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Analisi funzionale. —_.4 note on Multi-valued contraction mappings.
Nota di Barapa K. Ravy, presentata® dal Socio E. BompIianT.

RIASSUNTO. — Vengono dimostrati in questa Nota due nuovi teoremi sulla esistenza
di un punto fisso di una corrispondenza, che sia plurivalente ed abbia carattere di contrazione,
di uno spazio metrico completo in sé.

INTRODUCTION

The classical Banach’s contraction principle states that if (X, p) @ is
a complete metric space and if T is a contraction mapping {i.e. p (Tx , Ty) <
Zap(x,y) for all x,yeX ,0<a<1} of X into itself then there is a
unique fixed point of T. A similar theorem (stated below) of multivalued
contraction mappings has been given by Nadler [2].

THEOREM 2. ZLet (X, ) be a complete metric space. If F:X —>CB (X)
ts a multivalued contraction mapping then ¥ has a fixed point.
Recently [1] we have been able to prove the following theorem.

THEOREM 1. [f T is a (single valued) mapping of a complete metric
space (X, o) into itself and if :

e(Tx, Ty)<afp@x,Tx)+po (¥, Ty) +o(x,5)] all x,y€eX, o<a<1/3

then T has a unique fixed point.
The aim of this Note is to extend the above result to multivalued map-
pings and to prove a related theorem on fixed point.

PRELIMINARIES

We use the notations and definitions as given in [2]

DEFINITION 1. If (X, ) is a metric space then:
(1) CB(X) ={C|C s a non-empty closed and bounded subset of X};
(i) 8(x,A)=inf{p(x,%): y€ A}
(i) N(,C)={xeX|o(x,c) <e for some c€C} where ¢ >0 and
CeCB (X);
(iv) HA,B)=inf{e¢|ACN(¢,B) and BCN (z,A)}, ¢ >0 and A,
B € CB (X).

(*) Nella seduta del 20 aprile 1974.
(1) For the meaning of the symbols see Nadler [2].
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The function H is a metric for CB (X), called the Hausdorff metric for
CB(X)

DEFINITION 2. Let (X, p)) and (Y, 0,) be two metric spaces. A function
F: X —>CB(Y) is said to be a multivalued contraction mapping of X into Y if
HFEX), FOyN<ap(@,3y) , o<a<I1
Sor all %', vy’ € X

DEFINITION 3. A point x is said to be a fixed point of a multivalued
mapping F if x € F (x). '

THEOREM 1. Let (X, 0) be a complete metric space.
If ¥:X—>CB(X) be a multivalued mapping satisfying.
HE@®, FON<a3@,F@) +38@,FO) +ex,)],
o<a<i1/3 , =xz,y€X

and if ¥ be continuous on X then ¥ has a fixed point.

Proof. Let xy€ X, then F (x,) €CB (X). Pick a point x; € F ().
Since F (%), F (x) € CB (X) and x, € F (%) there is a point x, € F (1)
such that :

o (x1, %) < H (F (%), F (ay)) + —— %%,

I—a

Similarly, since F (x;), F (xy) € CB (X), there exists a point x5 € F (%2) such
that

I—«

o (22, 29) < H (F (%), F () +( 2o )2.

Proceeding in this manner we get a sequence {x;};, of points in X such
that x; € F (x;_;) and that

o (5, 733 < H(F (eacn), F (1) + (122)

I—a
Now
3 (x,, F(x) =inf{p (x;,2) : 2 € F (x,)} for all 2
< o (x, %iy1), since x,41€F (x).
Now

e (%, x;-+1) <HE @), F@) + (12_“‘“)"

< a3 (rins F (@) + 8 G, F (@) + 0 e, ] + (125

I—o

Therefore

P xs s 2040) < (i1, ) + 0 (3, i) + wp (e, 3) + (£25)

I
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Hence
20 (2oc)i
P, i) < —o P (Fie1,x) + (1—a)+t
Again
ey 20 e o™
P(xz——l ’xz)— I — o p(xl—2’xi—1> + (I——Ot)i
So
20 \2 (zo)* (2 @)’
P(xz"xi+l>£ (I-—OL) p(xt'—2’xi—1> + (I——Oﬁ)i+1 _l_ (I—oc)H'l
20 \2 2 20 \'tL
= (I—OL) P(xi—Zyxi—l) —I—W(I—OC)
20 \¢ / 2o \IHL
S(I—a)9<x0’x1)+;7(1_o{) .
Now
P(x,',xi-}-k)
< p (s %igr) + e iy %ige) + oo+ o Figa—1, Xiga)
20 \? 3 20 \it!
<(725) el + 55 (5)
2a 'L 1 20\
+(I_a) P(xo:xﬁ‘l“zza (I_a) T+
20 \iTEL i+ l—1 2a \it1
'+(I_a) e (x0,x) + P (I_a)
i+k—1 A ” i+A—1 n41
20 I 2
=nz_; (I_a)'P(xo’xl)—‘_ﬁﬂzj.%(I—OCoc) , n, k>
Now
20 ‘ . - I
<1 since o << — -
I—a 3

So ¢ (#;,%:14) becomes sufficiently small as 7 — oo.
Hence the sequence {#,}_, is a Cauchy sequence.
Since (X, p) is a complete metric space, we infer that limx; = 2 € X,
‘and since F is continuous {F (x,)}}., converges to F (g,). =%
Now '
‘ x; € F(x;_1) for all 7=1,2,""
Hence z,€ F (). So 2, is a fixed point of F. This completes the proof.
If * A,BeCB(X), X€A and A>o0

then from the definition of H (A, B) we infer that these exists a 7 € B such
that p(®, ) <H@A,B) + A
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In the proof of the above theorem
play the role of A, 7 =1,2,---

and consequently ( 2z )i

I—a

THEOREM 2. Zet (X, ¢) be a metric space and F,: X - CB (X) be a
multivalued contraction mapping with fixed point x; for each i =1,2,---
and let Fy: X = CB(X) be a multivalued contraction mapping. If the
Sequence {F,-}jil converges pointwise to F, and of lim x; = xy then x, is a
JSixed point of F, e

Proof. Let € > o, then by the given condition there is an integer N
such that

H(F @), Fo(x) <7  and p(w,%) <> forall i>N.

so
H (F; (%), Fo (%0)) ‘
<HF, (%), F; (%)) + H (F, (%), F (*0)
< P(x,',x0> +—;<€-
Thus
lim F; (x;) = F, ().
Now since z; € F, (x,) for all Zi=1,2, - it follows that x, € F (x).

This completes the proof.
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