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Geometria differenziale. — A n  approximation theorem on 
CK-submanifold of a complex manifold* (**)'*'1. Nota di Gilberto D ini e 
Mario Landucci, presentata^ dal Corrisp. G. Zappa.

R iassu n to . — Si enuncia un teorema di approssimazione sulle C Risotto varietà di 
una varietà complessa. La dimostrazione comparirà in altro lavoro.

Let X be a complex m anifold of complex dimension n, U  an open subset 
of X, we denote with A -,? (U) the sheaf of germs of 3-closed differentiable 
forms of type (p , q) on U.

We say th a t a real differentiable subm anifold M of X is a CR-subm anifold 
with CR dimension m  if dim c H x (M) =  m for every i t  M, where H* (M) 
is the m axim al complex subspace of the tangent space to M at .r, carrying 
the same complex structure of (X).

In this Note we sketch the proof of the following theorem:

T h e o r e m  1. I f  M is a compact CR submanifold of X with CR dimension m y 
and i f  Cp,m(M) is the space of continuous sections of the sheaf Ap,m (M), then there 
exists a neighborhood of M in  X s.t. the inclusion map:

A ^ ( U ) - > C Aw(M)

has dense range in the C°° topology.

The result generalizes a theorem  proved by Nirenberg-W ells [3]. The 
proof is divided into four steps.

Step A: Let h-j be an herm itian m etric on X, locally euclidean; as in [3] 
we prove th a t there exists a neighborhood U  of M in X such th a t for every 
f  e Ap,m (M) and for every N e N  we can find f e  A p,m (U) s.t.

i) /  ÌM = />’ 

ii) | a / l  =  o(rf£) 

where dM is the distance from M.

Step B : We recall th a t a complex manifold X is ^-complete if there exists 2 r . • y 1
a C function 9 s.t. its Levi form has n — q -f- 1 strictly positive eigenvalues
at every # e X and the sets are relatively com pact subsets
of X for every c e R.

It can be proved th a t for some /, T (/) =  {z e X : dm (z) < I2} is a 
relatively com pact ^-com ple te  neighborhood of M.

(*) Lavoro rientrante nell’ambito dell’attività del C.N.S.A.G.A. del CNR.
(**) Neiia seduta del 28 maggio 1974.
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In  w hat follows we will denote with || ||u,£ the usual Sobolev norms 
and, as usual, if K is a compact set and s a nonnegative integer

I Ik,* =  sup I D“ I .
K, jaj< j

Step C: T h e o r e m  2 (H orm ander). For every f e  there
exists ui e A p,m (T (/)) s.t.

i) d U i = f  ]

ii) II%IIt (/),o <  G | | / | | t(/),o 

where C, for sufficiently small /, does not depend on /.
T he proof follows by  a careful analysis of the paper [2].

Step D: Outline of the proof of Theorem  1.
By a theorem  of Sorani [4], asserting th a t if B, and B^, c > d  are as in 

step B then the restriction m ap

is dense in the topology of uniform  convergence on com pact subsets, it is 
sufficient to prove th a t the m ap

is dense.
L et f e  A p,m(M')J for every s >  o, k  >  o m ust find h e A ^ w(M) s.t.

I h — /  |m ,̂  <  s .

We choose, by step A, the ex ten s io n / s.t. d f  =  o (pìu) w ith N >  7 n +  3 k +  2. 
By steps B and C we can find m1 e A p,m (T (/)) s.t.

i )  d u i = d f ;

i i)  II % I|t</),o < C  II 3 /  ||t</),o-
U sing some well-known estim ates (see [3], Prop. 5.1, 5.2,,5.3, 5.4) we have

I U, |m,a <  c  II Ul ||t(i/2).*+i+1 <  G '/ - (,,+3H2) II a/  ||T(/);0.

So h — f — ^  satisfies the thesis, for sufficiently small /.
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