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T opologia algebrica. —• Characteristic classes of S1-pseudo-actions 
in fiber b u n d l e s . N ota I di N ic o l a e  T e l e m a n , p re se n ta ta 0"0 dal 
Corrisp. E . M a r t i n e l l i .

R iassunto . — Continuando lo studio delle « classi caratteristiche ti » già introdotte
in [4L si ricostruiscono qui « classi caratteristiche %i » per involuzioni provenienti da una 
pseudo-azione del gruppo S1. L’attuale procedimento appare come un raffinamento di quello 
di cui in [4].

§ i. Introduction

In a recent paper [4] we defined the characteristic classes /,•(£) of fiber 
bundles £ with involution A. The classes generalize the Stiefel-Whitney 
classes.

It is known that the Stiefel-W hitney classes measure the obstruction 
to the construction of linear independent sections in a real vector bundle, 
while the Chern classes measure the obstruction to the construction of 
C-linear independent sections in a complex vector bundle.

If sl t  - • sn are C-linear independent sections in a complex vector bun­
dle then obviously, s± , zs1 , • •, sn , isn are R-linear independent sections in

The classes t{ defined in [4] measure the obstruction to the construction 
of certain operators ; the operators Ép can be constructed (when the invo­
lution is the antipodal map in an Euclidean vector bundle) if we know certain 
R-linear independent sections. The cochains cor (Ç , k{p )  which measure the 
obstruction to the existence of the operators kp\ are not always cocyles (over 
an arbitrary ring), and if dcor (£ , kp]) =  o, the cohomology class of the co­
cycle cor (£, k ^ )  depends, ingenerai, of the choice of the operators ]êp\ only 
a certain reduction of the coefficients assures to be cocyle and the indepen­
dence of [coj of This phenomenon occurs because the existence of the 
involution A alone limits too little the operators In the complex case, the 
complex structure limits the R-linear independent sections as it has been shown 
above. Therefore, is natural to expect that a certain limitation of the opera­
tors k can offer a new information. We show that if ^ ^ ( A  -f 1) / $  — o, 
o <  p  <  oo, then we can define k f r+1) =  Jép\2r k f r) and we obtain a new 
system of characteristic classes which generalize the Chern classes, and 
whose fit reduction gives t{. There are geometric conditions, weaker than 
the S^actions, (the associativity does not matter; we call them S1-pseudo- 
actions, see § 2) which induce such A  S1-pseudo-action induces an homo- (*) (**)

(*) Lavoro eseguito come prof, visitatore del Consiglio Nazionale delle Ricerche, 
presso l’Istituto Matematico « G. Castelnuovo » dell’Università di Roma.

(**) Nella seduta del 20 aprile 1974.
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topy between I and A; Euclidean sphere bundles with an homotopy between 
I and the antipodal map have been studied by I.M . James and D. W. Ander­
son in [i], [2], [3].

§ 2. S^PSEUDO-ACTIONS IN FIBER BUNDLES

The motivation of the following notion is contained in the following 
Proposition 2.4. and the Definition 2.6.

2.1. D e f in i t io n .  Let be \  =  (E , tt , B , F , A) e J-(B  , F , Z2) (see 2.4. 
[4]) and let Sp : C^(E , R) ->CJi+1(E , R), o <  p<l 00, be local homomorphisms 
(see the proof of the Proposition 3.3 [4]) such that-.

I A =  3p+i Sjs +  S^_i 9, , Sii+1(i +  A) =  o, o < p < o o .

Then f i  , S) will be called a “ fiber bundle with homological S1-pseudo-action 
S ” , and we shall write f i  , S) =  (E , tc , B , F , A , S) e ^ (B  , F , Z2 , HS1). 
In a similar m anner we define <^r(B , F , Z2 , HS1) (see 7.7. [4]).

2.2. Remark. If f i  , S) e ^  (B , F , Z2 , HS1), then A* : H (Ex , R) +0 ,
x  € B, is the identity.

2.3. Example. If Ç =  (E , n  , B , F , A) e .^(B , F  , Za) and if there 
exists the local chain homotopy Sp , o <  p  < oo, such that SiiA =  ASp , 
Sj,+1 Sß =  o, then f i , S) e « ( B  , F , Z2 , HS1).

2.4. P ro p o s i t io n .  Let be £ =  (E , tc , B , F , A) and let ht : E -► E, 
o <  t <1, be a continuous fiber-preserving homotopy, f i  — 1 , hx =  A, such that

hsht =  k , h s , o <  j  , t <  I .

Then the, homotopy S defines a local chain homotopy S such that 
(fi , S) e ® (B  , F  , Z2 , HS1).

Proof. We shall prove that the conditions from the Example 2.3. are 
fulfilled.

Let Ar =  [x0 , x 1 , • ■ -, x r] be the standard r-simplex and let hr(Ar) be 
the integral chain in the simplicial complex A ' x l  , I =  [o,  1]:

àr(&) =  o 5 h (  [(fio > °) I • • •. (xp , o) , (xt , 1) , • • •, (xp , 1)] ;

evidently, (dhr +  hr_x 9) (Ar) =  A’' X [o] — Ar X [1 ].
The chain hr (A ) can be considered also as a singular chain, if we agree 

to identify any simplex <x from hr (A ) with the unique linear map which 
carries the vertices of A.r+1 on the vertices of a, in the same order.

Let h : E XI -> E be the function (e , i) i-> ht e. It is classically that the 
correspondence a 1—> Sr o, where <r : Ar - > E  is a singular simplex, and Sr a
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is the image of kr(Ar) by the composition of the maps

Ar x l  E x I  — -> E , o < r < o o ,

is a chain homotop y between I end A.
We observe that Sr+i Sr (a) is the image of the chain hr+1kr(Ar) by the 

composition of the maps

Ar x I X l  E X I X I  — ■-* E X I -* —* E ;

we observe also that hr+i hr(Ar) =  a -f- b — c — d, where

a =  2  (—  I)P+i K*o > °  > o) , (xf  , o , 0) , (Xj, , o , 1) , - ■ ■

• > 0  > 0  » X  > I , 0  »• • -, i x r , I , I ) ] .

b  = 0

X
IIi

> 0  :. 0 ) ,  •  • • ,  ( x s  , O  , 0 )  :, ( x g , o ,  1 )  , (pcq ,  I ,a ) , - - - > < X
0< Ç < r

c  = O

X
III

1 0  ,. o ) v  • '• , { x s  , o  , 0 )  ,• X >1 , 0 )  i ( % q ,  I , 1 )  , •  • • > ( x r
0  < q < r

< / = -  s ( -
-  i / + ? { x 0 , O  , 0) ,  0 , 0 )  , ( x q : , 1 , 0 ) ,

< g < r

‘ > (A/ > I > P) r (X* ) I j 0  ) * * * > (p̂ r } h  > O]-

Let A : I X I be the involution (s , t) i-> ( t , s). The commutativity h, ht =  
=  ht hs implies the commutativity of the diagram:

Ar X I XI

I X A

A’’ x  I XI o x l x l

E XI X I

[ I x A
T

E x  I X I

kxl E X I

E x l /

\
A
h

E.

We have ( i ^ x A )  (a) =  d , ( ia,x A )  (fi) =  c\ in consequence

,Sr+i Sr (a) =  h o ( fix  ii) o (aX I ï X ij) (a +  b — c — d) =

=  k o f i x  ij) o (a X I ! X ij) (1 X A) (a +  b) —

— h o ( fix  iï) o (crX ijX  ij) (c +  d) =  o,

and the conditions from 2.3. are verified.

2.5 Remark, h being the homotopy from the Proposition 2.4., we observe 
that we can define

H : E x S 1 E, (S1 =  { p  Ç e C , | X. \ =  1»,

ht for Ç , o <  t <  1,
H(* , Ç) =  U ^e)  = Aht ei for Ç =  en*V+1\

We have also Hç Hç , AHç =  Hç A.
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2.6. D e f i n i t i o n .  I f  Hç : E E, Ç e S1, is a continuous fa m ily  of fiber- 
preserving maps such that =  i e , H _ 1 o H _ 1 =  i E , Hç o H  g =  o Hç , 
fo r  any Ç , XJ e S1, then Hç is called a “ S1-pseudo-action ” on JL. I f  we take 
A =  H _ ! , then the restriction of H to S \  =  { Ç | Ç e S1, Im Ç >  o} defines a 
homological S 1-pseudo-action as has been proved in Proposition 2.4..

2.7. Example. A  S^action is a S1 pseudo-action. In particular, a com­
plex vector bundle and his associate sphere bundle (by respect an Hermitian 
metric) are bundles with S1-pseuclo-action.

2.8. P r o p o s i t io n .  Let Hç be a S1-pseudo-action. I f  pw : S1 -> S1 is 
the map Ç i-> £2*“ \  then (pn H )ç =  H 2̂n+1 A æ ^-pseudo-action. Also 
(H)^ =  z.s* ^ S1-pseudo-action.

Proof. Obvious.

2.9. Remark. The S1-pseudo-actions H, pn H , H induce different homo- 
logical S1-pseudo-actions S, pn S , S though the three chain homotopies satisfy 
the same equations

I — A — dk k$ , k =  S , resp. pn S , resp. S 

A == =  (pw H )_i =  H _!.

2.10. D e f in i t io n . I f  , tc,-, B , F^H^,,-) e ^ ( B  , F,-, S1), i =  i , 2,
then in  © Ç2 (see 2.11. [4]) we define the S1 -pseudo-action Hr : fo r

è — (ei >t > ez) e i ei} * {^2} > ei e ^i ,x > x  e B,

Hç e =  (H c>1 el t t , H Ïj2 e2).

Therefore , F,-, S1) is closed by respect the sum ©. In particular, 
if I  e , F , S1), then SSÇ e a  (B , F , S1) because (B X S1, prx , B , S1 , S1) e 
e J ( B ,  S1, S1).

§ 3. Ch a ra cteristic  classes of homological S L pseudo-actions

In this paragraph we use the notations from § 7 [4].

3.1. Theorem. Let be (fi , S) =  (E , i z , B , F , A , S) 6 (B , F , Z2 , HS1). 
Then:

(i) there exists the local H-homomorphisms

Ép : C ^ E  , R) ->Cp+r(E , R) , o < p  +  r < n ,

k f = i  , k f =  s ,  ; k?r+li= s k * '\
such that

(I  +  (—  i ) ^ A )  k{; ~ X) =  dk^  +  ( -  o r+14 1 ,  a,

37. — RENDICONTI 1974, Voi. LVI, fase. 4.
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(ü) i f  , i\r> are two systems of local homomorphisms (1), then there 
exists the systems of local R-,homomorphisms

9?  } • C^(E , R) -> C,+2r+1(E , R) , p  +  z r  +  i <  n, 

such that, i f  we denote =  kp* — léff, we have

K f } =  -  (! +  A) Scpf “2) +  3 $ f > +  a, and

K i- l  =  — (I  +  A) S9 f  ̂ 2) +  +  ? î - 2 r - i  3  , S ï t l  =  o;

K f +1) =  SKf > =  (I  -  A) $ f > -  3 (S f2’') +  (Sq>f}i) 3, p +  2r +  2 < n .

Proof. We indicate here only the specific part of the proof by respect 
the proof of the Theorem 7.1. [4].

(i) We suppose we have been constructed k f r).

We define: k f r+1) =  Sk f r\  we have:

d k f +1) +  k f +1) 3 =  (1 — A — S3) k f r) +  SkfL\  3̂  =

=  (i — A) k f r) — S (3 * f  > -  4 ^  df) =  (1 — A) 4 2î').

(ii) We suppose we have been established K f +1) =  ( 1 — A) ç f*  
— 3 (Sfj) *) +  (Sç^2r)) 3^, ^ 4 - 2 ^ 4 " 2 < ^ .  Then we have:

(I + A ) K f +1) =  3 K f +2) — K(2"+2> % or

gKf +2) -  K f +2) a ,  =  -  ( I  +  A) (3 S $ f > -  dp) ,

which gives

3 ( K f +2) +  (1 +  A) S 9 f  >) — ( K f +2) +  (I +  A) S9(2r)) 3,» =  o.

We obtain by increased induction over p

K f +2) +  (1 +  A) S § f  > J a f r + C f ’ a,

f pi2f 22>+2 ) + 9 (2r+2)3«-

p  +  2 r +  3 <  n ,
(̂2̂ +2)

<J[ l n- (2r + 2) =  O

which proves the assertion.

3.2. C o r o l l a r y .  I f  we confront the Theorem j . i .  with the Theorem J .i. 
[4], we have

4  } } > P +  z r  +  I <  n  , p f  W =  p f  2r ,

çf + i )  =  _ S$ f )  , /  +  2 r  +  2 <  n , [ x f t1! i  =  ~ 3 ( S 9 f l - i ) .

3.3. PROPOSITION. JEztó ^  notations above, fo r  the tipper special opera­
tors we have\

CO o>2r+1 , 4 f  =  0
(ii) dw2, (£ , 4 f  = 0 .
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Proof, (i) Using the Corollary 3.2., we have (see 7.2. [4]):

(5 . #P) (<0 =  [((I -  A) U p \ -  k Z tX i)  a) («)] =  [ a e t ?  (*)] =  o

(g being an arbitrary ( n — 2r)-singular simplex), because the operators 
k f r+1) =  exist for p  +  2r  <  n).

(ii) The general relation (2) from 7.2. [4] gives

dc02r (£ , Up =  — 2 0>2,- l  (I , Up) =  O.

3.4. Proposition. I f  Up , Up are two systems of homomorphisms (i) 
Theorem 3.1., then

<«>2, a , kp ) -  <o2, a , up) =  ^ [ î â ]  .

Proof. From the proof of the Theorem 7.5. [4] and the Corollary 3.2., 
we know (a being a singular simplex):

(C02r (£ > 4  W2r (£ > 4  *)) (<0) =  C1 +  A^) [(^2^+1 (<?)] +

+  d \ X X  (a)] =  2 [ -  asi2: ^ !  (a)] +  ( d [ X X ] )  (<x) =  (d[P*X])  (a).

If we gather the content of the Propositions 3.3., 3.4., we have the

3.5. Theorem . I f  (Ç , S) g ^ r ( B  , F , Z2 , HS1), tó*» co2h-i(£ , Éf)s) =  o, 
<2^ co2r (5 > 4*°) individuates a well defined cohomology class

[«*• ( 5 , 4 })] e Tt* ̂ - 2,'+1 (B , (Ç , R))

fo r  arbitrary Up as in the Theorem 3.1. (i).

3.6. D e f in i t io n . If (£ , S) e m l  (B , F , Z2 , HS1) we define

, S) =  «„_2!.+1 (SSÇ , Up) , 2 i < n +  I,

J : B -» being a section (see 7.9. [4]), and Up being a system of homo-
morphisms as in the Theorem 3.1. (i) for SSÇ which is also a fiber bundle 
with homological S1-pseudo-action.
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