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SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — On a theorem of Malgrange fo r  fin itely differen­
tiable functions  (,). N ota  di N ie l s  M. C h r i s t e n s e n , A ldo  F e r r a r i  
e G iacomo M o n ti B r a g a d in , p r e s e n t a t a (,,) dal Socio B. S e g r e .

R ia s s u n t o .  — Vengono stabiliti risultati generali su sistemi di generatori di ideali di 
funzioni finitamente differenziabili che soddisfano la condizione A3 [2], la quale può sovente 
sostituire la condizione di chiusura. Si ottiene così fra l’altro che la i^N+1-algebra QF non è 
numerabilmente generabile.

In the theory of differentiable functions the closed ideals irt the topology 
of compact convergence play an important part. For finitely differentiable 
functions the condition “ closed ” can often be replaced by a weaker condi­
tion [3, p. 334], which is generally known as A3, [2]. In [1], Malgrange pro­
ved that a (finite) set of analytic functions generates a closed ideal in the ring 
of infinitely differentiable functions. For functions of one variable two results 
are due to Spallek [4]. In the infinitely differentiable case every pointwise 
finitely generated closed ideal is generated by one analytic function, and in 
the finitely differentiable case there exists no proper pointwise finitely gene­
rated closed ideal. Thus the theorem of Malgrange does not hold for finitely 
differentiable functions. We show (for the exact result see below) that in the 
finitely differentiable case there are no finitely or denumerably generated 
ideals which fulfill the weaker condition A3 (for principal ideals see [5]). An 
immediate consequence of this result is a remark about the structure of the 
S N+1-algebra ^ N.

(*) Gli autori italiani hanno usufruito, durante la stesura del lavoro, di una borsa 
C.N.R., comitato per le Scienze Matematiche, per l’estero.

(**) Nella seduta del 29 giugno 1974.
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We denote by the ring of germs of N-times continuously differentiable 
real or complex valued functions in the origin of Rw =  {(xi  , • • •, x n) } yn 
arbitrary. Thus for any ideal J  in ^ N, 1 <  N < 0 0 , J  fulfills condition A3 iff

For a set S of generators of the proper ideal J C  we denote by 
Si : =  SO (S NN\ ^ N+1) the set of those generators, which are not of class CN+1. 
Then we have the following theorem.

T h e o r e m . I f  Si is finite or denumerably infinite, then the ideal J  does 
not fu lfill condition A3 and hence cannot be closed.

Consequently no set of CN+1—functions or analytic functions generates 
a closed ideal.

COROLLARY. The CP*̂ x~algebra is not denumerably generated.

Proof of Corollary. Assume that there exists denumerably many functions 
gi e , i e N, generating the # +1~modul ^ N. Then

S N =  2  g i  ^ N+1 = 2  0 ? i  —  S i  ( o ) )  • ^ N + i +  I • Ü>N+1
j'eN  i  e N

so that
i n N —  2  ( ß t  S i  ( ° ) )  * ^ N+1 +  W N+1 >

i  e N

where *nN denotes the maximal ideal in . This contradicts the theorem, 
because mN+1 is contained in ^ N+1 and wN fulfills A3. Since is not denumera­
bly generated as S N+1-m odul it is not a denumerably generated S N+1-algebra. 

For proving the theorem we need a technical lemma.

Lem m a. Let f  : U -> R (C) , U open in Rw, be a CN-function with f (o )  =  o 
and {%*') , i v e U , be a sequence converging to o with f  (xv) =j= o and xv =f= x lx for 
v =[= Let (av) be any sequence of positive numbers converging to o.

Then there exists a function  y : U -> R (C) which satisfies the following 
conditions'.

CO y is of class CN 1i

(2) Y' f  is o f class CN,

(3)
I • -—— (#v) converges to 0 fo r  0 <  j  <  N , 

dxJx

(4) / ( * v) • ~ w  (*v) =  aV-dxl

Proof. We first construct a function y : U -> R (C) with the properties:

(5) for all j  =  ( j\  , • • *.,/„) with \ j  j <  N and j \  =j= N and all x  e U
al/I

the derivatives —-.--------t— y (x) exist, are continuous and equal
dX ! * • ‘ dxn

to o in the origin,
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(6) for all x  e U \ { o }  the d e riv a tiv e -^ -y (x) exists and is continuous
in U \ { o ) , $xî

, , , 3Ny . . . ,(7) j  ’ —sr is continuous m the origin,dx.

and with the properties (3) and (4).
Construction of y : Let 1* : R” [o , 1 ] be of class C00 with £ (x) =  1 for

and E, (x) =  o for \x\ >  1. Choose a sequence of numbers sv <  L  | x v \

satisfying \ f ( x)  \ <  2 \ f { x f  | for all r e U ^ r ’) and U 8, ( r ,) n U f ( / ) = 0
for v =4= [a, where LL, (x') denotes the open disk around x v with radius ev. 
Next define the sequence (8V) by §v : =  min ( 2~v- (sv)N • I f i x ' 1) | • | | ; sv} ,
(sv)N being the N-th power of sv. We construct y by N-times integration

y ( x i , ■ • •, x„) : =

OO

fix')

> >■ I  dr2 • • •
Ò Ö 0

>~1

Taking account of the definitions of sv and 8V, properties (3) to (7) are 
easily seen to be verified.

Finally it is clear that (1) and (2) follows from (5), (6) and (7) and hence 
y satisfies the lemma.

Proof o f the theorem. We will show the following sharper result. For any 
function / ,  o = f= /e S, there exists a CN-1-function y with yf  being of class 
CN and y / e S  • S N.

Changing the coordinates suitably we have a sequence (x ‘) converging 
towards o with /  (x1) =j= o and x'1 e K : =  {x  | | x  \ <  y» | x x | } C R”. For 
the sequel x  will denote an element of this cone, and the i-th derivative of any 
function /  in the direction of x x will be denoted b y / w.

Every function /  6 S has a unique representation

(8) f  — P +  r/

with p  being a polynomial of degree less or equal N and rf  a N-flat function, 
i.e. a function with zero-polynomial as N-th Taylor polynomial in the origin. 
We call rf the remainder o f f .

For any CN~function g  and x 1 =p o we have

[ ( ^ • / r « - ( ^ - / r (  o ) ] - — =xi

£  bi (x) ■ / >  (*) -  b{ g(N̂  (x) • r f  (x) - £  bz / N- ;> (o) • (o)
*=0 *=0

I

where are certain binomial coefficients.
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For x  in a neighbourhood of o and in K,

[ / N 0 o )  • p(i) 00 — / N (o) • (o)] • —

is bounded

i) for i  4= o because g(F-*) • p w is a ^ -fu n c tio n , and 
ii) for i  =  o because />(0) is a polynomial vanishing in the origin 

(take account of the fact that j e K ) .

Since Tf is N -flat#

is bounded in a neighbourhood of o intersected with K for i =(= N. 
# e K, \ x \  small,

(9) t ( ^ - / ) (N)w - ( ^ - / ) (N)( o ) ] -^ - <

So for

with suitable cx , c2 G R (depending on /  and g).
Using the lemma we shall now construct (by choosing a suitable sequence 

(av)) a CN_"^function y, such that yf  is of class CN and has no representation

(10) y7 = Z / /  > ë  CN-functions, f k e S.
k = l

Since Sx =  S D ( ^ NN\ ^ N+1) is finite or denumerable, we have an enumeration

(11) Si =  : { fj \ j e  I } with I C N.

We denote by rj the remainders of the functions f j  in a representation of type 
(8). There exists a sequence (ßv) of real numbers converging towards o and 
a monotonie sequence (tj (v)) of positive integers tending to infinity such that

(12) ßv >  y I I for all [x >  v

(13) ßv >  I (xß) I for all jx >  v and all j  <  yj (v) .

We then define the sequence (av) by

U4) av : =  i ß7

and * choose a function y according to the lemma. Since y is N-times conti­
nuously differentiable in a neighbourhood of and satisfies (3) and (4) we 
have with a suitable constant r3

Os) [(y/)(N)O v) — ( t / ) (N) (o)] —

I> ,y (V)-7(N_V ) 4* — 0 X.
>  — cz +  ——

for all v sufficiently large.
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We assume that y f  satisfies an equation (10) and have

c3 < (N).

Xt/fTw-c/fT io)k=i.

<  Ca
k = l

4̂ , 5̂ G R

by (15) 

by (10) 

by (9).

For v sufficiently large, such that, in particular, rj (v) exceeds the maximal 
index in the enumeration ( n )  of those f k which belong to Si, we have:

and
i) I (xv) I <  ßv for those f k belonging to S \S i ,  by (12),

ii) I r̂ Jk I <  ßv for those f k belonging to Si, by (13).

Consequently, for large v and suitable constants c and cr we obtain

which contradicts our definition (14). This proves the theorem.
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