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Topologia. — A n  axiomatic topological characterizatio?i of an 
uncountable product of real lines. Nota di J o h a n  S w a r t  presen­
tata dal Socio G. S a n s o n e .

R I A S S U N T O . — L’Autore dà condizioni necessarie e sufficienti affinché uno spazio topo­
logico sia omeomorfo al prodotto di un’infinito non-numerabile di rette.

In  [5] the A uthor gave an axiom atic topological characterization of Kn 
G -dim ensional Euclidean space) and of R°° (countable infinite product of 
real lines) based on ideas and m ethods used by J. de Groot in his characte­
rization of the n-cell, l n} and the H ilbert cube, 100 (see [3]). In  view of A nder­
son’s well known result, nam ely th a t H ilbert space, l2, is hom eom orphic to 
the countable infinite product of lines (see [1] and [2]) a topological charac­
terization of 4  was obtained. The purpose of this paper is to complete the 
topological characterization of arb itra ry  products of lines by giving a topolo­
gical characterization of an uncountable product of lines.

A  topological space X is said to be 2-compact if there exists an open sub­
base for X such th a t every open cover of X by subbase elements has a sub­
cover by two elements. A  fam ily <9* (**)o f subsets of X is called comparable if for 
all So , Si , S2 € AA, w henever So U Si =  X and So U S2 =  X, then Si 3  S2 
(i.e. S1CS2 or S2CS1). If  X has a com parable open subbase ^ re la t iv e  to which 
X is 2-compact then X is said to be 2-ccompact. T he above concepts are all 
due to J. de Groot (see [3] and [4]).

Consider now an arb ita ry  product of lines 7iRa . T he open subbase <3 of 
7rRa consisting of all sets of the form p ~ l (■— 00 , a) and p~x (a,oo) , a € R  and 
all a, is com parable and furtherm ore has the property  th a t every open cover 
of the space which contains at least one m em ber of the form p ~ x (— 00, a) 
and one of the form p ~ l {a , 00) for each a has a subcover consisting of two 
of these sets. It is therefore possible to form ulate a “ m ulti-2-com pactness ” 
condition in term s of open covers containing non-em pty m em bers of each of 
the linearly ordered (by inclusion) subfamilies of &. This observation is basic 
to the topological characterization of products of lines.

T he theorem  below is stated  in term s of closed subbases. By a linked 
fam ily of subsets of X we shall m ean a fam ily w ith the p roperty  th a t every 
pair of m em bers has non-em pty intersection, ê  will denote the class of all 
linearly ordered (by inclusion) subfamilies E  of the subbasis f f .

(*) University of the Witwatersrand, Johannesburg.
(**) Nella seduta del 29 giugno 1974.
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Theorem . A  topological space (X , t ) is homeomorphic to tu {Ra I a c A, 
card A  >  No } i f  and only i f

(1) X is T i ;

(2) X is connected;

(3) There exists a closed subbasis IT fo r  X which does not contain X nor cp 
and which satisfies (4), (5), (6) and (7);

(4) ST is comparable, i.e. VSo , Si , S2 € STy

So O Si =  9 i
> => Si 5  S2 ;

So O S2 =  9 )

(5) Each E  G <§ is countable and satisfies

H E =  (p and  U E  =  X ;

(6) Every linked S? C ST which satisfies

E D T =  cp and E ST VE e S’ 

has the property that n<Tfi=(p;

(7) card ê  =  card A.

T he proof is sim ilar to th a t in [5] and, in brief outline, consists of showing 
tha t the linearly  ordered subfamilies of X are equivalence classes induced by 
the com parability  relation « 5  »> th a t these occur in conjugate pairs (Ea , E«) , 
a 6 A  and then constructing for each one A  a continuous surjection f a : X ->  Ra 
such th a t Ea =  { f f 1 (•— 00 , r] | r  is a rational num ber}. X m ay then be 
hom eom orphically em bedded in 7u{Ra | a e A }  by m eans of the diagonal 
m ap 4  : X -> 7iRa

X  ^  ( / o c  W ) k A
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