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A nalisi fu n z io n a le . — On a generalization of R iesz operators, I. 
N o ta  di G heorghe C o n s t a n t i n , p re s e n ta ta  (*} dal Socio G. S a n s o n e .

RIASSUNTO. — L ’Autore introduce una nuova classe di operatori che contiene gli 
operatori con parte im m aginaria com patta e gli operatori di Riesz e ne dà alcune proprietà 
spettrali.

1. In  spectral theory  of non- self-adjoint operators on H ilbert space 
the class of operators whose im aginary  parts are com pact operators 
(— p — =  com pactj has certain features of great interest. M. S. Brodskii and 
M. S. Livsic [i], [5] have developed a theory  of the  triangular form of opera­
tors whose im aginary  parts belong to the trace class. A  generalization of this 
theory  has been obtained by  J. T. Schwartz [6], It is also known th a t m any 
examples of operators in a H ilbert space H which are spectral in the sense 
of D unford are constructed by  addition of a com pact operator and a self- 
adjoint one.

It is the aim  of this Note to introduce a new class of operators which gene­
ralizes the class of operators w ith com pact im aginary part and to give some 
properties. T he definition and some properties m ake sense also for operators 
on B anach spaces; however we consider only H ilbert space operators.

2. L et T  a bounded linear operator on a H ilbert space H. If  M , N are 
closed subspaces of H invarian t under T  such tha t H is the direct sum M © N 
then the pair (M  , N) is said to reduce T. The range and null space of ope­
ra to r T  will be denoted by R { T }  , N {T} respectively.

A  Riesz jpoint of cr(T) is a point X 6 ct(T) such tha t

H -  N ( X ; T )  © F ( X ; T )

where dim  N (X ; T) <  oo and F  (X ; T) is closed, the pair (N , F) reduces 
T, and T  — XI restricted to N (  ; T) is nilpotent while T  — XI restricted to 
F  (X ; T) is a hom eom orphism .

A bounded linear operator T  is a Riesz operator in H if each point of 
cr(T) —  {o} is a Riesz point.

D e fin it io n  2.1. A n  operator T  e ^ ( N )  is said to be of â  class i f  every 
point Xo <r(T). Im  X =|= o is a Riesz point of a(T ).

I t is clear th a t every Riesz operator is an operator of class M.
In  w hat follows we give some properties of operators T e i ,

(*) Nella seduta del 20 aprile 1974.
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T h eo rem  2.1. Let T e  J ,  X € g ( T ) ,  Im X ^ o  and { ^ n} , { y n} two 
sequences with the property

(T —  >1) x n =  y„ ( n =  i , 2 , 3 , . . . ) .

If  { y n} is convergent and  {x n} is a bounded sequence then there exists a conver­
gent subsequence { x n }.

I f  X is not a proper value fo r  T  then { x n } is a convergent sequence.

Proof. Since X is a Riesz point of <j(T) we have 

H =  N ( X ; T )  © F ( X ; T )
hence

# — XN f  - x Fn n n

and since N (X ; T) , F  (X ; T) are closed subspaces, it follows th a t the associa­
ted projections P N, PF of H onto N an F are continuous [7, p. 243] and there­
fore

I I * ?  1 1 =  I l  P N * „  I I  < 1 1  P n  l i l i a l i  < k

from which we conclude th a t {;rN} contains a convergent subsequence { ;rN }. 
B ut ” "k

(T ~  XI) < =  ~  (T ~  XIKN =

and by the fact th a t {y„ is a convergent sequence it follows th a t there exists 
a subsequence {ynk,}  w ith the p roperty  th a t { y \  } is a convergent subse­
quence. T hen

(T —  XI) *F =  y F\ ' fi£r ^ nk'

and therefore { x Fn̂  } is a convergent subsequence (since T  —  XI is a homeo- 
m orphism ) and we obtain  th a t

x  =  x N x F
nk1 nk' nk'

which is a convergent subsequence of { x n}.
For the rest part of proposition we observe th a t if { x n} has two conver­

gent subsequences respectively to x 0 , x '0 , x 0 4= x '0 then

(T — XI) x 0 =  (T —  XI) x '0 =  lim y„
n—> 00

from  which it follows th a t X is a proper value for T  and the proposition is 
proved.

If  T e ^  then T  has the following properties.

1) every point Xe cr(T), Im  X =j= o is an isolated eigenvalue of cr(T) and 
for such a X if y(X) is a circle in p.(T) of centre X such th a t X is the only 
point I of g (T) inside y (X) then

[ c r - x i ^ d x
rW
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is a finite-dimensional projection associated with X and

{ x : ( T  — \ i y x  = o}  =  P (X ;T )H  =  N (X ; T)

where v is the algebraic m ultiplicity of the eigenvalue X (hence X is a pole of 
order v for (T —  XI)“ 1).

2) the set { X : X 6 <r(T), Im  X =)= o } is at most countable and a limit 
point of this set is on real line.

Indeed, let s >  o and Xx , X2 , • • - , \  , • • • an infinite sequence of distinct 
points of a (T ) which satisfies the condition | Im  X, I > e , k  =  I .
Then the sequence { X^} contains a convergent subsequence to a point 
Xo G cr(T) w ith | Im  Xo | >  £ which is a contradiction. Therefore, for each e >  o 
there exists only a finite set of points X G a (T) with | I'm X | >  z and the 
assertion is proved.

3) If  X0 g ct(T), Im  X0 =|= 0 is a Riesz point of <r(T) then Xo is a Riesz 
point of <j (T*) w ith the same algebraic m ultiplicity.

Using some results contained in [2], [3], [4] it is possible to give another 
property since it can be proved, as for the operators with compact im aginary 
part, that R { T  —  Xol}, XoGcr(T), Im  Xo ^  °> ls a closed set. T hen for each 
Xo G a(T ), Im  Xo =j= o there exists e(Xo) >  o and a nonnegative integer r (Ko) 
such th a t for every X , o < | X  —  Xo | <  s(Xo) we have

n (T —  Xo I —  XI) =  n (T —  Xo I) —  r  (Xo) 

d (T  —  X o l —  XI) =  d ( T  — Xo l ) — r(Xo)

n (T  —  Xo I —  XI) —  d (T  —  Xo I —  XI) =  n (T  —  X0 I) — d (T  — Xo I)

and

R { T  —  Xo I —  XI) is closed

where n(T)  ~  dim  N { T  } and d (T ) =  codim R{ T  }.
A closed linear operator T  is said to be sem i-Fredholm  if R  { T  } is closed 

and at least one of n( T) and d (T ) is finite. For an operator T e f  we give 
the following characterization:

Theorem 2 .2 . A n  operator T  € à  i f  and only i f  T  e jg?(H) and  T  —  XI 
is semi-Fredholm fo r  every X in the complement of the set of all p, e g(T). 
Im  X =j= o and is not a Riesz point fo r  a(T ).

Corollary. I f  T g J  and  dim  H =  00 then there exists X 6 a (T), 
Im  X =  o.

Indeed, in the contrary  case, T  — XI is a sem i-Fredholm  operator for 
any X G C and therefore T  is a Riesz operator. Since o G p (T) it follows tha t 
T -"1 G J^(H ) and hence I == T T -1 is a Riesz operator. But then

or(ï) =  { I } and N (1 ; I) =  P (1 ; I) H =  H 

which implies th a t dim  H <  00 and the corollary follows.
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First we need two definitions. A  topological space is to tally  disconnec­
ted if its topology has a base consisting of sets sim ultaneously open and closed. 
I f  A  and B are two closed subsets of C the H ausdorff distance between A 
and B is defined as

§ (A , B) =  m ax { sup § (a , B) , sup 8(6  , A)}
aeA beB

where

8 (a , B) =  in f | a — b [.
be B

If  we denote by ct,.(T) =  {X G a(T ) , I m X ^ o }  and Py =  P (Xy ; T) , 
Im  \ j  =j= o, then we have

n

Lemma 2 . 1 . Let T e i  and pu t  P (» ) =  2 py» 0 , =  T P  in) and

‘N  ̂ ■ Then C„ S„ =  S„ C„ =  o , g ,-(C„) =  { Xy }y=i and  cr,(SK) =
=  a,(T ) -  <r,(CB).

Proof. Since {Xy }y=i is an isolated part of a (T) and P (n) is the projec­
tion associated w ith { Xy }”=1 then the pair (R  { P (rc) } , N { P (n) }) reduce
T and

G(Cn) =  <* (C«|r{P(«)}) U ^(C„|n{P(«)}) =  {Xy }y=1 u { o } .

Hence <7,-(C„) =  {Xy }”=1 and the result for <t,.(S„) follows as for <r,-(C„). From  
the fact th a t I — P (n) is a projection and S„ =  T  (I ■— P (n)) we obtain th a t

C„ S„ =  S„ C„ =  o

Now we shall need the following result due to Newburg.

LEMMA 2.2. Let -rJ  be a Banach algebra and let {T „ } be a sequence 
in sd converging to T. I f  <7 (T) is a totally disconnected subset of C then 
<7 (Tw) -> a (T) in the Hausdorff metric.

OO

P ro p o s i t io n  2.1. I f  TPy is convergent fo r  some arrangement of the 
j =1

l / s  in the uniform topology and  T e l  with g (T) a totally disconnected set, 
then

T  =  C + S

where C is a compact operator, CS =  SC — o and g (S) is a subset of real 
numbers.

Proof. F irst we note th a t for each s >  o there is a n  such th a t
fl

I Im  Xy I <  s for j  > n .  L et Cn =  ^  T Py and S„ =  T  —  Cn , then by  Lem ­

ma 2.1 we have

<* (Sn) C { z  : J Im z  | <  s }.
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Since
oo

Cn —> C =  T P y  (n —> o o )
/= 1

and Cn is of finite rank, we obtain th a t C is a compact operator. Also

Sn S — T  — C (n oo)

and by Lem m a 2.1.

Cn sn =  SnCn =  o

which gives

CS — SC =  o.

By hypothesis a (T ) is a to tally  disconnected set and therefore a(S„) ->cr(S) 
in the H ausdorff m etric and since e is arb itra ry  it follows tha t <j(S) is a 
real set and the theorem  is proved.
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