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Analisi m atem atica. — A n  a priori bound fo r  the Cauchy problem 
in Banach space. N ota di A d a  A r d i t o  e P a o l o  R i c c i a r d i  (#) pre­
sen tata  (**} dal Corrisp. G. S t a m p a c c h i a .

RIASSUNTO. — Si dà un nuovo metodo basato su funzioni di Liapunov per ottenere 
maggiorazioni a priori per equazioni differenziali in spazi di Banach.

i .  I n t r o d u c t io n

L et O be an open subset of the Banach space X and let denote its 
boundary  and O its closure. By || x  || we denote the norm  of j e X .  Let 
A  : Da C X -> X be a linear operator which is the generator of a strongly 
continuous semigroup etA and let /  : [o , T] X O -> X be a continuous m ap- 
ping 0 ,  x) - + f ( t , x).

W e consider the problem s

( u* =  Ku  +  f i t , u)
( M )  ,  v ;{ u (p) =  u0

t
(1.2) u(t) =  etA u0 j  e^~ŝ Af ( t , u(sj) di*.

0
A function u of class C1, such th a t ^ ( / ) e D A , W > o  and t - ^ K u i f )  

is continuous, and satisfying (1.1) is said to be a classical solution of (1.1). 
A  solution of (1.2) is said to be a mild solution of (1.1). I t is well known (see 
T. Kato [7]) th a t if u0 e D A and f  is of class C1 then every mild solution is 
classical.

In  addiction if f  is locally Lipschitz one has local existence; to have glo­
bal existence it is sufficient to have a priori estimates. Such a priori estim ates 
are obtained if — / ( / ,  *) is accretive for each t  (see e.g., F. Browder [1], 
T . K ato [7]) or if there is some principle of conservation of energy (see e.g., 
I. E. Segal [12], T. K ato [7]). A nother case in which a priori bounds can be 
established is when f i t ,  •) e KB(X) <2) (see M. Iannelli [5]). In  this case 
one dem onstrates th a t if u is a solution of (1.2) then / ->  ||^(01l is decreasing.

In  this work we have replaced the norm  with L iapunov function which 
decreases along the solutions and we establish a generalization of the results 
of M. Iannelli [6]. A t the end we will give exam ples th a t generalize equations 
of T. Carlem an.

(*) Worjc supported by G.N.A.F.A. of C.N.R.
(**) Nella seduta del 20 aprile 1974.
(1) It is sufficient to require only that /  (A •) be integrable.
(2) \\x\\ < \\x  —  ccf(t, X) II Va >  O Vt.

32. — RENDICONTI 1974, Voi. LVI, fase. 4.
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2. A THEOREM OF GLOBAL EXISTENCE

D e f i n i t i o n  2 .1 . One says that the problem (1 .1 )  or (1 .2 )  has an a priori 
bound i f  fo r  each solution

(2.1) u  : [o , a [ - >  Q a <  T

the set

(2 .2 )  0  =  {u(t)  : t e [o , a [ }

is bounded and is bounded a positive distance away from  SO.

THEOREM 2.2 . I f  the problem (1 .1 )  is such that\

(i) there exists an a priori bound\
(ii) there exists a local solution fo r  every u0 e O;
(iii) f  ( t , u) is bounded (that is, maps bounded sets into bounded sets') 

then there exists a global solution of (1 .1) .

Proof. By Z orn’s lem m a and (ii) there exists a function

(2.3) u : [o , a [ ->  O

which is a m axim al solution of (1.1). From  (i) we have th a t 0 defined in (2.2) 
is bounded and from (iii) there exists M e R + such th a t

(24) \ \ f ( f ,x ) \ \  < M  V ( / , * ) G  [ o , a [ x 0 .

B y (2.4) results th a t exists the Lebesgue integral
a

/»
( 2 . 5) I £(«-■OA f ( s , U  (fj) (ÌS .

jÖ
T hen for each t e [ o , a[ one has

(2.6)
a

' Uq +  J  £(“-*>A/ (4 , u(s)) d j  —  etK un —

t
• J  eP~*>kf ( s  , u (s)) d j

+ e(a~s)A f ( s t u(s)) d j

^  Il ^“A %  —  e‘K Uq II +

t

j [e(<x~s)Af ( s  , u(s )) —  e{t ~^Kf ( s  , u(s))] d^+

Therefore

(2.7) lim u (f) =  u (a) .

On the other hand by (i) u(d)  e Q. If  follows by the m axim ality  of u(f)  tha t 
a =  T.
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3. A PRIORI BOUNDS (CLASSICAL SOLUTIONS)

L e m m a  3.1. Let  I C R ,  Y ( t , x )  a mapping of I x O - > R  and u (t) a 
mapping I f

(i) V  ( t , x) is locally Lipschitz in x  £ Q, uniformly in t on each bounded 
interval J C I;

g
(ii) —  V ( t , x) exists and is continuous in ( t , x);
(iii) u (t) is absolutely continuous on each bounded interval J C I;
(iv) <3) u (t) is differentiable a.e.

Then
(a) V  (t )U (t)) is differentiable a.e.

(ß)<3 4 5> dldt V ( t  ,u( t) )  +  T>--V(t ,u ( t ) )u ' ( t )  a.e.

Proof F ix t c J and from the hypothesis it is possible to find an in ter­
val IT and two constants Mj and Kj such th a t for each e >  o there exists a 
$s >  0 such th a t for each finite system  of intervals [<xk 1 , • • - , n)

n

contained in IT such th a t (ß^ —  ocf) <  Se one has

(3-0  È J V (P *  , U(ß,)) -  V («, , u (a,))I <  e.

In  fact

(3-2) 2 *  IV (ß, , « (ft,)) — V («k , u  (a,)) | <  Ç ,  K; || « (ß,) -  « (oc,) || +

+
n

—  I <  Kj II «(ß*) —  u(ak) Il +  M j I ß* —  a* | (5)

< Ik <  h  -

I t will suffice therefore to choose Ss <  m in j where 8e> is relative

to the absolute continuity  of u(t)  in J. Therefore (a) is established.
W ith  regard to (ß) for the points where V ( t , u ( t ) )  is differentiable 

one has

(3.3) d/dt  V  ( t , u(t)) =  lim  i l h [ V ( t +  h , u(t  +  h ) )— V ( t ,  u( t ))] =
ä->o

=  hm  I \h [V { t , u (t) +  huf (/)) —  V ( /,« (* ))]  +
h—> 0

4- lim  I j h \ y  ( t , u ( t  h) —  V ( t , u ( t )  +  hu' (7))] -f- 
h-+ 0

+  lim i f f  \V( t  +  h , u( t  +  h)) —  Y ( t , u( t  +  h))] .

dt

(3) If X is reflexive then (iii) =$> (iv).
(4) D ~ V ( t  , u  (t)) u' if) =  lim i/h  [V ( t , u (t) +  hu' (t)) — V  ( t , u))].

‘ _ h->0
(5) Since o c ^ ß ^ e j c l ,  one has by (ii) that there exists a constant.M j such that 

V & , « ( « * ) )  < M j .
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It follows from (ii)

(3.4) lim I \h [V (t +  h , u (t +  h ) )— V ( t , u ( t +  A))] =
-̂>0

and from (i)

(3-5) lim 11 jh [V ( t , u (t +  h)) —  V  ( t , u (t) — hu' (»)] | <
/«->0

lim ij\A\  K j II u (t +  A) —  u (f) — Au’ (t) || =  o.
&->Q

Therefore we have (ß).

T h e o r e m  3.2. I f  there exists a mapping V ( t , x), V :  [ o , T ] x O  -> R, 
satisfying the hypotheses (i) and  (ii) of Lemma 3.1. such that

(iii) - f  V ( t , x) +  D “ V  ( t , x ) f ( t  , x ) < o
(iv) u0 is such that the set

(3-6 7) K„ =  u  {x lV  ( t , x) <  V  (o , u0) }
/■6[0,T]

is bounded and bounded a positive distance away from  dQ then there exists an 
a p rion  bound fo r  the classical solutions of (1.1).

Proof. Let u(t)  , u : [o , oc[-> fi, be a classical solution of (1.1). Then 
u(t)  satisfies the hypothesis (iii) and (iv) of Lem m a 3.1. Therefore from (iii) 
öne obtains

(3-7) d/dt  V ( t , u(f)) <  o a.e.

It follows th a t for each t e [o , a[

(3*8) V(^ , u(t)) <  V (o  , u0).

Therefore 0 defined in 2 (2.2), is contained in K*0, and the conclusion follows. 

L em m a 3.3. (?) L e t u 0 e D A n £ l .  I f
(i) f i t , u) has partial derivatives with respect to t and u and these partial 

derivatives are continuous in ( t , u).

I f  the (1.1) has a m ild  solution then this solution is classical.
I f  in addition

(ii) ~ ^ f ( t , u )  is bounded, 

then there exists a local solution.

(6) If ü  =  X then this condition can be replaced by the following.

(iv)' lim V (/ , x) >  V (o , u) uniformly in t  in [o , T]. 
11̂11=̂ + 00

(7) See T. Kato [7].
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COROLLARY 3.4 . Under the hypothesis of Lemma 3.3. and Theorem 3.2. I f
(i) f i t , u) is bounded 

there is a global classical solution of (1.1).

Proof. The results is obvious from Theorem  2.2. observing th a t by 
Lem m a 3.3. u(oc) E D A n  Q.

4. A  PRIORI BOUNDS (MILD SOLUTIONS)

THEOREM 4 .1 .  Suppose there exists a sequence {f„} , f n : [0 , T ]  X O X ,  
of mappings verifying the hypotheses of Lemma 3 . 3 of Corollary 3.4. and such 
that.

(i) { / « }  is equi—Lipschitz continuous on bounded subsets of O  unifor­
mly in iE  [o , T];

(ii) lim nf n ( t , x) =  f ( t , x) fo r  each fixed  ( t , x).

Suppose in addition there exists a mapping  V i t , *)» V : [o , T] X O R 
satisfying the hypothesis (i) and  (ii) of Lemma 3.1. and

(iii) V/z, —  V  ( t , x) +  Dx V ( t , x) (.A x  f i f n f ,  x)) <; o
(iv) i K Uq =  u  { x / V ( t , x) <  V (o , &0) } is bounded and bounded a

/ e [0,T]
positive distance away from  3 0

(iv)2 D a n  ¥LUq is dense in K Uq .

Then there is an a priori bound, fo r  (1 .2 ) .

Before proving Theorem  4.1. we first state the following Lem m a whose 
proof is obvious.

L em m a 4.2. I f  (iv)x and  (iv)2 hold then fo r  each ^ e D An  K u the set 
K* = ' U { x ( V ( t , x) >  V (o  , u0 ) is contained in K.u .

n *e[0,T]' 0

Proof 0 /4 .1 .  Since by (iv)2 , D An K „ Q is dense in K„0, there exists a 
sequence { % J C D A n  K„o th a t converges to u0. W e consider the problem

un 00 =  +  e{t~!)kf„ (s , u„ (Y)) ds.
0

B y Lem m a 4.2. and by (iii) above it follows th a t there is a global classical 
solution for, each n.

L et u(f) , u : [o , a[ -> Q be a local solution of (1.2). Then ' it  e [o , a[

(4-0  ÏI u„ (f) — u (t) Il <  II etK uün —  etA u0 II +
c

j  e(t-s)kjn (s ( Un ( j ) ) ----ey-s)Afn Q. ) u ( j )) +

+ J  [eft *)Af„(s , u(s)) — ett~dAf  (s , u(s))] dj .
0
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By the continuity  of etA for each fixed t  we have 

(4.2) lim II etK u0n —  etA u0\\ =  o

and by the boundedness of f n and the Theorem  of dom inated convergence 
we have

(4.3) lini [eV~s)Af n(s , u(s)) — eV~siAf ( s  , u.(s))] d^ o .

ds

Therefore it follows th a t

t
(44 ) II u„ 00 —  u 00 II <  s* +  J é t - ’ï-A [ fn (s , u (.9)) — f ( s  , u (j))]

0

By (i) and the Theorem  of H ille-Y osida there exists a constant c such that

t

(4-5) II «*(0 —  «(Oil ^  £* +  c j  ll«*(» —  «0011 ds.

By G ronw alls’ Lem m a

(4-6) II «*00 —  u{t) II <  ecT.

Therefore limn un(f) — u(f)  V/ e [o , a[. By (iii)

(4-7) v e ,  un(t)) <  V (o ,

and one has, passing to the limit

(4.8) V (t , u (/)) <  V (o  , u0) W e  [o , a[

from which the conclusion follows by (iv)1 .

5. A p p l i c a t i o n s  

Example 5.T. W e consider the second order equation

i ü ) =  o 
 ̂ \ û(o) =  ux u (o) — UQ.

If  there exists a m apping F (x) , F  : X -> R  such tha t 

(i) F  (x) is locally Lipschitz;

(ii) { x n} C X  is such th a t lim || x n || =  +  00 then limH F (xn) >  o
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(iii) <8> for each y rEd\\y \ \

(5-2) ( y ,  F ' ( x ) )  =  \\y\\ ( f ( x ) , y ' ) .

Then there exists a m apping V  (x , y)  , V  : X © X -> R  th a t verifies the hypo­
thesis of Theorem  3.2.

Proof. W e observe th a t for each x' e d || ù(f) || one has

(5-3) {ü( t)  , x ' )  +  { f (u )  , x ' )  =  o.

By (iii) it follows that

(5-4) II <«(*) , x' )  +  <«(*) , F'(«(*))> =  O.

By a result of T. K ato and by the chain rule one has

(5-5) <»(*)>*'> =  d/d*ll«(*) II a-e-; <*(*), F '(«(*))) =  d/d* F («(*)).
Then

(5-6) d /d /(i/2 \ \ û ( t ) \ f +  F («(/))) =  o.

One m ay then choose

(5-7) ~V(x , y )  — 1/2 ||jy ||2 +  F(x).

Example  5.2. W e consider the system 

 ̂ u =  u +  Ti(u ,v)

(5-8) j v =  —  — «■ +  t 2 (u , v) ^ e [ o , T ]

■ «(o) =  «o(* >x) w(o) =  v0( x , y ) .

L et X =  C (o , L) © C fo , L ] , L  e R +, ( u , v ) e X ,  || (m , z>) [| =  || « || +  || z, | | ,
il u II =  suP(^,j)g[0,l]2 I u (x  , y)  I. Let A  be the operator given by

A : Da C X -> X , A  (u y v)~= —̂ — u , — — vj

d a =  {(« » ») e X , (—  ~  u , —- A e x and « (o  , y) =  z>(x , o) =  oj •

Let / :  X - » X  be given by f ( u  , v) =  ( t  x(u , z>) , x 2(u , v)). Then (5.8) m ay
be w ritten, setting w  =  (u , z/), as

c s .«  ( » = a - + - « “ ')
1 w  (o) =  w0.

(8) If X =  H is a Hilbert space, (iii) implies that F (x) is an anti-derivative of f ( x ) .  
In fact identifying H with H ' in the usual way with the Theorem of Riesz, it follows that F'(x) 
is a mapping of H to H such that F' («(/)) = / ( «  (/)). In the particular case that X =  R? 
set x  =  (xi ,• • • , x n) and f ( x )  == ( / i  (x)- ■ • , f n (x)) and by (iii) we may write

y  9F(*)
1 *
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l ì  f  verifies the hypothesis of Lem m a 3.3. and if w 0 e D A, then (5 .8 )  adm its 
a classical local solution. If  in addition (i) 3ft , q >  I, f €3  || u ||, e 3 || v || 
such th a t

P IMI*-1 <Ti(« , v) , t'}  +  q II V i r 1 ( r 2(u , v) , I ’) <  o

then there exists a m apping V  : X -> R  which assures the existence of an a 
priori bound for each w 0 e D A.

In fact one m ay choose

(5-IO) V ( « , » ) =  ||* ||'  +  \\v\\9.

It follows th a t

» lim V  (u , v) =  +  00
«LIMI-*«»

v\\* ^ I M(3) D Z Y { w ) A w = p \ \ u \ r ^ s\ \u , x -  j , 2 11 ~ 11 ^

=  p \ \u \ f~x inf y — ~ u , i ' \ - \ ~ q \ \ v \ \ ç~1 in f ^  <  o <9>

0 ) D ^ V ( w ) / ( w ) = / | |^ | |^ 1D ,||« ||(T 1(«,z/)) +  ? j|»||?-1D J||t'i|(T2(«,z/)) =

=  / l l « l V 1d a 1fKa ( T1<> > *0 > T'> + ? l k i r -1 .,inf _<Tz(« , ») , % ) < o .5'eSiMI

W e observe th a t if f ( w )  — f  ow  where / e  C (R ) © C (R ) then by (i) we m ay 
write

p  I * y L g n  * ^ ( x  , y)  +   ̂I y  \s~l sgn y  t 2 (x , y )  <  o x > x , y > ÿ .

For the problem  e.g.

^  —

I .

3#

a
dy U +  U G —  Vz

one m ay choose V  : X -> R, (u , v) V (u , v)

V ( u , v )  =  \ \ u \ f + \ \ v \ \ ,

(9) We recall that 3 || u || is the closed convex hull of the set

{ t' 6 X ' , t' =  8(X) y)+ —  8(x> yT ; {x ,y)+eM+(u), (x,y)~<-M~ («)}

where

Mo = { ( * j ) e R i , u { x , y ) >  o =!»!>.
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