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Matematica. — Canonical systems on flag  manifolds (#). Nota (**} 
di S a m u e l  A. I l o r i , presentata dal Socio B. S e g r e .

R iassunto. — Vengono calcolate le classi di Chern delle varietà di bandiere di lun­
ghezza i e costruiti geometricamente tutti i sistemi canonici di certe grassmanniane.

§ i .  I n t r o d u c t io n  

Given integers ,*•*, such that

o <  q1 <  ç2 <  • • • <  qm =  » ,  

one defines a ($1, • • •, ^w)-flag as a nested system

S : S?i C S?2 C • • • C S?w, dim S t . =  qiy

of subspaces of Sni the complex ^-dimensional projective space. The
set of all such flags is called an incomplete flag manifold in Sn and is 
denoted by W ,• • - , qm), where qx , • • - , qm are called the flag-dimensions 
of W  (qx , • • • ,  qm) (cfr. [1], [2]). Special cases are the complete flag mani­
fold, W  (o ,• • - , n), which is denoted by F (n +  1), the flag manifold of 
length r  , W  (o , • • •, r  , n) and the Grassnannian, W (m , rì). In § 2, we shall 
find explicitly all the Chern classes of W (o , 1 , n). In § 3, using the Ehre- 
smann subvarieties introduced in [2], w$ shall also construct geometrically 
all the canonical systems of W (1 ,6).

§ 2. C h e r n  C la s s e s  

A basis for H* (W (o , • • •, r  , n)) is a set of monomials

On Ö1 O
To Ti * * * Y/

where the a{ are integers subject to the restriction

o < < n — i , (* =  o , • • •, r)

(cfr. Theorem 1, p. 4-19 in [5]). In this section, we find the various 
Chern classes of W (o , 1 , n) in terms of the above basis. First we find 
H* (W ( 0 , 1 ,  nj) in two ways with two sets of basis elements and find a 
relationship between them.

(*) AMS(MOS) subject classifications'. Primary 14M15, 55F40 and 57D20; Key words. 
Ehresmann subvarieties, W (o ,• • •, r  , n) , W (m , n).

(**) Pervenuta all’Accademia 1*8 agosto 1974.
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PROPOSITION 2.1. The cohomology ring of W (o , 1 , n) is given either as 

H* (W (o , I , n)) =  Z [8,73]

subject to

SB+1 =  o and i f  =  — +

or as

H* (W (o , I ,»))== Z [Y0 , Yi]

subject to,

(To > T i) =  °  =  fffH-1 (To » Ti)-

Moreover, the two sets of generators are related in the following way\

S =  T i , ^ “  To —  Ti-

Proof W (o , I , n) can be considered as a bundle

W (o , I ,n )  W  (o , fibre W  (o , ^ —: i).

It, therefore, follows from Theorem i, p. 4-19 in [5] that 

H* (W  ( 0 , 1  ,n))  =  7T* H* (W (o , »))-[tq]

subject to
n

(— 0*' (W (o , *)) YJ— • =  O .

But H* (W (o , nf) =  Z [x] subject to x n+l =  o and the first part of the Pro­
position follows by substituting for ci (W (o , nj) from p. 70 of [3] and putting 
^ =  x - When W ( 0 , 1 , » )  is considered as a flag manifold, then from 
Theorem 1, p. 4-19 in [5], we have that

H* (W (o , I , «)) =  Z [y0 , Yi > {<*,• (Y2 > • • • » Y») I *" =  1 >•*•>« — 1}]

subject to

f r c ï — Y,■)= ' ! ,*=o

from which the second part follows easily. To find a relationship among the 
generators, we first put

To =  *) +  § , Ti =  8

and assume that

Gn Oq +  8 > S) =  o =  aw+1 (y) +  8 , $).
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Note that

( 2 .2 )  ä n (Y) +  8  , 8 ) =  2  (y\ +  8 )* " * 's*'
*=ö

8n-r

Hence

n

=à U h *  •

n
n V ’ / ^  +  1 \  ** n

” =  ~ £ (  ; ) 8 ’

Also, since tsn (7) +  8 , 8) =  o =  an+\ (yj +  8 , 8), we have that 

°n- 1 0 ) +  8 , S) • CTa (il) +  8 , 8 )  =  0.

But

(V) +  s , S) .a a (7) +  S , S) =  (n +  8) 8 2  i l ,) V  S”“ 1-'- =
r=0 v "F V

= v)” s + 2  (r “ j) V+1 a"-' + "ïj (r * J tj' r+1-" + =
n n—1

=  -  s  ( T )  8' +1 i ' - r +  s  [ ( ; )  +  ( 4 , ) ]  » ' s*” - ' + » y +i -

- - ( »  +  ■) r + ‘ - S  (“ +  ■) 8-+I- '  >)' + ' | j  Ç + ;) V  r +1- '  +  »S -«  =

5NW+1

Thus 8K+1 =  o.
Conversely, we put 8 =  yx , Y) =  y0 — yx and assume that

Y? 1 o  and (y0 -  Yl)" =  -  g  (*  +  ’ ) YÎ (Y0 -  Y i T  

*»  (Y0 , ï i )  =  S .  ( ” J  J) (Y0 —  Yj)r y T ”, (b y  (2 .2 )) ,

=  o , (by hypothesis),

and Gn+i (Yo » Ti =  Yi+1 +  Y0 on (y0 , Yi)

=  o , (by the above and the hypothesis).

PROPOSITION 2.3. Let V* be the tangent direction bundle of an algebraic 
variety V of complex dimension n. Then the total Chern class of V is given by

00
,  (V*) =  TU* * (V) . 2  ( I  -  Y))”- ’' 7X* r, (V ),

*=0
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subject to

2  (— I)*V*,.(V)YJ— ' =  0 ,
z'=0

where re : V*-> V, W (o , n — 1). Furthermore,
h n

Ch ( V ) - n  ( -  0 *"’’ (I  ;) ** C, (V) f ,- , (V)) yf
i  =0 j=0 V*““

Proof. The result follows immediately from p. 41 of [4] and section 15 
of [71]. '

COROLLARY 2.4. Let W (o , 1 , n) be a flag manifold of length 1. Then
min (h, n) n

E 2f = max (g,h — n) ,y = (JCh
min(h , n) n

(w  ( o , I , »)) =  s  s  ( -  0* (nh ~  ■) (” c )  ( r + 1) *
z =  max(0 , A - n )  s =  0 1 ' \  S I \ l  ' S ’

subject to

n V» l n  +  l \  ** *

Proof. W ( o  , I , n) is a tangent direction bundle and hence from the 
Proposition, we have that

ch (W (o , I ,n)) =

- J j  %  c -  o 1-* c i : )  ( - o - ( ” r ) s< < -  o ' -  :) « -

(Cfr. p. 70 of [3]).
The result now follows since 8K+1 =  o and the highest power of r\ is t f  . 

The condition

also follows from the Proposition and p. 70 of [3].

§ 3. C a n o n ic a l  S y s te m s  o n  W ( i , 6).

Lem m a 3.1. The elements

■°i (To . ' ' ' - Y j  e H2‘ (W ( t n  , »)),

I <  i  <  m  +  I , generate the 7,-algebra H* (W (m , nj) subject to

° m + i  ( ï o  I * • • , Y j : =  O , Ì  >  O.

Proof. The proof follows from Theorem 1, p. 4-19 in [5].
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L e m m a  3 .2 . In  the notation of [2 ],

<sh (n , q  ; F) =  (— i f  -wh,x (q ; F), where F =  F (n +  i).

Proof. Consider the following commutative diagram of fibre bundles 

GL in +  i) GL(?̂ W (q , n)

F in +  1)

Let X', X" be the sub-bundle and quotient-bundle associated with the principal 
GL (q -f- I , n  —-y)-bundle X over W  (q , n). Thus X' is an (q +  i)-dimensional 
vector bundle over W  (q , n) such that

ch (X') =  7t* CT* (Y0 ,• • -, yf) , h =  I , ••• .$'  +  I,

=  ai ( n , q ;  F).

By considering the universal bundle over W ( q , n), the ^ -ch a rac te ris tic  
class is the Schubert subvariety representing the [q]’s which meet a fixed 
[n — q +  h — 2] in an [h— 1], i.e. w^ti ( q ;  F) (cfr. [6]). The result now 
follows since

m ,i  ( q ; F)  =  (— f  ch (X') (cfr. 29.4 of [7 II]).

P r o p o s i t i o n  3 .3 . The canonical systems of the Grassmannian 
W == W (1,6),  are given by (where we write [a , b\ fo r  [(a , b) ; W]):

X o (W )=  21 [ 5 ,6 ] ,

Xl (W) =  — 105 [4 ,6 ] ,

x2 (W) = 24s [3,6]  + 140 [4 ,5 ] ,

X3 (W) =  — 315 [2,6]  — 350 [3 , 5] ,

X4 (W) =  217 [1,6]  +  406 [2 , 5] +  252 [3 ,4 ] ,

x5 (W) =  — 63 [ 0 , 6 ] - 2 3 8  [I , 5] — 336 [2 ,4 ] ,  

x6 (W) =  57 [o , 5] +  191 [1,4]  +  143 [ 2 ,3 ] ,

x7 (W) =  — 42 [o , 4] — 98 [1 , 3] ,

X8 (W) =  22 [o  , 3] +  25 [1 , 2] ,

X9 (W) =  — 7 [o , 2] .
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Proof. By the rem ark in section 1.4 of [2], the following table gives an 
additive basis of H* (W (1,6))  both in terms of Ehresmann varieties and in 
terms of the yy, where we put Gj =  <jy (y0 , yx) , gj =  Gj (y0 , y ^ .

Dimension Ehresmann Base Base in terms
OF THE v.

lJ

10 [0,1] I

9 [0,2] —  CJi

8 [0,3] ^ 2

[1,2]

7 [0,4] — ä 3

[1,3] — <7 l <r2

6 [0,5]
[1,4] ^ 2 ^ 2

[2,3]

5 [0,6] _ a 5

[ i ,5] ---- ^ 2 ^ 3

[2,4] ~ a l a l

4 [1,6] g 2 g a

[2,5]
[3,4]

3 [2,6] — e l  c E2 3

[3,5] — • g 1 cr2

2 [3,6]
[4,5]

I [4 ,6]
- a l a t

0 [5,6]

From 29.4 of [7 II], the canonical systems on W (1,6)  are related to the Chern 
classes of W (1 ,6 )  by the formula

x 10_* (W) =  (—)**, (W) , h = i , . . . ,  10.

From p. 522; of [71], the total Chern class of W (1 ,6 ) is given by 

c (W (1 , 6)) =  ĵ (i +  <*i)7 +  7 C1 +  <*i)6 072 +  ( 2 ) ^  a2 +  * ’ * +  <4] X

x  [I +  (Ti — y0)2 H-------- h (ri — To)10]-
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Since negative generators have been used in the calculation of the total Chern 
class, it follows that

X10-A (W) =  ch (W).

We now calculate the Chern classes of W  (i ,6 )  using the fact that from 
Lemma 3.1, ctr+j- =  o , i >  o, the identities 2  (— )h aA a ^ A =  o,

Lemma 3.2 and M onk’s Intersection formula [8]:

*1 =  — 7 ®i =  — 7. [° * 2 ]*,

C* =  [ (2 )  +  *] ^  =  3 °2 =  22 w  ( i )2 +  3 [1 . 2]* =  22 [0,3]* +  25 [1 , 2]*,

3̂ =  (3 ) 4  +  42 +  7 O’! (o? — 4 <*2) =  42 cj =  14 Oj ct2 =  — 42 ze; ( i)3 —

— H » ( i )  [1 , 2]* == — 42 [0,4]* — 98 [1 , 3]*,

c* =  ( 4 )  +  (2 )  °i (Pi —  4 ffa) +  (of — 4 a2)2 +  7 cj2 ^   ̂j al +  cl —  4 csr2J +

+  ( 2 ) ° 2 =  5 7 CTi +  20 g\ <s2 +  9  g% =  5 7 af +  29 of <t2 — 9 <j3 <7! +  9 cF4 =

=  57 w  (x)4 +  2 9 ^  ( i)2 [ I  , 2 ] *  — 9 0 / (i) [0 ,4]*  + 9 [ o ,  s f  =  57 [ o ,  5]* +  

+  Ï9 [ 1 .4]* +  143 [2,3]*,

5̂ =  ( 5 ) +  ( 3 ) CT1 (CTi — 4 +  ( J ) (<?1 — 4 c2)2 +

+  7<*2 [ ( 3 )  +  ( j )  ®i (oì  — 4 ®a)] +  ( I )  of ( , )  <*i='

=  63 <?i+35<ti <72 — 4 9 (7iö :3 + 4 9 ffiö r4 =  — 63 [0,6]*— 238 [1,5]*— 336[2,4]*,

<M5 =  Ol ~  4 ct2) *4 +  ( 6 ) CT1 +  7 <*2 ( 4 ) d  +  ( 2 ) <4 ( I ) CT1 +  ( 3 ) =

=  6 4  <7® +  3 5 <4 ff2 -----  13 8  (73   I 3 9  <74 C74 - 2  (74 CTg =

=  217 [ I  ,6]*  +  406 [2, s f  +  252 [3 ,4]* ,

, 7 =  (0 Î- 4  *2) .5 +  d  +  7 -2 ( ‘ ) 4  +  ( I )  ( l )  oî +  ( l ) 4 ( î )  =

—  6 4  Cl\ + 3 5  <7® a 2 —  2 5 9  C?î ffg +  3 1 5  (7j <74 ----- I 12 C74 (7g =

=  — 315 [ 2 , 6 f  — 350 [3 , 5]*,

c* =  (°1 — 4 CT2) *6 +  7 ^2 +  (2 )  of ( J )  d  +  (3 )  4  ( 2) °i +  (4 )  ®2 =

=  640 04 4 (Tj (72 348 cr4 (73 +  656 <74 (74 ---655 <3i C7g =

=  245 [ 3 , 6 ]*+  140 [4,5]*,
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c9 —  (ffl  4  ff2) ^7 +  (  2 )  CT2 ^ )  <?2 (  J  j  <?2 I  J )  =

=  6 4  Oj • 221  c j f f 2 -----  2 5 9  (7® <Tg +  3 1 5  CTi C74 ---- I 12 F 5 ---- 1 4 0  <7® o f -f-

+  I 0 3 6  cr2 C7g ---   1260  <7l a 2 CT4 +  21 <72 (7l +  140 <7® (72 +  IOS <74 C72 =

=  — 105 [4 ,6]*,

C10 —  (®1 4 ff2) ^8 +  Q ) a 2 ct2 +  ^ j ct2  ̂2 ) a l  +  ( 5 ) C2 =

=  6 4  <7“  —  2 6 0  <7i <72 ----  3 4 8  <s\ G3 +  6 5 6  (7? 0 4 - 6 5 5  <7? ä 5 +  l 6  (7? a |  - f

+  I 3 9 2  (7i C72 G3 —  2 4 2 4  <jf (72 T 4 +  35  <7? C72 +  105 g\  <72 +  2 I C72 =  2 1 [ 5 , 6 ] * .

C o r o l l a r y  3-4- The canonical systems on the Grassmannian, 
W  =  W (4 ,6) ,  are given by (where we write \abcde\ fo r  [(a , b , c , d , e) ; W]:

X0 ( W ) =  21 [23456],

Xi (W) =  — 105 [13456] ,

X2 (W) =  245 [12456] +  140 [03456]

X3 (W) =  — 315 [12356] — 350 [02456] 

X4 (W) =  — 217 [12346] +  406 [02356] 

x5 (W) =  — 63 [12345] — 238 [02346] 

x6 (W) =  57 [02345] +  191 [01346]

X7 (W) =  — 42 [01345]— 98 [01246] 

Xs (W) =  22 [01245] +  25 [01236]

X9 (W) =  — 7 [01235].

+  2 5 2  [0 1 4 5 6 ]  , 

—  3 3 6  [ 0 1 3 5 6 ] ,  

+  143  [ 0 1 2 5 6 ] ,

Proof. The result follows from the Proposition since, by duality, 
W ( 4 ,6 )  s* W  (1 , 6).
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