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Matematica. — Canonical systems on flag manifolds . Nota ¢
di Samuer A. ILori, presentata dal Socio B. SEGRE.

RIASSUNTO. — Vengono calcolate le classi di Chern delle varietad di bandiere di lun-
ghezza 1 e costruiti geometricamente tutti i sistemi canonici di certe grassmanniane.

§ 1. INTRODUCTION

Given integers ¢;,---, ¢, such that
qulggzﬁ"'ég,n:”’

one defines a (¢;, ", ¢,,)-flag as a nested system

S: §,CS,C---CS,,, dim S, =g,

of subspaces of S,, the complex »—dimensional projective space. The
set of all such flags is called an incomplete flag manifold in S, and is
denoted by W (¢, -, ¢,,), where ¢, ,--+, ¢, are called the flag—dimensions
of W(g1,-+-,¢,) (cfr. [1], [2]). Special cases are the complete flag mani-
fold, W(o,-:-,»), which is denoted by F (» + 1), the flag manifold of
length », W (0, -+, 7, ») and the Grassnannian, W (» , #). In § 2, we shall -
find explicitly all the Chern classes of W (0, 1,#%). In § 3, using the Ehre-
smann subvarieties introduced in [2], we shall also construct geometrically
all the canonical systems of W (1, 6).

§ 2. CHERN CLASSES

asis for O, --+,7,7n)) 1s a set of monomials
A basis for H* i f ial
Yo Yy

where the a@; are integers subject to the restriction
o<, <n—1, f=0,-+,7)

(cfr. Theorem 1, p. 4-19 in [5]). In this section, we find the various
Chern classes of W (0, 1,#) in terms of the above basis. First we find
H* (W (0, 1,7)) in two ways with two sets of basis elements and find a
relationship between them. '

(*) AMS(MOS) subject classifications: Primary 14M1s, 55F40 and 57D20; Key words.
Ehresmann subvarieties, W (0,---,7, %), W (m , 7).
(**) Pervenuta all’Accademia 1’8 agosto 1974.
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PROPOSITION 2.1.  The cohomology ring of W (0, 1, %) is given either as

H*(W(O:I,”))=Z[3,ﬁ]

subject to
8n+1 N and nn =v “,:1 (n—zi-x) Sinn—z’
or as
H* (W (0, 1,7)=2Z[Yy, ]
subject to,

S, (Yo, Y1) = 0= Gus1 (Yo, Y-
Moreover, the two sets of generators are related in the following way:
3=y, , n= Yo — Y1-
Proof. W (0, 1,n) can be considered as a bundle
W(o,I,n)——n—>W(o,n), fibre W (o,n—1).
It, therefore, follows from Theorem 1, p. 4-19 in [5] that
H* (W (o, 1,n) =="H*(W (0, n) ]

subject to

g ('_ I)" 7-:* (Ci (W(O ’ %))Y]”—’. —0.

But H* (W (0, #)) = Z [#] subject to *+1 =0 and the first part of the Pro-
position follows by substituting for ¢; (W (0, %)) from p. 70 of [3] and putting
d=n*x. When W (0, 1,7) is considered as a flag manifold, then from
Theorem 1, p. 4-19 in [5], we have that

H*(W(O’I’n>)=Z[YO)YI’{6i<Y2)""Yn)|i=I)"'r”—l}]
subject to

1'%(1——Y,-)=1,

from which the second part follows easily. To find a relationship among the
generators, we first put '

YO = 7} + 8 ) Yl = 8
and assume that

E"(T)+8,8)=O=E”+1(‘Y]+8,8).
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Note that
(22)  5,(n+3,9)= § (n+8"" ¥ = L [5_‘. (”—“)] I
5 ()
Hence
~=E )
Also, since 5, (n +8,8) = 0 = Gpp1 (q + 3, 3), we have that

Eﬂ—1<"]+8’8)'62<7]+8y8)20'
But

n—1
Gu1 (0 +8,8)-05(n +38,8) =(n ‘]‘8)8;)(7—7]2-1)7773"“1":

SR> SSE AP TEFEEEERE

7=0
i TER LA e | BRY S EL s
- — (e + 1) S”H—E (Zi;) yrtl=r 4 Z (fj—_i) e §rHi-r + P

_ 3”+1

Thus 8n+1 = 0
Conversely, we put 8 = v; ,M = Y, —¥; and assume that

”

T = and (Yo —1)" = — 2 (" 7)o — .

5o, =2 (I m—nw i by G,
=o0, (by hypothesis),

a“d Gt (Yo, Y1 =11 + %G, (Yo, 1)
=0, (by the above and the hypothesis).

PROPOSITION 2.3. Let V* be the tangent direction bundle of an algebraic
variety N of complex dimension n. Then the total Chern class of V is given by

VY =tV B — (),
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subject to
(e (V) =o,

7=

where T : V"V, fibye W (0, n—1). Furthermore,
A n
o (V) = 26 26 (— 1)* (Z:j) 7 (es (V) e (V) 17
Proof. The result follows immediately from p. 41 of [4] and section 15

of [71].
COROLLARY 2.4. Let W (0, 1,%) be a flag manifold of length 1. Then

GV 1= 3 B () () () v,

i=max (0,k—n) s=0

subject to
n__ < 741 i n—i
K ;1( DL
Proof. W (o,1,%) is a tangent direction bundle and hence from the

Proposition, we have that
(W, 1,n)=

= é:l] :ﬁ (— )t (Z:j) (— 1) (”j“) 3 (— 1) (:ti i) 5

=0
(Cfr. p. 70 of [3]).
The result now follows since 8! = o and the highest power of v is 7.
The condition

=—2

=1

n+1 i n—i
(7)o
also follows from the Proposition and p. 70 of [3].

§ 3. CANONICAL SYSTEMS ON W (1, 6).

LEMMA 3.1. The elements
0; (Yo, "+ Y) € HY (W (2, m)),
1< i< m + 1, generate the Z-algebra H* (W (m , n)) subject to
Furi(Mps - T) =0,  iZo.

Proof. The proof follows from Theorem 1, p. 4-19 in [5].
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LEMMA 3.2. 7In the notation of [2],
6,(n,9;F)=(— 1wy (g;F), where F =F (n 4+ 1).

Proof. Consider the following commutative diagram of fibre bundles

GL (2 + 1) S22, W (g, )
A

g

A(n+1) kg
N
F(n+1)

Let A, A" be the sub-bundle and quotient-bundle associated with the principal
GL (¢ + 1,7 —g)-bundle A over W (g, z). Thus A" is an (g + 1)~dimensional
vector bundle over W (¢, #) such that

L';,()\’>:TC*G;,(Y0,"','Y¥), ﬁ=1,"’;¥+1,
=o0,(n,q;F).

By considering the universal bundle over W (g, %), the A™~characteristic
class is the Schubert subvariety representing the [¢]’s which meet a fixed

[#—¢ +7%2—2] in an [A—1], i.e. w;1(g; F) (cfr. [6]). The result now
follows since

wii(g; )= (=)' )  (cfr. 204 of [71I]).

PROPOSITION 3.3. The canonical systems of the Grassmannian
W =W (1,6), are given by (where we write [a,b] for [(a,d); W]):

Xo (W) = 21 [5,6],

X1 (W) = — 105 [4, 6],

Xa(W) = 245[3,6] + 140 [4, 5],

X3 (W) =—315[2,6] —350[3,5],

Xe(W) = 217[1,6] + 4906 [2, 5] + 252 [3,4],
X5 (W) =— 63[0,6] —238[1,5] —336[2,4],
Xe W)= 57[0,5] + 191 [1,4] + 143 [2, 3],
Xe(W)=— 42[0,4]— 98[1,3],
Ke(W)=  22[0,3] + 25[1,2],

X9(W)=_ 7[0)2]-
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Proof. By the remark in section 1.4 of [2], the following table gives an
additive basis of H* (W (1, 6)) both in terms of Ehresmann varieties and in
terms of the v;, where we put 6;=0,(Yy, Y1), 5, =75, (Y, Y-

BASE IN TERMS
DIMENSION EHRESMANN BASE OF THE v;
10 [o,1] !
9 [0y2] — 61
8 [0,3] L
[1,2] Oz
7 [0,4] —0s
[1,3] %102
6 [0,5] %
[1,4] 030y
[2,3] o3
5 [0,6] —0s
[1,5] —%203
[2,4] —0, G:
4 [1,6] 0204
[2,5] 53 Oy
3
[3 ’4] 62
3 [2,6] —030,
[3,5] —0%102
2 [3,6] c';’ Ez
[4,5] %
1 [4,6] —0,03
o [5,6] 53

From 29.4 of [71I], the canonical systems on W (1, 6) are related to the Chern
classes of W (1,6) by the formula

Xm_;,(W)=(—~)"c,,(W), =1, -, 10.
From p. 522 of [7I], the total Chern class of W (1,6) is given by
cOW (1, ) =[0 + o) + 70 +o) o+ (1)t + o) o+ + o]
X[+ @—1"+ -+ 10— 10" |
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Since negative generators have been used in the calculation of the total Chern
class, it follows that

Xi0-1 (W) = ¢, (W).

We now calculate the Chern classes of W (1, 6) using the fact that from
Lemma 3.1, G4.;= 0,7 >0, the identities = (~—)}’ 6,G;_3 =0,

Lemma 3.2 and Monk’s Intersection formula [8]:

eg=—70,=—7[o,2],
a=[(])+1]ed=30=20w @+ 301,21" = 22 [03]" + 251, 2T,

= (;) o} + 420105 + 70, (6] —46,) = 426} = 146,06, = — 42 w (1)* —

— 14w (1) [1,2]" = —42 [0, 4] — 081, 3T%,

€y = (Z) 6%+(Z) o} (6] — 4 03) + (61 — 406" + 70, [(6) 6%4‘6%*462] +

2
+ (1) e =570t + 200t 0y + 90k —570f + 2008 0,— 0T 0; + 95, =
= 57w (' 4+ 20w (1)’ [1,2]* — 9w (1) [0, 4] +9 [0, 5" = 570, 5]" +
+ 19 (1, 41" + 143 [2, 375,

a= () (1) Aot g0 (T)onh— st s

Fraf(E) o ()t —an] + ()4 (2

2 I

= 63614350106, — 49 61 63+496,5,= — 63 [0, 6]— 238[1, 5]*— 3362, 47",

am G smet () re (8t (1) (1) 4 () =
= 6401 + 3561 0, — 138 6 Gy — 139 01 54— 2 6, 55 =

= 217[1,6]" 4 406 [2, 5]* + 252 [3, 4],

67=,(G%-462)€5 +°'Z +702(§)Gi —f"(Z) (;) G‘;’—I—(;)Gg(?)c]‘:
=64Gz + 35 Gf"z——259 6153 + 313 cf&l———nz G?E5=

=—315[2,6]"—350[3, 5%,
a=G—smactrnd+ (1) (5] o+ (1) 4() 4+ (7) i -

= 640 6] — 4 0} 0, — 348 o} 53 + 656 o1 5, — 655 63 55 =

= 245 [3, 61"+ 140 [4, 5T,
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o= Gimtoe t (1) e+ ()2 () A+ (1) ()

I
9 6— 5— 4— 5
=—64GI—-221G'{Gz——2596163+3IS6164-II2GIG5~—I4OGIG§+
4 — 3 = 2 5 ‘o3 3
+ 1036 61 63 63 — 1260 67 65, G4 + 21 63 6; -+ 140 o} 6 + 105 oy cg =

= — 105 [4 ’ 6]*’

0= (61 —405) g + (;)‘ch,%_]_ (2)63(2) of + (;) o; =
= 64 61’ — 260 6} 6, — 348 0] 3 + 636 o} G4 — 655 0% &5 - 16 % o2 +

+ 1302 6] 0, 53 — 2424 61 63 54 + 35 61 63 -+ 105 6} b + 21 &b — 21 [5,6]"

COROLLARY  3.4. The canonical systems on the Grassmannian,

W =W (4,6), are given by (where we write [abede] for [(a,b,c,d,e); W]:

Xo(W) = 21 [23456],

X1 (W) = — 105 [13456] ,

X2 (W) = 245 [12456] + 140 [03456] ,

X3 (W) = — 315 [12356] — 350 [02456] ,

X4 (W) = — 217 [12346] + 406 [02356] -+ 252 [01436] ,

X5 (W) = — 63 [12345] — 238 [02346] — 336 [01356],

Xe (W) = 57 [02345] + 191 [01346] + 143 [01256] ,

X7 (W) = — 42 [01343] — 08 [01246],

Xg (W)= 22[o1245] + 25 [01236],

Xy (W) = — 7 [o1235].

Proof.  The result follows from the Proposition since, by duality,
W(4,6)=W(1,6).
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