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Algebra. -— Some new results on certain finite structures®. Nota
di P1eER VIiTTOR1IO0 CECCHERINI®?, presentata™® dal Socio B. SEGRE.

RI1ASSUNTO. — Ogni anello qui considerato viene assunto finito, commutativo ed
unitario. Sotto opportune ipotesi ulteriori per l'anello, viene calcolato il numero delle fun-
zioni polinomiali e quello delle funzioni polinomiali biunivoche; nel caso generale, vengono
fornite alcune stime per i numeri anzidetti. Cid conduce, fra ’altro, a teoremi di esistenza
per «reti» K, n,z (nel senso geometrico introdotto da B. Segre [10]) e per gruppi transitivi
G1,N,2, nonché a teoremi di esistenza per gli 1-disegni e per le configurazioni associati a
quelli. Vengono infine determinati i binomi « minimi» del tipo X% — X* che svaniscono
sull’anello. Ulteriori precisazioni sul contenuto del lavoro trovansi nell’Introduzione.

I. INTRODUCTION

Every ring A under consideration will be finite, commutative with unit. We study:

the set Map (A”, A) (A”= n-th cartesian power of the set A),
the set Pol (A”, A) of all feMap (A" A) induced by an F (X)e A [Xy,- -+, X,],
the set Trs (A", A) =Map (A", A) — Pol (A", A),
the set Per (A) of all permutations on A,
the set PPer (A) = Pol (A, A)nPer (A),
the set TPer (A) = Per (A) — PPer (A) .
Let, us write

B (A) = [Map (A", A) |, m, (A) = | Pol (A", A) |, =, (A) =|Trs (A", A) |,
pp(A) = |PPer(A)| , pp(A)=|TPer(A)].

It is well known [5] that if A is a finite field, then Ty (A) = e (A) and that Ty (A) =
= Wy (A) iff A is a finite field [2], [7], [8]; moreover, if A = Z,,, the values Ty (A), pp(A)
are well known too [4], [3].

We prove that T (A) = W) (A) iff A is a finite field and that the functions T,
and p, are multiplicative. This leads to calculating the values of Ty (A); of 7, (A)
and of p,(A) for certain rings A; in the general case, some estimations of those numbers
are given.

We also prove that Pol (A, A) and Trs (A, A) act as I-transitive sets of maps A — A
with indices Ty (A)/|A| and Ty (A)/I A | resp.; moreover PPer (A) acts as a I-transitive
group of permutations on A with index g, (A)/| A |; TPer (A) acts as a I-transitive set
of permutations on A with index p (A)/|A]. In this way we obtain several existence
theorems for transitive groups G, , y and for nets K, s n (in the geometrical meaning
introduced by B. Segre), thus partially answering a problem raised by B. Segre; other exist-
ence theorems for certain tactical configurations can be deduced.

Finally “ minimal ” binomials of the type X?-—X* which vanish over the ring A
‘are determined.

(*) Work included in the activities of Section 4 of the G.N.S.A.G.A. of the C.N.R.
(**) Partially supported by a grant of the Royal Society (London) in connection with
the Accademia Nazionale dei Lincei (Rome).
(***) Nella seduta del 29 giugno 1974.
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2. INTRODUCTORY RESULTS

2.1. Let A be any finite commutative ring with unit 1, D the subset of A including o
and all the zero divisors of A (if there are any); let U =A —D and Rad A = Jo be the
set of nilpotent elements of A. Then:

(@) U is the group of units of A (i.e. D is the set of the non-invertible elements of A).
(6) Ais a field iff D = {o}.
(¢) The following relations hold:

D-A=D , UU'!'=U , —D=D , —U=U,

(d) Each ideal I (4=A) of A is contained in D.
(¢) An ideal I of A is prime iff it is maximal.
(f) A is a noetherian and artinian ring.
(g) The following conditions are equivalent:
(g)) A is a primary ring (with prime ideal D),
(g5) A is a local ring (with maximal ideal D),
(g3) D is an ideal of A,
(g,) D =RadA,
(g5) Every idempotent of A is either o or 1.
(#) If A satisfies one of the conditions (g), then |A | and | D | are both powers of
the characteristic p of the residual field A/D.
(Z) |A| is of the form ;5}’ iff char A is of the form pk (p prime).
(/) A is the direct sum of local (i.e. primary) rings and this decomposition is
unique, with the number of summands equal to the number of prime ideals of A, each of
these being an isolated prime ideal of (0). Moreover if

(71) A=ADAD - DA (A; local ring)

is such a decomposition, then

(/) RadA =D (A1) DD (A) D -+ @D (Ay)

where D (A;) is the maximal ideal of A;, and

(73) UA)=U(A)QU (A)® -+ @ U (Ay).

Here U (A)—the group of units of A—is cyclic iff each U (A;) is cyclic and
[UA)] , 1U(A) [+, [U(Ag) |

are coprime in pairs.

(Ja) o (A) = ,131 ¢ (A)

(rnultlphcatlvn:y of the Euler generalized function defined by ¢ (A) = | U (A) |).
(#)" With respect to (), Rad A ={o} iff A;, As,---, A; are fields. In particular

(%)) A/RadA = @ AyD (Ad)
=1

is a direct sum of fields.

(/) If Ais a subring of a finite ring B, then D (A) = D (B)nA,U (A) = U (B)nA,
Rad A = AnRad B, and U (A) is subgroup of U (B).

(m) For each N =pf1;‘>:2 .. -p:k and for each s such that 2<s</i-+/2+-- 4 4z,
there exists a ring A with N elements and having s local summands according to (j,).

() If A is local, then char A < char (A/D)-|D].

(o) If A is local, then char A = 2%iff |D | = # (4 prime).
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Proof. Each statement is quite trivial, and the proofs are left to the reader. We
note only that (7) may be deduced from elementary properties of artinian rings (cf. [11],
p. 205) of from elementary properties of noetherian rings (cf. [11], p. 213).

Let A[X] and A[X;, X2, -+, X,] be the rings of polynomials over A
in the indeterminates X and X, X2,---, X, resp.

If S,S" are any sets, let Map (S,S") denote the set of all functions
S —S’. We shall be interested in the cases when S'= A and S= A" =
=AXAX - ---XA(m=>=1) or S is any overring of A. It is clear that
Map (A, A) and, more generally, Map (A”, A) become rings in the natural
way and that each polynomial F(X)eA[X;, Xz, -+, X,] induces a func-
tion f €Map (A", A) defined by f(c) = F(c)(c € A"). In this way we get
a ring morphism

a: A[Xi, Xz, -+, X,] >Map (A", A) @FX)) =/
the kernel of which will be denoted by
IA" ={FX)€A[X1, Xz, -+, X,] | c€ A" =F(c) = 0} ;

in the following we write

Pol (A", A) for Im «,

and say that feMap (A” A) is a polynomial or a “‘trascendental” function according as
fePol (A" A) or feTrs(A” A)=Map (A”, A)— Pol (A* A).
By the first homomorphism theorem (applied to o) we get:
2.2. The ring A [Xy, X2, -+, X,] is divided into equivalence classes by
F(X) ~G(X) iff f=g.
Further Pol (A%, A) is a subring of Map (A”, A) and
Pol (A", A) ~ A [X1, Xa,- -+, X,]/L (A").

In particular | Pol (A%, A)| is a divisor of |Map (A", A)|, so that |Pol (A%, A) | is also a
divisor of |Trs (A% A)].
We shall also be interested in the sets:
Per (A) = {f€Map (A, A) |f is a bijection},
PPer (A)=Pol (A,A)NnPer(A) , TPer(A)=Trs(A,A) N Per(A).

- 2.3. PPer(A) is a subgroup of Per(A), with respect to composition of functions.
In particular | PPer (A)| is a divisor of | Per(A)| =]A|!, so that | PPer(A)| is also
a divisor of | TPer (A)|.

Proof. It is enough to show that if f,gePPer(A) then fogePPer(A). If
F (X), G (X)eA[X] induce f,g then F (G (X)) induces fog.
Let us note that:

2.4. The ring Pol(A”, A) is never a field. However Pol(A” A) is a direct sum of
fields if, and only if, A is a direct sum of fields.
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Proof. Pol(A”, A) is never a field because 2.2 holds and I (A”) is never a maximal
ideal: for instance

HAMC{F (X) e A [X1, Xz, -+, X,] [ F(0) = 0}CA [X1, Xa,o o+, Xi].
For the second part, it is enough, using 2.1 (%), to show that
Rad A = {o} iff Rad (Pol(A”, A)) = {o}.

Because A C— Pol (A”, A) = B, say, by 2.1 (/) it is enough to proof that Rad A ={o}=>
=Rad B={o0}. Now, if feRad B then f* =0 for some integer 4> I; i.e. flef =o
for every ceA”, so that f(c)e Rad A for each ceA”. Because RadA = {0}, it follows
that f(c) = o for each cecA” ie. f=0. Thus Rad B = {o}.

We note also that, because A C— Pol (A", A) and in virtue of 2.1 (/), the following.

2.5. If U(Pol(A” A)) is cyclic, then U (A) is cyclic. (The converse is not true:
take # = 1,A = GF (¢9), ¢ == 2).

s

2.6. If A= @ A, is any decomposition of A as a direct sum of rings,
i=1

then:

@ AX,Xe, K] ¥ 6 A, Xe, o, X,]
() Pol (A", A) ~ @ Pol (A}, A)),
i=1
() PPer(A) ~ ® PPer (A)).
i=1

Proof. (&) Trivial. (6) By 2.2 it follows that
Pol (A", A) ~ A[X;1, Xz, -+, X,J/I(A") ~

((‘BIA,'[XI,XZ,‘ ’ "Xn]> @ I<A':) =

= Y, 7=1

~ ® A[X1, Xa,- o, X,]/I(AD) ~ & Pol (A7, A)).
=1 ‘ =1

(¢) By (6) Pol(A,A) ~ é Pol (A;, A)); define the isomorphism
i=1

B: ,cjal Pol (A;,A) - Pol(A,A) by p(i}f,) = 2f,-pr,~,
i= ) i=1 =1

where f; € Pol (A;,A) and pr; is the projection of A onto A,.
Then Xf; pr; is a permutation on A iff each f; is a permutation on A;.
So B induces a group isomorphism (with respect to composition of functions)

8: ® PPer (A,) - PPer (A)

=1

and (¢) follows.
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We can reformulate 2.6 as in the following 2.7 (of which a direct" proof is possible
without using 2.2).

§
2.7. Let A= ® A; be any decomposition of A as a direct sum of rings. Then
i=1
define a function

B: ® Map (A}, Aj) —Map (A", A)

5

taking B(E ﬂ) = J; Pr;, where f eMap (A%, A;) and Pr: A" A’ is defined by
2 7=1

n

Pr, = .®1]571., Le. for @ =(a,,a,,"--,a)cA” Pria=(pria,, priay, -, pr, ). Then:
=
(i) B is a ring monomorphism,

5
(ii) Q( > f) surjective ¢=>fj surjective (F=1,2,---,9),
=1

i

(i) B( £,

z

-

) injective &=, injective F=1,2, 9.
Z

(impossible unless 7 = 1)

Let us now introduce the following notation:

=!A| ’ S—ID’ ’ %*]U|—<P<A> ’ U'(n)_IMap<AnA)l
T = | Pol (A", A)[ =y = | Trs (A", A)| , p=|Per (A)| , pp=|PPer (A)],
or = |TPer (A)| , vu = [Map (A", A)") : Pol (A", AYH)] (= the number of
cosets of Pol (A", A) in Map (A", A) considered as additive groups).

From the preceding discussion it follows that:

B = Ton T Ty = Ton Yy = NV, Ty Gy — 1) =0y 5 T | i » Ty | Ton >
p=¢pt+pr=N!, pplp,pp|er. For simplicity write T, =1 Ty = T,
Yo =V , Wy = and m, (A) etc. wherever confusion about the ring

could' arise. 2.6, (6), (¢) immediately give the following important result:

2.8. The functions m, and pp are multiplicative. ~More precisely,

if A= (—B A; is any decomposmon of A as direct sum of rings then
=1

T A) = H T Ay ep(A) = E er(A) .

2.9. The values of w,,(A) and of pp(A) can be easily calculated in
the followmg cases:

(@ A is a fild; (8) A= © GF(g);
7=1
¢
(O A=Zy(N=2),if n=1; (@ A =j6=312Nj (N;=2), if n=1;

© A= <i(ir31GF(g,~)>®(jél zNj) (N;>2), if n=1
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Therefore also 7., (A) and p;(A) can be calculated by
Ty (A) = ey (B) — 7 (A) = N — 7, (A),
pr(A) = p(A) —pp(A) = N!—pp(A).

More precisely, in the respective cases

(@) Ty (A) =1y (A) =N¥" | 5 (A)=p=NI,
@ my W =Tls? e =Tl
©

(¢y) N prime. This is case (a) with s =1,¢, = N;
(¢;) N = p?, pprime. Then

T (Zg) =1, pp(Zyp) =pl(p—1)"p’

(¢5) N = p%, pprime, 2> 2. Let n(h) = L B (7), where B (s) is the smallest
integer # such that A7 |#l. Then

m(Zg) =D ey ) =18 (p— 1) 51D

¢ .
{¢,) N any integer, say N = [[ 27 » #; distinct primes. Then
j=177

~

T(Zy) [1 %’+”“ , =:ri (g, — 1) ST
J=1
t ¢
@ =) =11 m(Zy,) o ep(A) = l;I

t K I3
(e) m(A)= H GFEN Il =@Zy)  epA) =TI ¢, (GF(g) IT 0p (Zy)
=1 j=1 7 =1 =1 7

where — in (d), (¢) — the explicit values are given by (a), (cy)-

Proof. The case (@) follows from the next 4.4; (&) follows from ()
and 2.8; (cp) and (¢3) were proved by [3] (cf. also [4]); (¢) follows
from (¢p), (¢3), 2.8; (d) follows from (c,), 2.8; () follows from (&), (c,), 2.8.

3. FINITE RINGS AND TRANSITIVE SETS OF FUNCTIONS

If S is é.ny set with N elements, the following standard notation will
be used:

H,,N,k for any subset of Map (5,S), which is #transitive with
index 4;
K/ n,z for any subset of Per (S), which is ttransitive with index £;

G+ for any subgroup of Per (S) (with respect to composition of
functions), which is #transitive with index 4.
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3.1. If A is a ring with N elements, then:
<d> Pol (A , A) ] Hl,N,TL‘/N; (é) TI'S (.A. y A.) = HI,N,T/N;
(L') PPer (A) == GI,N:OP/N; <LZ’) TPCI‘ (A) - KI,N,pT/N .

Proof. (a) For any a,b,ce€A, let Pi={fePol(A,A)|f(a) = 5}
Putting ¢ : f—>f+4 c— & defines a bijection (the inverse map is obvious)
¢: P; —P; which gives | Pj|=|P{|. Thus | P;| = n/N, because each
of the N elements of A is the image of @ under some element of Pol (A, A).

(6) Proceed in a similar way as for (@), or instead by observing that,
putting
Ti={feTrs(A,A)|f(a) =8},

we have
T§|=|{f €Map (A, A)|f(a) = 4} — P}

(¢) PPer(A) is a subgroup of Per (A), by 2.3 (with respect to
composition of functions). Let @,&,c be any elements of A and let
8 ={f € PPer (A) | f(@) = 4}. The bijection ¢ : P; - P’ considered in (a)
induces a bijection {’: & — 87; each of the N elements of A is the image
of @ under some element of PPer (A), so that |&;| = pp/N.

=N""1— 7/N=N"—)/N = 7/N.

(@) Let a,6 be any elements of A, and put ;= {f€TPer(A)|
f(@) =&} Then |%|=[{f€Per (A)|f(a) =8} —8|=N—1!—
— ep/N = (N! — 0p)/N = p7/N.
From 3.1 and from 2.9 (with 7 = 1), it follows that:

3-2. (@) For any integer N = ¢, ¢, - -- ¢, (whatever the decomposition
of N into primary integers, whether standard or not) there exist:

(a) H . N’qil—l Z—l. ' .2_1 = Pol ( El GF (), 1'G=-)1 GF (q,-)) ;
(@) Hyyon 757 = Trs( § GF (0, 6 G (),
(@) G1,N,;- 11011 o1yt = PPer (@1 GF@;)) ;

i=1

(@) Kin,o-n1--1tag-1t- ¢, -1)! = TPeI‘( @ GF@{));

(6) For any prime p, there exist:
(¢) H

1,152,1731’—2:-1)01 (sz , Zp2>;
x<62> Hl,ﬁzl(ﬁz)p2—1_ﬁ3p._2 = Trs (zﬁg , sz 5
(63) G]_’p2,ﬁ](f_1)ﬁ??—2 = PPer (sz) H

G2 Ky g pnyioprp-ntsr2 = TPer (Z,) ;
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(¢) For any prime p and for any integer # > 2, there exist:
) Hy g poenor—n=Pol (Zn, Z,);
(e0) Hy (P =1 pprnm—n = TS (an L) ;
<£3) Gl,p”’pz(;_l)ﬁﬁﬁ-l-ﬁ(”)—" = PPer (Zp”> >
(“4) Kl,p”,(p”—l)! —pl (p=1)Pppt () —n = TPer (ZP"> ;
(d) For any N = PRrpRe P, p; distinct primes, there exist:
(d1> Hl N f[ ﬁu":ﬁ,'-l-") (rp)—r; = Pol (ZN ’ ZN) >
’ ’t'=1 :
(ds) Hl - f[ Slne)—r; = Trs (Zy , Zy) ;
2 ’ i=1 F)
(45)

()

s :
ey y_,.= PPer .
Gl,N, Hpil(pi—-l)ﬁlp“ﬁz+n('z) 75 PPe (ZN> )

K _ —TPer Z
1N(N-—1)I—H;>zl(p 1)” ﬁ+n(r) 7; < N)

s
N. B. (4) holds also if the ]6].’ s are not distinct: replace Z,by @ Z;i.

i=1 i
3.3. () If any K, y,; exists, then a K; y_,41,; exists;

(ii) Moreover: K, y,; = Kl,N,k(N—l)(N—2)-~-(N—t+1);

(111) As (i), (ii) but replacing K by G.
Progf. Cf. B. Segre [10], p. 79.

3.4. The following groups Gq,y,; exist:
(@) Gyq,y,1 for all integers N > 1;
(0) Guw,ov—p1 and (¢) Gy x,n-1y2 for all integers N > 3;
(@) Gi,0.0-1 and (&) Gy,441,0¢-1) for all primary integers g;

() Gramos (8 Gi,12,7920-

Proof. (a) Take Gy,y,; as the group of right multiplications of a group
of order N. (&) Apply 3.3 (i), (ii) to the symmetric group Gy_1,x,1-
(&) Apply 3.3 (i), (ii) to the alternating group Gy_s,y,1. (4) Apply 3.3 @),
(i) to a Gy, (which exists, cf. B. Segre [10], p. 151 and p- 79).
(&) Apply 3.3 (i), (ii) to a Gg,, 41,1 (Which exists, cf. B. Segre [10], p. 151).
(/) Apply 3.3 (i), (i) to the Mathieu group Gy,i1,1- (g) Apply 3.3 (i), (ii) to
the Mathieu group Gs,19,1-

From 3.1, 3.3, 2.8 it is possible to assert the existence of several other
Hings Kl,mk, Gi.n.4> €g. by considering rings of the type

s t
A= GF@g)® @ Zy;.
i=1 i=1
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Other existence theorems arise from the following:-

3.5. Let be S,S" any sets with |S|= N and |S'|= N’ elements,
H'C Map (%, $'), HC Map (S, S), K C Per (S), K'C Per (5'), H"= HxH,
K"= KXxK'. Then:

(@) H"C Map (SxS',SxS"); (&) K" C Per (SxS");

(¢) K,K' are groups iff K" is a group;

(@) H=Hixu, H'=Hyyu=H' = H wm;

(@0 K=Kins, K=Ky K'= K www;

(f) K" group, K" = K{ nx' =K = Gy x4 and K' = Gy for
suitable £, 2 such that 24 = £".

Proof. (a) (f,f)€HXH' maps (a,a)€SXS to (f(a),f (a)eSXS'.
(6) If feH ,f" € H' are both bijective then (f,f)€H" is also. (c), (d), (e)
are trivial. (f) By (¢), K and K’ are groups; both are trivially transitive,
so that (cf. e.g. B. Segre [9], 16.1.7) they must have some transitivity
characters: K = G, nu, K' = Gy,n 0. It follows (cf. 3.3, (iii)) that
K=Gyns and K =Gy, with 4= N—1)---(N—¢+1) and
B =FON —1)(N'—2)-- -« (N'—# 4 1). By (¢) it follows that 44 = #".

By 2.8, 3.2, 3.4, 3.5 several numerical examples of H; x z, Ky xz, Gin2
can be deduced. In particular we obtain several existence theorems for
Ki,~,2, thus partially answering a problem raised by B. Segre [10], pp. 88-89.
It is well known (cf. e.g. B. Segre [10], p. 283) that each K;x; gives rise
to a-design 1 — (N, N£&, N, &) i.e. to a configuration

(NN ) Nkk) 5

this is defined as a set C of N? elements provided with a set S of N4 subsets
of C such that each subset in S contains N elements of C, and each element
of C belongs to % subsets in S. It follows that each existence theorem for
a K n,z may be converted to an existence theorem for a configuration with
the above parameters.

4. ESTIMATIONS FOR THE NUMBER OF POLYNOMIAL FUNCTIONS
OVER FINITE RINGS

~ According to 2.2, it is clear that the polynomial functions of Pol (A", A) can all be
obtained from T (A) polynomials of A [X1, Xa,---, X,] (one in each equivalence class
mod «); the following 4.1 asserts that it is enough to consider the {4 Polynomials of the

“reduced type ”, i.e. the set
G ={GX) €A [X1,Xz,-, X,]IGX) =0
or G (X) is of degree <N —1 in X; for Vj}.

4.1. For each F(X)€eA [X1,Xz,--+, X,] there exists a G (X) € G,
such that F (X) ~ G (X) mod e. '
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Proof. LetA={a,,a,, -, ay}. Forevery 4, with1 <% <7, (X, —ay) (X,—ay) -
< (X, —ay) ~o, and so, expanding,

XN —E;(Xs) ~0,  say,
where E, (X,) EG(n)' It follows that
Xy ~E,(X,) and then X ~X'E, (X)) (=1,2,+-).

Applying these equivalences to each factor of every monomial of F (X), one reduces F (X)
to an equivalent G (X) e Gy

N” n
As noted | G,y | =N¥'=p = | Map (A", A) | .

4.2. The following conditions are equivalent:
(@,) Pol(A” A) =Map (A", A), Le. muy = W,;
(6,) Distinct polynomials of Gy, are inequivalent mod «.

(¢.)  The only polynomial of G, which vanishes on each element
of A" is o, i.e. G,y NI (A" = {o}.

Proof. Consider the follewing commutative diagram
Gy ——> Pol (A", A) &, Map (A", A)
N 0

\96\ N
\
\

A Xy, X2¢,- -, XL/ (AY

where 3 is the isomorphism mentioned in 2.2, o, Y are epimorphisms by 4.1,
and B is the inclusion map.

« is mono (i.e. (4,) holds) &= ker « = G,y NI(A”) = {0} (i.e. (¢,) holds).
Moreover o is mono (i.e. (4,) holds) =y is mono <= voB is mono &=
is surjective (i.e. (a,) holds) provided that |G, |= |Map (A", A)| as noted
above.

4.3. If some of the conditions (a,), (5,), (c;) are satisfied for a given
fixed integer 7 > 1, then each of the (z,),(4,), (c,) is satisfied for every
integer # > 1.

Proof. Without loss of generality, we can assume 7 <. Let us
consider the following commutative diagram.

Gy C ¢ G

o oy

v
¥ .
AlXy, Xa,- -+, X,/1 (AY) c T LA [X1, Xa,--+, X,]/T (A"
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where the «;, «, are the epimorphisms like « in 4.2, ¢ is the inclusion map,
and % is the natural monomorphism, well defined and mono because

A[X1, Xz, -, X;]CA[Xy, Xs,-- -, X,] and
1(A) =I1(A")NA[X1,Xs, -, X,].

a; is mono (i.e. (4;) holds) &= «, is mono (i.e. (4,) holds), and this proves the
theorem by 4.2 (where » can take any integer value > 1).

4.4. If A is a finite field with N elements, the conditions (a,), (4,) , (¢,)
hold for every » = 1. In particular

(a,) Pol(A”,A) =Map (A", A), ie. =, =y, =NV,
and (a)) Pol(A,A)= Map(A,A), ie. m=p=NN

which implies

PPer (A) = Per (A), ie pp=p=NI!.

Proof. By 4.3 it is enough to show that (¢;) holds. If G (X)e€G,
is non-zero (i.e. of degree << N — 1), then G(X) cannot vanish over A, for
otherwise it would have a number of roots, N, greater than its degree.

N. B. Another proof that (@,) holds for finite fields can be found in [5].

4.5. If A is not a field, than none of the conditions (a,), (4,), (c,)
(n > 1) is satisfied. Moreover PPer (A) C Per (A).

Proof. By 4.3 it is enough to prove that (@,) does not hold, i.e. that
Pol (A, A)CMap (A, A). Actually, the ring A contains zero divisors (cf.
2.1,(6)), and let be € C, d==0. Let f€Map (A ,A) be such that /(o) =o0
and f(d) € U; we assert that f € Pol (A, A). Otherwise let F(X) € A[X] be
a polynomial inducing f; F (o) = o implies that F(X) is of the type F(X) =
=XF; (X), with F1(X) € A[X], and then f(d) = F(d) =d -F1(d)eD-A =D
(cf. 2.1, (¢)), which contradicts the hypothesis f(d) € U. Our assumption
“f(0)=o0, f(d)€U” may be taken also for f € Per(A), so that PPer (A)C
C Per (A).

N. B. Another proof that (@1) does not hold for finite rings with zero divisors can
be found in [2].

Summarizing 4.4 and 4.5 we get that:

4.6. The conditions (a,), (4,), (¢,) are satisfied (for every = >1) if,
and only if, the ring A is a finite field. Moreover PPer (A) = Per (A)
iff A is a field, i.e. pp=p = N! iff A is a field.

Our purpose now is to give some lower bounds for Tlnys in the general case, i.e. some
upper bounds for . We begin with the case 7 = 1; the case #» > 1 will be discussed in

4.12, 4.13.
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4.7. 2P =NY— & IN“ je =< IN“'. Moreover
pr=c@=N!—(@—1)!u!N, ie pp<@—1)!u!N.

Proof. Consider the subset F(o) of Map (A, A) defined by
F(o)={fe€Map(A,A)|f(0)=0 and f(D)$D}.

In the proof of 4.5, it was shown that F(o) C Trs(A,A). Clearly
F)={feMap(A,A) |f(0)=0} —{feMap(A,A) | f(0)=0 and
F (O —{o})C D}, so that |F(oj| = |[Map (A — {o},A)| —|Map (D— {o},D)|
|Map (U, A) | = N¥'— !N Consider now the subset F(1) of Map (A, A)
defined by

F(I) = {f + c}feF(O),teA—{O} ‘

First of all we have F(1) CTrs (A, A), because if f + ¢ € Pol (A, A) for
some f € F(0) and ¢ € A—{o}, then fe Pol(A,A) as ¢ € Pol (A, A), which
contradicts f€ F(o) CTrs (A, A). Further F(0)NF (1) = @, because each
S+ ceF(1) is different from each g€ F(0) at least in their action on zero.
Finally, it is easy to check that |[F(1)|=|F©)XA —{o})|=|F(o)]
JA—{0}| = | F(0)|(N—1), ie. that if (£, <), (/') € F (0) X (A — {o}),
then (f,¢)==(f',¢') implies f+c==f +¢. In conclusion we have

F() UF (1) C Trs (A,A) and |F(o)UF(I)I—IF(O)]—I—IF(I)I
= |F@©)| 4+ |F@©)|(N—1) = |F(@©)|N=N"— & IN“ = 3@ 5o that
12;\(1)

For the second part, put P(0) = { f € Per (A)| f(0) =o0 and f (D—{o} & D},
P)={f+¢ }jeP(O),ceA{O}’ Then P (0) C TPer (A) (cf. proof of 4.3),
P(1) CTPer(A), PN P@a)=a, and |[P)|=|P©)|(N—1) as
above. Moreover | P(0)| = |Per (A —{o})| — | Per (D — {0}) | - | Per(U) | =
=N—n! —@3—1)!u!l, so that |P@O UP(®)| = |P©|N=
=N!—@—1)!2%!N =06, and p; > .

Remark. Equality may occur in 4.7, because, for example, if A is a
field, then 8=1, #=N—1, A =0, and ¢ = 0; moreover t = o
and pp = 0, according to 4.4.

Let % denote a positive integer, and consider the following

ConpITION (C,). There exist elements d € D, %, %y, -, %, €U such
that d + 2, d + 2y, -+,d + u, €D.

From (C,) it follows that & <=0 and & + w; &=d + u; for i ©=j. We wish to find the
maximum /% > 1 for which (C,) holds.

Remark. (C;) does not hold for any field A, nor, for example for A =Z; or A =Zg;

however . Zg satisfies (Cs) (with & = 3,01 =1,us =35); Zio satisfies (Cs) (with d =7,
=1, Uy = 3 us =7, ug =9). More generally:

4.8. If n= p (p prime), Z, does not satisfy (C,). If # = 2! (244 1)
(¢>=1), Z, satisfies (C;) with 2= ¢(z) (¢ Euler function) and & any fixed
divisor (=4 1) of 24 + 1.

~ 57. — RENDICONTT 1974, Vol. LVI, fasc. 6.
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Proof. InZ,, with » = p* (p prime), we have that d € D iff = 0 mod p,
and that 7 €U iff 2 == 0 mod p, so that de€D, % €U implies d + 7 € U.
InZ,, with = 2 (244 1) (¢ = 1), we have that 77 €U implies » == 0 mod 2,
so that for each fixed d € D such that | (24 -+ 1) and for each of the ¢ (%)
elements # € U, we have that d 4+ Z € D.

4.9. |U|<|D], then A satisfies (Cy).

Proof. For each # €U, the map 6,: D~ A defined by 6,: d -2+ d
is injective; therefore |U |< |D | implies ¢,(D) & U, i.e. there exists & € D
such that z -+ 4 €D.

4.10. If A satisfies (C,), then 7 =2P= 2D +4N" 8= NN — I N(3N— /),
ie. © < N3N —%).

Progf. Let F (o) and F (1) be the subsets of Trs (A, A) as in 4.7, and
let €D, u;,uy,---,u, €U satisfy (C;). For each #; put

F'@d,u)={feF ()| f(d)=1u; de€D—{o,d}=f(@)eD—d'}
and define
Fd,u)={f+=x|feF(d,u)} where x=1d,.

Because F(0) CTrs(A,A) we have f+x€Trs(A,A) for all feF(o0),
so that F(&,#;) CTrs(A,A). Clearly

Fd,u)={feMap(A,A)| f0)=o0, f(d)=d + u;
d'e€D—{o0,d}=f(d)eD}.
Therefore |F(d,u)|= D"~} |AY| = 82N Now
Fd, )N F(0)=¢ and F@,u)NnF()=0o

~ because

JEF(@, u)=fD)CD , feF()mfD)¢D
and

feFW, uy=f©@ =0 , feF()=f()=o.
Finally

i=j=>Fd,u)NF(d,u)= o, because ¢==je>u;4u
and  feF(d, u~)=>f(a’)=u-+d , FEFW,u)mf(d)=u+d.

Therefore for the set F(d)= U F(d,u), we obtain |F(d) | =4 |F(d,u)| =

— N, F(d)C Trs (A, A), F(@)n(FOUF ()=, so that == |F(0)u
UFQ) |+ |F@) | =2®+ 482N, as required.
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4.11. Suppose that D 5= {o} and that there exist 2 =1 elements of U
pairwise incongruent mod D. Then

e =IO = [+ DINY, e m<(h+ DT NN

Proof. Let wy,uy,---,u,€U be elements such that u; 5= 2#; mod D
(i.e. u;— u; € U) for 4= ;. Since D == {0}, we can fix an element /€D, 4==o.
If F(o) is the set introduced in the proof of 4.7, pick an element

fu€F(©) such that fi(0)=o, fo(d)=u, (1<i<h).
If i==7, then u;— u; €U, so that
fou—fy€F(0)  which implies fi %= fi mod Pol(A,A).

Thus there are at least % 4 1 classes in the factorial additive group
Map (A, A)[Pol (A, A).

Let us now discuss the case 7 > 1.
412, Ty = (NN — 3@V N Dy N Rurther if (C,) holds for A, then
Ty = (NnN I (5N — Ay yN"L,
and, if A satisfies the condition mentioned in 4.11, then
Ty = NN (1 — 1/(h+ 1)")/N"L,
(Note that, for 7 = 1, 4.12 yields 4.7, 4.10 and 4.11).

Proof. Let {f1, fa, -+, /,}< Map (A,A) be such that (i) f;(0)=o
for 1 <7 <, (i) f; € Trs (A, A) for at least one j. Define the subset M of

Map<A A)X XMap<A A) <7¢ tlmes) by M= {<fl ;fz: : :fn)l{fl er [ :fn}
satisfies (i), (ii)} and consider the map ¢:M —Map (A", A) defined by

o: (firSor oS = f= Efpr It is easy to check that ¢ acts as an
injection from(M to Trs (A” A) For the set M'= ¢ (M) 4+ (A — {0}) we
have that M'CTrs (A", A), | M |=|M|(N—1), and M' n (M) = &,

so that @(M)u M'C Trs (A", A) and
T = le(M)u M'| = |M|+|M|=|M|-N.

For computing | M | consider the negation of (ii), i.e. the following condi-
tion (iii) f; Pol (A , A) for all 7. Clearly M = {(f1,/s, " s S) |{/1: 2+ " "+ S}
satisfies (l)} — {1 Sfas 0 fa) l {/f1:/1, ", f,} satisfies (i), (iii)} = M1 —Ma,
say, so that | M | =|M1|—| Mz]|, and using (a) of 3.1 for calculating | Mg |,
we obtain

| M| = N7 Ny = N"®D (N — )/Ny”
so that

T = | M [N = [N — (NY — 2] /N" Y

replacing © by the expression occurring in either 4.7, or 4.10, or 4.12
(according to the hypothesis of the theorem) leads to the required formulae.
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4.13. Ty =7 NPT
Proof. Let P be the set defined as Mzin 4.12. The map ¢ : P->Map (A" A)
defined by ¢ :(f1,/2, . f,) —f = Zf;pr; acts as an injection from P to

Pol (A", A). Further the set P'= ¢(P) + (A — {0}) satisfies the following
conditions

$(P)UP' CPol (A" A) , PAy®P) =g, |[P|=|P|N—1)

so that =, >|¢ (P)| 4 |P'|=|P|-N = (r/N)* N, where we have used
(@) of 3.1 for calculating | P |.

5. MINIMAL BINOMIALS IN I (A)

5.1. In the ideal I(A) of A[X] there exist binomials of the type X" — X",
Each such pair (E, ¢) will be called a ““ couple of exponents for A ”.

Proof. Let a=(a;)= (a1, ay, -, ay) be any fixed ordered N-tuple
containing all the N elements of A. Put a*f = (a); the set {@*}iz12,...
contains at most NV elements, so that there are integers,' E and ¢, with
1 <e <E <NV, such that af = @, i.e. such that X® — X° ~ o.

Consider the set C(A) = {(E,¢) e NXN|(E,¢) is a couple of expo-
nents for A} with the partial ordering

(E,e) <(E,¢) iff cithee E<E or E=E & ¢ <¢.
We shall denote the minimal couple of exponents for A by (E¥, ¥) = min C(A).
5.2. Let A= ei)'A,‘ the standard decomposition of A as in 2.1, (§),

1=0
and let us denote: D; the maximal ideal of the local ring A;,U,= A, —D;,

I; the unit of U; and o, the zero of A;. Let
A, =min{feN|azeU,;=a = 1,} (note that A, < |U;|)
;= min {re N| €D, =d" = o,} (note that p, < |D;|)

p =max{pg, pr, " 0 s A= [Ag, A, o, A].
Then A= min {#eN|a€eUra' =1}, and E*=2a+4p, = p.
Proof. There exists an element d€D such that &,d%---,d°' are
non-zero (and distinct) elements, and @° = d°*'=...=o0. It follows that

¢* > p. For each a€U, we have a*=1, so that a*+* = a* for each a€U.

It follows that ¢* = p and E* = A -+ p.
COROLLARY 5.3. Let A=Z,,, with m=2" p}*-..p€Z and 2,p1:050 2D,

a’z'&lz'm;‘ primes (so that Z, = Zzo(+j Z;l@- D7 Pr,). 7 /zén, using the notation
of 5.2, we have ! :

N=N =1 if rp=0,1; NEW)=2 if ry=2; N(27%)=2"2 zf ry>3;
A= kp(ﬁ:‘i) = (p,— 1)1’:’_1 for 1<i<s; pp=7; for 0<i<s;
A=A@m)=[h(2%), 2 (D)), ¢ (#?)] and o= p(m)=max{ry, --,7}.
In conclusion EX = )\ (m) + p (m) , &= p (m).
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Proof. Define 2o (1) = 1; Ao (2) =1 because U(Zz) = {1}; ho (4) = 2
because U(Zs) = {1, 3}. If r,>>3 we have the well-known isomorphism

U@Z,) ~Z o ZP_,, so that each element of U(Z ») has a period which
2"° 2 2'° 2 p

2

is a divisor of 27" and the element (1,1)€ U(erq) has precisely period

A= (p7) (1<7<s) because the groups U(Z;,-) are cyclic with

7o—2

2
¢ (p7) elements. o, =17, (0<7<5s) because D(Z i) = (#;) and ﬁf’ =0

in Z;; iff #>7,. By 5.2, the corollary now follows immediately.

It is easy to prove that

54. If (E,e)€eC(A) and E <N, then n <N ie. =>NY_—NE.
More generally, =, < NEn, le. Ty = NY N,

Applying 5.2 and 5.4 leads to other bounds for =, and for Ty which can be compared
with those obtained in 4.7-4.13.

Note that if A is a field, then I(A) = (XN —X). In [6], I(Z,) was determined. The
problem of determining I (A®) in the general case will be studied in a future paper by the
author.
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