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Algebra. —■ Some Partitions of a Rectangular Matrix. Nota di 
A. D uane  P orter , presentata(#) dal Socio B. S egre .

RIASSUNTO. — Si ottengono espressioni esplicite per il numero delle partizioni di 
una matrice B su di un campo finito quale somma di matrici di dato tipo, come ad esempio 
B =  U2 Ui A +  DVi V2 con le A e D matrici assegnate e le U , V soggette a condizioni di 
tipo dato*

i. Introduction

Let A be an w X «  m atrix of rank r x, D be an s X t matrix of rank r 2, 
and B be an s X n  matrix. In [2] and [3] John H. Hodges found the 
number of solutions in a finite field of the m atrix equation U A + D V = B ,  
where U  is sX tn  and V is t X n .  Certain generalizations of this problem 
are possible. In particular, one can discuss the number of partitions of a 
matrix B as defined by

(1.1) U 1 . . . U a A +  DV1 . - . V 0 = B ,

where A, B, D are as defined above and U,-, Vy, 1 <  i  <  a, 1 < j <  ß are 
matrices of arbitrary sizes subject to the condition that product sum and 
equality are defined. This number is discussed in Theorem 1 subject to certain 
restrictions on A and D. These restrictions can be removed if somewhat easier 
to handle partitions of the form

(1.2) U i . - - . U a A X ! - - -  Xy +  Y1 . . . ■Y8DV1 . . . V ß.= B

are discussed., Partitions of the form (1.2) have already been considered 
in [7]. This paper is the analog for rectangular matrices of a paper written 
by the author concerning skew matrices [6]. Later in this paper we find the 
number of partitions of a m atrix B into a sum of k  matrices where each is in 
the form of the left side of (1.1).

2. N otation and preliminaries

Let F =  GF (y) be the finite field of y =  p f  elements, p  odd. Matrices 
with elements from F will be denoted by Roman capitals A , B , • • •. A ( s , m) 
will denote a m atrix of a* rows and m  columns and A (s , m  ; r) a m atrix of 
the same dimensions with rank r. l r will denote the identity m atrix of order r  
and I (s , m ;  r) will denote an s X m  matrix with Ir in its upper left hand

(*) Nella seduta del 28 maggio 1974.
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corner and zeros elsewhere. If A =  ( a f  is n X n ,  then er (A) =  au  -j- • • • +  a„„ 
will be called the trace of A. It is apparent that a (A +  B) =  a (A) -|~ a (B) 
and for A, B square a(AB)  =  <j (BA).

For a c F, we define

(2.1) e (a) =  exp 2 tc it (a)\p ; t (a) =  a +  a* +  • • • -f

where by its definition t  (a) e GF (p). It follows directly from (2.1) that

(2.2) e.(a+6) =  e (a) e (b) , 2 *  (ab) =
b

where the sum is over all b e ¥ .
A  direct application of (2.1) and the definition of trace also will show 

that if A =  A (m , then
/ n mn  A __ 0

( -3 )  S 4 . ( a b ) }  =  ( o? ; A ; o ;

where in this case the sum is over all matrices B =  B (n , m). The number
g  (a I b ;y)  of aXb  matrices of rank y  is given by Landsberg [4] to be

(2.4) g  (a , b ;y)  =  qy(y -m  ( f - ' + i -  1) (qi ~ i+ i ~  i ) l ( q i —  1).
1 — 1

Following [1; 8.4], if B =  B (s , t  ; p), we define

(2.5) H (B  ,*) =  2  £ { —
C ( t , S \ z )

where the sum is over all matrices C ( t , s \ z ) .  This sum is evaluated 
[1; Theor. 7] to be

(2-6h H (B , z) =  * 2  (— I y  q jV - 2* -1»2 [ 9 I q (s — p , t — p ; ^ — j )  ,
j =0 L J J

with

[y ]  =  (I — <f) • •• (1 — q°-J'+1)l( I Ç) • • • (I — qj) .

3. A n evaluation òf ( i . i)

We are now able to prove

Theorem i . Let a , ß be integers >  2] K  =  K  (m , n -, n)]F> =  F) (s , t -, s)] 
B =  B (s , n ; p) ; U i =  V 1 (s , #1) , U,- =  U,- (* ,_ i, s,) f o r  i <  i  <  a ;
U a =  Ua (sa_ 1, ni) ; Vj =  (t , q) ; V) =  "Vÿ ( t j~ \ , tf) f o r  i <  j  <  ß ;
Vu =  Vp(iw  ,#) , where m , n , s , t , p , s1 , • • •, 4a_ i , f  , ■ • •, t ^  represent 
arbitrary positive integers. Then the number N of partitions of a matrix. B 
as dès crib ed in  ( i . i )  is given by

N =  f - «  2  H (B ,Z) Na(*) Nß(*) ,
2  =  0

q , a =  o , 
o , a =f= o ,
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where r ~  nt$_ 1 ; H (B , z) is given by (2.5) and (2.6); (n , s) ~  minimum
of n and s; Na(V) is given by (3.4) and Nß (z) is obtained, from  Na (z) by 
replacing a with ß and sk with tk .

Proof. By noting (2.3), we m ay express the number of partitions of B 
as described by (i.r)  by the following formula:

N =  ÿ-." Ç  S(Ui,- • .,U B)Vi, • • .,Vp) *{<t([Ui • • • UB A +  DVi- • -Vß — B] C)}(

where S (Ui , • • •, U a , Vi , • • •, Vß) denotes a summation over all U,- , V ,, 
I <  i <  oc , I < j  <  ß as these matrices are defined above, and the sum 
over C is over all Ç =  C (n , s'). If  we divide the sum over C into successive 
sums over C (n , s ; z), o <  z  <  (n , s) =  minimum of n and i*, note (2.2) 
as well as the properties of trace, we m ay write the above equation as

(3-i) N =  r ' " S  2  e {— c (BC)} •
z=*=Q C(n, s  ; z)

S( UX . .,U , , Vi ,• • -, Vß)  ̂{ct(U! • • • U aAC)}e  {G(DV1 • • • VßC)}.

However, since the variable matrices in each of the exponential functions 
in the second line above are distinct from each other, we may write this line 
as

(3.2) S ( U j .• • •, Ua) e {a (Ux • • • U a AC)} S (Vx , • • •, Vß) e {a (DVX • • • Vß C)}.

We must now evaluate each sum in (3.2). To do this we first note that 
for any fixed choice of XJ1 , • • •, U a , V ± , • • •, Vß and any C =  C ( n  , s ; s ) ,  we 
have <7(11! • • •UaAC)=cj(ACU1 -Ua) and c^DV^ • - VßC)—a (CDVX • • - Vß). 
By making these substitutions into (3.2) and summing over U a and Vß 
in accordance with (2.3), we can see that the only nonzero contributions 
to (3.2) come from terms such that

(3.3) ACUi • • • Ua_i -  o and CDVX • • • Vß_1 =  o ,

and each such term contributes qr to the sum, where r  — msa_x +  nt$_x. 
So, as Ui , Ua—! , Vi , • • •, Vß_i vary over all matrices of their respective 
sizes with elements from F, we must determine how m any times (3.3) is 
satisfied. Hence, for any fixed C =  C (n , s ; z) we must find the number 
of solutions to the matric equations in (3.3). It is at this point we need the 
added restrictions on the matrices A and D. We first discuss the left equation 
in (3.3). The number of solutions, which we call Na(#), of ACUT• • • U a_i =  o 
is a special case of [5; Theorem 1]. However, it is shown in this paper that 
Na(^) is a function of the rank of the constant matrix AC so that we must 
know the rank of AC. If the rank of A is not equal to the number of columns 
of A then, in general, the rank of AC is not a function of only the rank of C. 
But, with A =  A (m , n ; n) then we have rank AC =  rank C =  z. Hence,
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Na(V) is given by [5; Theorem 1] to be

(3-4) Na (*) =  qT J i i g  f i ,  ; / a_2) •
â—2—0

a—2
XT . SÜ *-i j Ja-j L/a-z-l) ^w,1 —1 â—z—1~0

with T =  *S*a- l  (i*oc~2 Z) +  SSi +  * * * +  sot-Z ^a-2 and W =  ---ja -i-1  ̂ a-z-l ,

where (u , v) == minimum of ^  and v; g  (a , b ;y)  is given by (2.4); the sum 
over any j k is defined to be 1 when the upper limit is zero; the product over i 
is defined to be 1 for a =  2, and for a =  2,3 sa_ 2 , «Sa-3 are defined to be o.

By using a similar discussion, we may determine the number Nß(V) of 
solutions of CDV]/ • • Vß_i =  o from (3.4) by replacing a with ß and sk with 
tk in this expression. The theorem now follows by substituting the value 
N a ^ N ß ^ ) ^  into (3.1), noting (2.5), and simplifying the resulting expression.

4. Some particular results

It is perhaps of some interest to consider (1.1) in the cases a =  1, 
ß >  2 and a >  I ,  ß =  1. Clearly, a =  ß =  1 is given by Hodges [3]. The 
details of the proofs of these cases are somewhat like the proof of Theor. 1 
so will not be included.

T heorem  2. Let a =  1, ß >  2 be integers with A , B , D , V ± , • • •, Vß as 
defined in Theor. 1 and  U 1= U 1 (s >m). Then the number N ( i , ß) of partitions 
of B as defined by (1.1) is given by qy Nß(o) where y ~ s  (m — n) + n t$ _ 1} 
and  N ß  (o) is defined in Theor. I.

Theorem 3. Let a >  i, ß =  i, A , B , D , U l , • • •, U a be as in Theor. 1 
with  Vi =  Vi ( t , n). Then the number of partitions of B as defined by (1.1) 
is given by ^5 * * 8Na(o), where ?> =  n ( t — j ) + » w a_i,  and  Na(o) is given by (3.4).

5. The general partition

For each 1 <  h <  k, we define A h =  A k (mh , nh ; nh), ~Dh =  DA (sA , th ; sf) 
and-A Ä(UÄ , V A) D;, =  U /a • • • U Aa/tA A +  DAV a  ■ ■ -V m  where U M —
D hi ~~ ^  hi fih,i—1 ! sA,i) for I <  Ì <  ChA , U *  =  U *  , mf), V A± =  V fty (tA , tAi),
Vjy , th,j) for I <  /  <  ß/, , V *  =  VA0 (4,P-1, n). We now. seek
the number of ways a m atrix B =  B (s , n ; p) m ay be partitioned as

(5.1) Ax (Ux , Vj)  Dx fi........+  A* (U4 , V,) D , =  B.

It is possible to prove.
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T h e o r e m  4. I f  <xh , ßA >  2, 1 <  h <  k, then the number of partitions 
of a matrix B == B (s , n ; p) as described by (5.1) is given by

N* — ?K~Sn S H ( B ( ^)TT N«/S 00 Nß-S (?) >
z —0 h — 1

where R =  rx +  • • • f i r k with rh =  mshA- \  +  «4 ,ß - i , H (B , z) is defined by
(2.6), Na/S(Y), are defined immediately following (5.3), and (n , s) =  mini-
mum of n and s.

Proof. In view of (2.3), we m ay write

N* =  r " S 2  (U* , v * )  e { a([A i (Ui , Vi) Di +  • — h A k (U ,, V,) D, -  B] C },
c

where the sum over C is over all C =  C (n , s) and S (\Jk{ , V#) denotes a 
summation over each 1 <  h <  k, as these matrices are defined
above. Now if we divide the sum over C into successive sums over all 
C, =  C (n , s ; z), o <  z  <  (n , s) =  minimum of n and j*, and note (2.2), 
we m ay write the above line as

(5.2) where:
* = 0  C h = l

W A =  S (UM). • -, U** , v /(1, • ■ -, v m ) e {a [At (U , ,V ,) D ,C ]} .

If we make appropriate substitutions into (3.1) through (3.4), we m ay obtain 
the value of W Â to be

(5-3) W* =  q h Na/5(V) Nß* (fi),

where rh =  msAt<x_i -j- ^4 ,ß-i , "Nat fi) is obtained from (3.4) by letting sa =  shtC 
for all subscripts a, a =  a*; and N3*(V) is obtained from N 3 by letting ta =  th>a, 
ß = ß ;r The theorem now follows by substituting (5.3) into (5.2) and 
noting (2.4).

We note that theorems corresponding to Theor. 4 when some or all of 
<xk and (or) ß  ̂=  1 can be obtained, but we shall not dwell on that.
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