
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

Tomaso Pomentale

Generalized Picard Theorem for Ordinary
Differential Equations

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 56 (1974), n.4, p. 482–486.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1974_8_56_4_482_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1974_8_56_4_482_0
http://www.bdim.eu/


482 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LVI -  aprile 1974

Equazioni differenziali ordinarie. — Generalized Picard Theorem 
for Ordinary Differential Equations. Nota di T o m a s o  P o m e n t a l e  (*\ 
presentata (**} dal Socio G. S a n s o n e .

R iassunto. — Si prova un teorema di esistenza e unicità per il problema ai valori 
iniziali. Si fa uso di una funzione di iterazione « multipoint » soddisfacente a una condizione 
di Lipschitz generalizzata di tipo localmente monotono.

Let I and J be intervals defined respectively by o <  x  a, ß —  b <  
<  ß +  <£, b >  o, and let F  (x , y)  be a continuous function on IX  J. 

We prove, in Theorem  2, the existence and uniqueness of a solution of the 
differential equation

( 0  y '  =  F ( x , y )

with the condition

(2) y  (o) =  ß

using a generalization ((3) below) of the P icard method.
Let f  (x , z x ,■ ■ ■ zp) be a function, continuous on I X J X • • • J, satisfying

f ( x , y  ■ y) =  F ( x  , y ) .

Given p  —  I initial functions y 0 (x) , - • - ^ _ 2 (x) on I such th a t y { e J, 
2 =  0 , 1  ■ ■ ■ p  —  2 we form ally define the iteration process

(3) y ’n+x = f ( x ,  y n+l , y „ - - -  y„-f+2)
y n+1 (o) =  ß.

V. C apra [2] (1963) proved an existence and uniqueness theorem  for 
(1), (2), using (3) w ith p  — 2 and assuming th a t f { p c , z x ,z^) is Lipschitz 
continuous w ith respect to z± and z .2 . Recently a sim ilar result was obtained, 
for p  =  2, by O. A shirov and Ya. D. M am edov [1], who imposed on /  a 
more general L ipschitz condition, precisely

\ f ( , x , z l , z 2) — f ( x , z 1 , z 2) \ < ( p ( x , \ z 1 —  z1 \ , \ z 2 —  z2 \)

where <p( x , u l t u2) is continuous, nondecreasing in u2, such th a t the equation

u\  =  <p (x , u x , u2)

(*) CERN, Ginevra.
(**) Nella seduta del 20 aprile 1974.
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has a solution ux (pc) , o <  u± <  2 b, o <  x  <  a, satisfying ux (o) =  o for every 
continuous function u2 (x) , o <  u2 <  2 b , o <  x  <  a, and the equation

u r =  9 (pc , « , u)

has the unique solution u(x)  =  o, o <  #  <  a satisfying the condition u (o) =  o.
O ur Theorem  2 considers the case p  >  2 which gives m ultipoint iterations 

and allows, when /  does not contain the variable , the com putation of the 
iterates y n by quadratures as for the Picard method. Furtherm ore we impose 
on /  a very general condition which includes the generalized Lipschitz condi­
tion of A shirov and M am edov. The following theorem  is an extension of 
Theorem  1 given in [1]. It m ay easily be proved using the com parison theorem s 
and the Ascoli Theorem  given in [4]. It will be used in the proof of Theorem  2.

T h e o r e m  i . Let f  and  F  be defined as above and assume that f  satisfies 
in I X J X • • • J the inequality

\ f ( x , z i r -- Zf) — f  (x , • • j g i  <  cp(x,  1*1 —  sx\ • . \Zp —  zp \)

where 9 (x , ux , • • • uf) is a continuous function on o <  x  <  a, o <  u{ <  2 b, 
i =  I ‘ P, nondecreasing in  % , i  =  2 ,• • • p> such that the problem

(4) u* =  9 (x , u  , • • • u)

u  (o) =  o

has the unique solution u (pc) =  o, o <  x  <  a.
I f  the iterations defined by (3) remain in ] fo r  o <  x  <  a, there exists 

a unique solution y  (x), o <  x  <  a, y e ]  of ( 1) and (2) and the iterations 
converge uniformly to y  (pc).

Remark. Let us define the following function 9 (x , % , * • •  uf) in the 
dom ain o x  <  a, o <  u{ <  00 , i  — 1 , • . . p

9 > Ui , • • • uf) =  9 ( x , ux , • • • u f  when o <  u{ <  2 b i == 1 , • • • p

9 (x , u x , • • • uk ,• • • uf) =  9 (x , u± , • • • 2 b - uf) when uk >  2 b.

Then, since 9 is bounded, there exists a constant d > 2 b such tha t u*(x) < d , 
o <  x  <  a, ,where u* >  o is the m axim um  solution of

u[ =  y (x , u± , d  ,• • • d) , « i (o) =  o.

We deduce th a t o <  en+1 (x) <  e* (x), n =  0 ,1  • • •, o <  *  <  a:, where s*+1
is the m axim um  solution of

^n-\-1 9  (A > »̂ + 1 j ^  ^+2)

8*+ 1(o) =  0

£0 (V) =  £jl (# )  • • • =  s^—2 (x) =  d, o <  X <  a.
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The sequence {s„} describes the ra te  of convergence of { y n} , since it is 
easy to see that, if y  (x) is the solution of (i) and (2), then

\ y» ( x ) — y ( x ) \ < s „ ( x ) , -  o < x < a .

W e use the following definition: a function <{1 ( x , u, , • • • ufi is nondecrea­
sing at =  o, i =  2 , • • • p, if there exists an e >  o such th a t in the region 
0 ^  x  <, a, o <  u{ <  s, t =  I , • • • p, 4 is nondecreasing in u{ , i  =  2 , • • • p.

T h e o r e m  2. Assume that f  and  F  are defined as in Theorem 1 and, 
in I X J X • • • J,

I f i x  , z x , • • • zf i  —  f i x  , z x , • • • zf i  J <  <p (x , | 24 —  S1 I , • • ■ J gp —  gt  I )

where <p is a continuous function on I x  j  X • • • j ,  ] =  [o ,2  è], nondecreasing
at ui =  o, i =  2 , • • • p, and such that (4) has the unique solution u (x) =  o. 
Suppose that the iterations (3) remain in  J fo r  o <  x  <  a, then there exists a 
unique solution y  (x) , o <  x  <  a, y  e J of (1) and  (2) and y n(x) -> 4/ (x) 
uniform ly.

Proof. The theorem  is a consequence of Theorem  1 if we set up a conti­
nuous function p (x , ux , • • • uf) nondecreasing in u2 , • • • up , defined for
o <  x  <  a, o <  ui < 2  0, i =  I , • • • p  and such th a t

d) on the dom ain I X J X • • • )

9 (x , ui , • • -uf) < p ( x , u l r - -up)

b) the equation
u r =  ip (x , u • >u)

with
u (o) .= o

has the unique solution u (x) =  o, o <  x  <  a.
U sing 9, at first we set up a continuous function pi (x  , u± , • • • uf) 

nondecreasing in u2 and satisfying a) and b). Using p1 we set up 
P2(x  >u i r  • ' uf), nondecreasing in u2 , u z , satisfying a), b), and so on until 
P =  Pfi-l ( * , &! , • • •  %)•

Assum e ( x , u±, u3 , - • - uf) fixed and consider 9 (x , ux , • • •uf) as function 
of u2. I f  9 is nondecreasing in u2 define

+1 (x  > «1 >* * • uf) =  9 (x , ux ,• • • uf) , o < U 2  <  2b

otherwise let S be the set of the abscissas u\ <  2 b of the local m axim a M (u\) 
such th a t M. ( u l) ^  cp(x , u± ,• • • uß) for u2 < u 2 (i.e. M (up) is also absolute 
m axim um  in [o , u\j). In  the case where a local m axim um  corresponds to 
an interval, we define u\ as the right end-point of the interval. For every 
u\ G S define

for
4* 1 Cx  ) ^1 > * Mp) — (ptf)

U% V  ^2 V  U% (^2 2
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where is either the point a t which the straight line parallel to the u%-axis 
and touching ç  at M («2) crosses 9 for u2 > u 2, or =  2 b if such straight 
line does not cross 9 for u .2 > .

Define

+1 (% 1 U1 > * * * «/) =  ? (* , , • • • Uj)

when u2 does not belong to any  of the above intervals.
+1 which has dom ain o <  x  <  a, o <  u{ <  2 b, i =  1 , • • -p, is nonde­

creasing in u2 and continuous on I X J X • • - J .
Condition a) for <jq is satisfied, 6) follows from the local m onotonicity of 

9, because ^  (x , u  , • • • u) =  9 {x , u , • • • u) for o <  x  <  a, o <  u  <  £ ( <  2 b). 
If  we perform  the same procedure taking ^1 instead of 9 and consider the 
variable %  instead of u2 we get a continuous function ^2 (x  » ui > * * ' up)> 
nondecreasing in m . M oreover ^2 is also nondecreasing in u2. In  fact, 
if u2 <  u2 , it is

+1 (x , UX , ^ 2 , ^ 3 » * * ' uj) < (* , , « 3  , • *
then we have

f / N - . -5f
9 2  ( #  , « 1  , ^ 2  > ^ 3  > ’ * * u p )  ^  Y1 (,x  1 u l  ì u '2 ) U% } • U^)

but is nondecreasing in uZi consequently we have also

! / \ » /- -5f
. t 2  \ x  > U 1 ) u 2 > ^ 3  ? * * * ' ^ )  Y2 > ^ 1  > u 2 y ^ 3  > * * * Up)*

In  the same w ay we set up 4»3 , • • and define <J> =  ( x , u i r  - - u^
which is nondecreasing in u2 ,■ • • up, has dom ain o <  x  <  a , o <  u{ <  2 b, 
i  =  I P, and satisfies a) and b). Theorem  2 is proved.

W hen p  =  2 , 3  examples of iterative m ethods of type (3) are given 
respectively by the Newton iteration

X +1 =  F (X , y n) +  — d a » )  (yn+1- y n)

y « + 1 (o) =  ß

and by the secant m ethod

j ; +1 =  F ( x , y n) + 1.<*’y; l z ^ G yn~l) O v i - y„)

yn + l (o) =  ß .

Remark. Theorem  2 gives a sufficient condition for the convergence of 
iterations (3) and m ay be considered a statem ent about convergence. Ite ­
ra tive schemes (3) are of practical use, as V. C apra [3] has shown for p  =  2, 
when high accuracy in the com putation of the solution is required over the 
whole interval of existence. Furtherm ore, they m ay converge faster than  the 
usual P icard method.
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Com parison of iterative schemes (3) in term s of ra te  of convergence, 
practicality, etc. m ay constitute further research. The question is also open, 
w hether the local m onotonicity of cp (x , ux , • • • u^) at u{ =  o , i  =  2 , • • • p, 
m ay be rem oved for the convergence of iterations (3).

R e f e r e n c e s

[1] O. A shirov e Ya. D. Mamedov (1970) — A n  iteration method for solving ordinary diffe­
rential equations, «Differencial’ nye Uravnenija», 6, 871-876 (in Russian).

[2] V. CAPRA (1962—63) -  Sulla risoluzione dei sistemi di equazioni differenziali ordinarie, 
«Univ. e Politec. Torino Rend. Sem. Mat.», 22, 171-179.

[3] V. Capra (1963-64) -  Sul trattamento numerico dei sistemi di equazioni differenziali ordi­
narie con un metodo di approssimazioni successive, «Univ. e Politec. Torino Rend. Sem. 
Mat.», 23, 89-136.

[4] G. Sansone (1949) -  Equazioni Differenziali nel Campo Reale, Parte Seconda, Nicola 
Zanichelli, Bologna.


