ =

t ( « , d , e , g ) d  +  ^ (u’f d’^ g > o .

3. T h e  V is c o s it y  C r it e r io n

Consider a therm oelastic body J l  characterized by its constitutive 
equations <jj , â , yj , h of the form (2.5). W e visualize J a s a  lim iting m em ber 
of a fam ily of therm o viscoelastic bodies which is constructed by the following 
procedure: W e begin with functions t  (u  , d ,  0 , g) and k ( u  , d , Q  ,g)  which 
satisfy (2.6)3 and for each p >  o we consider the body J l ^  w ith constitutive 
equations

(3- 0  (u » 6) =  41 (u ) 6) , Su (u , d , 0 , g)  =  5 (u , 0) +  t  (u , y.d, 0 , y.g)

tin. (u > 6) =  V (u , 6) , h», (u , d,  0 , g) =  k ( u ,  ft,g) -(- h(u,  p a (0 , p^-).

Observing th a t (2.6)3 implies, in particular, t ( « , o ,0,o )= o ,  £ ( « ,o ,0 ,o ) = o ,  
we conclude th a t the constitutive equations of J l  ̂reduce as p -s>o+ to the consti­
tu tive equations of J l .  This observation m otivates the following adm issibility 
criterion for solutions: W e shall say  th a t a continuous and piecewise smooth 
therm odynam ic process (x (X  , t) , 0 (X , t)), satisfying the balance laws, is 
adm issible if for each p >  o there is a sm ooth process (x^ (X , t) , 0,x (X , t)) of 
Jl». which satisfies the balance laws and tends to (x (X , t) , 0 (X , t)) as p -;-  o+. 
Since the viscosity criterion is not the m ain object of this note we shall not 
m ake the sense of convergence precise but, roughly speaking, we require 
th a t for small p (x^ (X  , t) , 0,̂  (X  , t)) approxim ates the profiles of the shock 
waves o f (x (X  , t) , 0 (X  , t)).
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A n im portan t feature of the above criterion is th a t it is independent of 
the choice of t  , h and can be expressed as an adm issibility condition on the 
shock waves of (x  (X , t) , 0 (X , t)) in term s of the constitutive equations of 
J t  itself. This fact is fam iliar from the theory of hyperbolic systems (see, e.g., [6] 
for a general description of the idea and [7] for a system atic discussion) so 
th a t we shall only present here a brief sketch of the derivation of the shock 
adm issibility condition.

Let (X , t) be a fixed point on a shock wave of (x  (X , t) , 0 (X , /)) and 
let U  be the speed of propagation and (u_ , , 0 , g _ ) , (u+ , v+ , 0 , g  ) be
the limits from the left and right. For (jl >  o we introduce new coordinates

? ^  ^ —  b )  ’ ? =  —7 {X  —  —  U ( / — L)}> tangential
and norm al to the shock wave, where (X^ , t^) tends to (X , t) as p. -> o+. 
W e w rite (x^ (X , t) , 0  ̂ (X , /)) and (2.1) in term s of Ç , £ and we let p. -> o+. 
Since (x^ (X , f) , 0  ̂ (X , /)) approxim ates the profiles of the shock waves of 
(x  (X , t) , 0 (X , t)) , (u^ , , g^) m ust tend, as (jl -> o+, to functions (u0 , vQ , g 0)
of £ alone which satisfy the system  of ordinary  differential equations

(3.2) pU^o (£) +  5 (u0 (£) , 0) +  t  (u0 ©  , ©  , 6 , o) =  o

U ü0 ©  +  *0 ©  =  o

pU £ (u0 (Ç) , 0) +  (a («o (£) , 0) +  t  («o (5) , (̂ ) , 0 , o)) v0 (Ç)

+  A (« 0  ©  , 6 , «^0 © ) +  h (« 0  (?) > ^0 ©  » Ö , o) =  o .

Elim inating v0 (£) between (3.2^ and (3.2)2 and integrating the resulting 
equation once we conclude th a t for every point ü  between u__ and u+ the 
in terval defined by ü  and u+ is positive invarian t under the dynam ical 
system  generated by the equation

(3.3) Î  C«o (?) . —  u ^o <S) , 0 , o) =  p u 2 («o (Ç) —  « J

—  (p («0 (?) . 6) —  5 («_ , 6)) •

O bserving th a t (2.6)3 implies, in particular, t  (u , af, 0 , o) d  ;> o, we deduce 
th a t the above condition is equivalent to

(3-4)
er (ü , 0) — a («_ , 0) 

ü — - p U '
>  o 
<  o

if U  >  o 
if  U  <  o

for every ü  between u_  and u +. Noting th a t on account of (2.3) 
pU2 =  [<r] [ u y 1, we conclude th a t (3.4) is equivalent to the following 
statem ent: if (u+ —  u_) U  >  0 (or (u+ —  u j)  U  <  o) the chord which joins 
(u__, g (u_ , 0)) w ith (u+ , è (u+ , 0)) lies below (or above) the g raph  of ê  (•, 0) 
between u_ and u+ (com pare with W endroff [8]). This condition will be 
called the viscosity adm issibility criterion.
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W e now study  the relationship between the viscosity criterion and the 
entropy inequality  (2.4). E lim inating [h] between (2.3)3 and (2.4) and using 
(2.3^ and (2.3)2 we arrive at

(3.5) puë [y)] +  [X] =  — pu [«|> + 1 v2] -  [<w]

=  u  ji- o + +  o  M -  p m ]

~  (® 0 +  . 9) +  â (u_ , 6)) (u+

W e observe th a t the right-hand side of (3.5) is U  times the (signed) area bet­
ween the chord which joins (u__, g (u__ , 0)) with (u+ , g (u+ , 0)) and the graph  
of g ( •, 0) between u_ and u+. Therefore, every solution which satisfies the 
viscosity criterion satisfies autom atically  the entropy inequality  (2.4). The 
converse, however, is not generally  true. Indeed, (2.4) and the viscosity 
criterion are equivalent only when for each fixed 0 a ( * , 0 )  is convex or 
concave. This explains why for polytropic gases the entropy inequality  is 
sufficient to single out the adm issible solution.

u_) —  G (u , 0) du >

4. T h e  E n t r o py  R a t e  A d m is s ib il it y  C r it e r io n

In  the previous section we have seen th a t the entropy inequality  is in 
general w eaker than  the viscosity criterion. H ere we show th a t the viscosity 
criterion follows from a strengthened version of the second law af therm ody­
namics.

D e f i n i t i o n .  A continuous and piecewise smooth thermodynamic process 
(x (X , t) , 0 (X , t)), satisfying the balance laws, is admissible according to 
the entropy ratf criterion i f  fo r  each t  >  o it maximizes the rate of increase 
of the entropy of the body over the set of processes which satisfy the balance laws 
and coincide with (x (X  , t) , 0 (X , t)) fo r  t  <  t .

T he following proposition establishes the equivalence of the viscosity 
and the en tropy  ra te  criterion.

THEOREM. Every continuous and piecewise smooth thermodynamic process 
which satisfies the viscosity criterion satisfies also the entropy rate admissibility 
criterion.

The proof proceeds as follow s: W e consider a therm oelastic body w ith 
reference configuration the in terval [a , b] and constitutive equations (2.5). 
For any  continuous and piecewise sm ooth process (x (X , t) , 0 (X , t)) w ith 
a finite num ber of shock w av es(2) which satisfies the balance laws, the ra te

(2) For normalization we assume that each shock wave is defined on a time interval 
which is closed from below and open from above.
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of entropy increase *'at x >  o is given by
■ • b

(4-0  —  f  pit d x  =  —  2  pU M  +  2  f  pr„ d x
J  shocks J

a

where the first sum m ation runs over all shock waves which intersect [a , b] 
at tim e t  and the second sum m ation runs over all intervals into which [a , b] 
is partitioned  by  the above shock waves. A t points of smoothness one deduces 
w ith the help o f (2.1) and (2.5)

I  h \  . hhx . r
™ =  (-» )* + i r  +  P-5-

S  (pV M +  [ ! ] ) + J ( ^  +  P- )  d ,  +  { [ .
a

U sing (3.5) we rew rite (4.2) in the form
b

(4-3) y)Y  I P7) dx =  j — (v (u+ , 0) +  g (u_ , 0)) (uj_ — u__) —
J  shocks ' ^
a

j  g (u , 0) d ^ | +  j  +  p y )  d x  +  —
u_ a

Thus, if  two processes coincide for t <Ç x, their rates of entropy increase at 
x m ay  differ at m ost in the sum m ation term  on the right hand  side of (4.3) 
and this only at points where new shock waves are branching out. T he com pa­
rison of such term s is quite tedious and is contained in the proof of Theorem  
2 [9] so th a t it will not be repeated here. T he com parison verifies th a t the
ra te  o f! entropy  increase is m axim ized by the process which satisfies the visco­
sity  criterion.

T he theorem  justifies the entropy rate criterion but the proof leaves some­
thing to be desired since it does not reveal any intrinsic reason w hy the propo­
sition is true  and thus does not provide any clues on w hether m axim ization 
of the en tropy  ra te  is a particu lar p roperty  of therm oelasticity or a general 
therm ödynam ic principle.

It is conceivable th a t the solution which maxim izes the ra te of entropy 
increase will also m axim ize at each instant the entropy of the body over the 
class of processes which satisfy the balance laws and assigned in itial and boun­
d ary  conditions. However, I have been unable to verify this conjecture.

There are strong indications th a t the viscosity (and hence the entropy 
rate) criterion guarantees existence, uniqueness and stability  of solutions 
but so far this has been established rigorously only for the model equation 
ut “h f  Cu)x ~  °*

so th a t (4.1) gives
b

(4.2) ^  j  p f j d x =  —
a
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It is possible to characterize adm issible solutions of the equations of non­
linear hyperelasticity  by an analogous criterion. The appropriate requirem ent 
is th a t adm issible solutions m inim ize the ra te  of decrease of the mechanical 
energy of the body. T he equivalence of this and the viscosity criterion has 
been established in [9].
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