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Topologia. — A4 condition on null sets for the approximaic
differentiability ©. Nota di SANTI VALENTI ™ e MarIA LETIZIA MICHE-
rucct 9, presentata ™™ dal Socio G. SANSONE.

RIASSUNTO. — Si fornisce un’estensione del concetto di quasi assoluta continuitd
secondo Khintchine [1] e si mostra come una siffatta estensione consenta di assegnare, anche
su di un insieme di L-misura nulla, una condizione caratteristica per la derivabilita appros-
simata quasi ovunque di una funzione reale di variabile reale.

INTRODUCTION

Within the Notes [4] and [5], one of us (S.V.) has introduced an atypical
set function (named “ weight ” or “ relative weight "), endowed with positive
values even on sets of L-measure 0. By means of this, a necessary and suffi-
cient condition of (ordinary) differentiability has been given there for real
functions. This condition exhibits the pecullarlty of actlng only on subsets
of L-measure 0.

The aim of the present paper is to show that, by the aid of the same tools,
an analogous condition can be found also for the approximate differentiability
of real-valued functions defined on an interval [a, 4] of the real R.

1. Let f(x) be a function from [z, 4] to R, with [2, 4]CR, and let X
be a (proper or non-proper) subset of [z, 5]. In the following, we shall put

(1.0) 07 (%) = Lub. [f (] —g.b. [ ()]

furthermore, we shall denote by [{T;}] the class of all systems of intervals
{T,},T,Cla,é] Vi, such that i = 1,2, -+, n (# being an arbitrary natural
number) and that

(1-2) ‘ z'if:j=>T,~ﬂ Tj=
Now, we shall put the following

DEFINITION 1.1. The function f (%) is said to be absolutely continuous (K)
(abbreviated ACK), on EC[a, 4] iff for any € > o there is a corresponding
3 > o such that, whenever

(1.3) (T}eHTd]  and 3T <3,
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then
(1.4) YO (ENT,)<e O,
=1

By means of this, we can give the other

DEFINITION 1.2. The function f (x) is said to be almost absolutely conti-
nuous (K) on [a, 8] iff for any € > o0 there is in [a, 8] a corresponding perfect
set P whose measure | P | is greater than 6 —a& —c¢ and on which £ (x) is
ACK. (We abbreviate this, saying that f(x) is AACK).

On this base, one gives in [1] the following

THEOREM 1.1. A necessary and sufficient condition in order that a mea-
surable function f(x) be almost everywhere approximately differentiable ® on
an interval [a,0b), is that f(x) be AACK on this interval.

2. Now, suppose that f(x) be a real function defined on a subset Z of
[2, 4], being Z dense on such an interval. It would be desirable to extend
the last condition of approximate differentiability to the continuous extension
(if it exists) f (x) of /,(x) to the whole interval, even in the case that Z be of
L-measure 0. Nevertheless, what would ¢ almost” mean if the condition has
to involve only Z? Furthermore, will an analogous statement hold in such a
connection (namely within a possible, larger acception of the word ¢ almost ”’);

As we are going to see, there is a complete answer to both these questions
in terms of a special set function already introduced in [4] and [5], which
is somewhat similar to the ‘ outer measure ”’ of sets according G. Peano and
C. Jordan [3]. Therefore, we first report the following

DEFINITION 2.1. Let Z be a set contained in [z, 8] and let Z'C Z. Denote
by {I}, any system of intervals obtained when [z, 4] is subdivided dicho-
tomically into 2” sub-intervals, 7 being an arbitrary natural number. Then
let us call {J},({J'},) the subsystem of {I}, consisting of all the intervals
either containing points of Z (of Z') in their interior, or having such a point
as right endpoint. Finally, let N (N") be the number of intervals belonging
to {J}, (to {J'},). Iff the limit of the quantity N’/N exists as # — oo, then
we shall say that the subset Z' Aas weight relative to Z and we shall denote

(1) This definition and the following -are essentially a translation of the analogous
definitions given in [1] by A. Khintchine. However, we have to emphasize that the original
idea of absdlutely continuous function is due, at least for intervals, to G. Vitali, who first
introduced this concept within his classic memoir quoted in reference [2].

(2) We recall that a function f(x) is, by definition, approximately differentiable at
%*g €[@, 8] when there is a number /¥ (x,) such that, no matter what is € > o, the set

3xe[a,é]:)———f(2:f(x°) —f*(xo)l<a

Zo

’

has xo among its density points [6]. -
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this limit, namely the weight of Z', by w (Z"). (There is no difficulty in proving
that if Z is dense on [a, 4], then every subset Z' has weight relative to Z and
is found to be independent of the law of decomposition of the given interval,
since one has

(2.1) w (Z") 2% )

Z' being the closure of Z").
Thereby, we can give the following

DEFINITION 2.2.  Given a function £ () defined on a set ZC [z, 4]
and such that 7 = [a, 8], this function will be said O-absolutely continuous
(abbreviated OAC) on Z iff for any ¢ > o there is a corresponding subset Z’
of Z whose weight w (Z") is greater than 1 — ¢ and on which fo (%) is ACK.
(It is almost obvious that any function which is AACK on [a, 4] is OAC on
this interval; but the converse does not hold).

At present, we are able to give answer to the questions proposed above,
by means of the following two theorems. (It is worth noting that in the first
of them the function Jo (%) is assumed uniformly continuous on Z; this
assumption is essential if we want to be sure that a unlque continuous exten-
sion of f, (x) exists on [a, 8]).

THEOREM 2.1. Let ZCla,b], Z=[a,b] and let o (%) be a function from
Z to R, uniformly continuous on Z. If fo (x) is OAC on Z, then the continuous
extension f (x) of f,(x) to [a, 8] is almost everywhere approximately differentiable
on this interval.

Proof. Let € be an arbitrary posmve number and let Z' be any subset
of Z such that

(2.2) : w(@Z)>1—¢,

on which fo(x) be ACK. We must show that there is in [a, 5] a perfect set
P ‘such that f(x) be ACK on it and, in addition, that

2.3) IP|> b—a—,

7 being as arbitrary as ¢ is.
Therefore, let us observe that

(24) 2> (b —a) (1 —9);

besides, as is known, there are a perfect set P and a countable set N for which
(PN N=g,

(25> ePUsz,,

so that

(2.6) |[P|> (@—a)(1—¢).
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On the other hand, by the continuity hypotheses, we have for any interval
TCla, 8]

(2.7) O,ZNnT)=0,Z'NT) = Of Z'nT),
whence, since obviously

(2.8) O,PNT)<O,(Z'NnT),

we draw out that f(x) is ACK on P. But putting

(2.9) n=clb—a,

by (2.6) we conclude that f (x) is also AACK on [z, 4] and so apprommately
differentiable on this interval, a.e..
Conversely we have

THEOREM 2.2. Let f (x) be a measurable function from [a , b] to R; if such
@ function is almost everywhere approximately differentiable on this interval,
then there is in [a, 6] a set Z of L-measure 0 and dense on [a 8] such that
the restriction on it of f(x), say f,(x), there is OAC.

Proof. As f(x) is AACK on [a, 6], we can proceed as follows: set a
number Ay > o and consider the sequence

(2.10) =2 n=1,2, |

b

then, for any %, denote by P, a perfect set submitted to these conditions

anC[d,é],
(2.11) |P,|>b6—a—c¢,,
?f(x) be ACK on P,.

After, still for any #, call Z, a set such that

Z,="7P,,
(2.12) 3 12",:6.
Clearly, it will be
(2.13) b—a)yw(Z,)=|P,|>b—a—c¢,.
Finally, put
(2.14) Z= .SIZZ-.

It can easily be seen that Z is dense on [, 4]; further, its measure is 0.
Thus, we have to show that the restriction f, (x) of f (%) to Z there is OAC.
Then, set o > o arbitrarily and choose the least integer, say 7y, for which
the inequality

(2.15) no >k
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is satisfied; on the corresponding perfect set P,, whose measure is greater
than 46— a— o, the function f(x) will be ACK. In addition, since for all
intervals T C [@, 4] one has

(2.16) Os(P,,NT) =0, (Z,,NT),
fo (®) will be ACK on Z,. But from (2.13) we draw

(o

.

P,
(2.17) W (Z,) = el s 2

So that, being o arbitrary, £, (x) is OAC.

Remark. Observe that in Theorem 2.1 we have not émphasized the possi-
bility that Z have L-measure 0; while this circumstance has been underlined
in Theorem 2.2. That is why, within the ¢ sufficient ’ condition, we wished
to point out that our statement contains, as a particular case, Theorem I.I.
On the contrary, within the “ necessary ’ condition, all the strength of the
statement consists just in the existence of a subset Z, whose L-measure 7s 0,
on which the function is OAC.
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