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Matematica. — A  Mean Value Theorem in Generalized Bi-Axially 
Symmetric Potential Theory. N ota di D ennis W. Q u in n  e R ichard 
J. W e in  a ch t , presentata (*} dal Corrisp. G. F ic h e r a ,

RIASSUNTO. — E dato un teorem a di m edia per soluzioni della equazione della teoria 
generalizzata del potenziale simmetrico biassiale. Vengono anche date le analoghe diseguaglianze 
del valor medio in relazione alle corrispondenti inequazioni differenziali.

1. I n t r o d u c t io n

In  this Note a new m ean value theorem  is given for solutions of the 
equation of Generalized Bi-axially Sym m etric Potential T heory (GBSPT)

n
(I • I) L [U] =  2  Ux. *. +  U* +  - f  U =  o.

* = 1 Xn- 1 xn

In  contrast to previous results in G B SPT (K apilevich [6, 7]; see also the 
rem ark in Section 4 of Hall, Quinn and W einacht [4]), the point at which 
the m ean value is attained lies on only one of the two singular hyperplanes 
x n^ i =  o or x n =  o, and not on their intersection; moreover, this point 
is not located at the center of enclosing spheres. In  the latter respect our 
result resembles F ichera’s [3] m ean value theorem  for functions harm onic 
in a torus which also m otivated W einacht [11 ]. T he present m ean value 
theorem  and its corollary for the corresponding differential inequalities are 
useful [10] in establishing properties of solution of (1.1) and related equations.

For the real constant/»  — o, equation (1.1) reduces to W einstein’s [12, 13] 
Generalized A xially Sym m etric Potential T heory (GASPT); q is also a 
real constant and n  is an integer, n '> 2 . For GASPT m ean value theorems 
have! been given by W einstein [12], H uber [5], and W einacht [11] (see also 
K apilevich [7, 8]). M ore recently Leschen [9] obtained interesting related 
results including converse theorem s and a new proof of W einacht’s m ean value 
theorem . W e have adapted some of the ideas of his proof to obtain the present 
result. In  a paper just published Diaz and Leschen [1] extend W einstein’s 
m ean value theorem  for GASPT to the range —  1 <  q <  o.

2. P r e l im in a r ie s

T he usual notations for vectors in Euclidean n -space will be used. Let 
Q denote the open quarte r space

Q =  { x  e R* : x„_i > 0  , x „ > o } .

For b > 0 ,  let x° be the vector in with com ponents x° =  (o , • • •, o , b).

(*) Nella seduta del 20 aprile 1974.
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For fixed b and k  >  i, denote by F a m em ber of the one-param eter fam ily 
of hem ispheres in Q w ith center at (o , • • •, o , kb) and radius r  == b (k2 —  i )1/2

( » - 1  \

(2-0 r  =  S  ** +  (*. — ^ ) a =  b * ( g  —  I) >  oj •

By H denote the corresponding open hemi ball.

3. The mean value theorem

Theorem. L et Gi be an open connected set in w ith  x° in  its interior, 
let I be the interior (in the topology o f R„_i) of Gi D {x  :x„ -1=  o , x n >  0} 
and let G =  Gi O Q. Then fo r  p  >  o and q >  o, any solution 9 of (1.1) in  G 
belonging to C2(G) f l C '( G U  I) satisfies the mean value relation

(3.1) cp( °̂)
r - [ « + / ]

( n - l ) l 2  - ■ (I [ / + . ] )

1  - n - p

Wi (£*)
-P) 9 (x) dS

where hemisphere o f the fa m ily  (2.1) corresponding to the parameter
>  I radius r^ such that the corresponding closed hemi-ball H is

contained in  G U I. The function  Wj <3 hypergeometric function

=  F +  P —  q) , — (» +  A +  ^ — 2) ; — ( « .+ / )  ; —

R em ark . T he hypothesis th a t 9 belongs to C ' (G U I) can be replaced 
by th a t of assum ing 9 belongs to C2(G) D C°(G U I) th a t 9 has bounded 
second partia l derivatives in G U I. This follows by adapting the proof of 
Lem m a 1.2.2. of [9].

Proof. Let w ± (z) =  F (a , b ] c ; z) and w 2 be linearly independent 
solutions of the hypergeom etric equation which are real valued for real

negative z  (for non-integral c =  — (n -j- fi) >  1 the solution w 2 can be chosen 

as (— z ) 1 T ( a -— c +  I , b —  c -f- 1 ; 2 —  c ; z) with corresponding expres­

sions [2] for integral — (n +  p) where the logarithmic case m ay arise). 

Following [9] pu t

k ~ i j  4  +  $ (2 bx„y

and  set

(3-2) ?*(*) =  w  (A)

where
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and

a =  ± - ( n + p  —  q) , b =  — (« + p  +  q —  2) , c =  ~ ( n  +  p ) .

Then 9* is a (real valued) solution of (1.1) in which vanishes on and 
is singular at x ° .

For

o <  s <  — (k^ —  1) and o <  § <  — h [(1 -f- z f  —  i]1/2

consider the region Q bounded by , the hyperplane x n_x =  S and the 
hem isphere T£ of the fam ily (2.1) corresponding to the param eter k =  1 -f- e. 
Then G reen’s second identity  (using the exterior unit norm al y on the 
boundary  9£2) for L  defined by (1.1)

J V - i  x g„ (<p*L [<p] — <p L [<p*] d x  =  ( x t - i  x qn [y -----<p dS
U 9Q

yields for 9* defined in (3.2) and the function 9 given in the theorem

(3 4 )
P g * 09

3y dS = P ç
3y dS

since the boundary  integrals over =  8 tend to zero as 8 tends to zero 
from  above and since 9* =  o on T .

The m ean value relation (3.1) follows from (3.4) by letting s tend to zero 
and simplifying in the following way. On any  curve of the fam ily (2.1)

(3-5) ! )i/2 W' (k) +  ±  (2 -  n -  P -  q) Y. W (k) - (n+p+g)/2 Xn

w ith W  given by (3.3). Hence, introducing hyperspherical coordinates with 
pole ajt (o ,.•••, o, (1 +  e) b) and letting s tend to zero from above, the left 
side of (3.4) tends to

^ » - W T ( l - [ p +  I])
(3.6) 2 n+* - 2 (2 n p)  ^ +?“ 2)/2 W , ( k j -------- -------------  L ?  (x°)

r (T [»+ /])

where, the cases of integral and non-integral — (^+ ^> ) m ust be considered. 

From  (3.5) the right side of (3.4) becomes

(3.7) ' W '( ^ )  (k* — ï)1/2J  m y(x)  dS.

r*

E quation (3.7) m ay be simplified by observing th a t W '( ^ )  is the W ronskian 

of w  and w 2 at k^ m ultiplied by the factor ^ s o  tha t

(3-8) W ' (k^) =  2 ^ ~ 2 (2 —  n — p) {kl —  i ) " M 2 .
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Combining (3.6) and (3.7) yields by use of (3.8) the m ean value 
relation (3.1).

Rem ark 1. Pu tting  n — 2 and letting p  tend to zero through positive 
values in (3.1) yields W einacht’s m ean value theorem  [ 11 ] for GASPT in the 
form given by  Leschen [9] for 9 even in x n_x .

Rem ark 2. If  the point x° is on the plane x n =  o , i.e. x° =  (o , • • •
■ • - , o , Æ , o), then an analogous m ean value theorem  is obtained from equa­
tion (3.1) by interchange of p  and q, x n- \  and x n , etc.

COROLLARY (M ean value inequality). I f  9 in the theorem satisfies
L [9] <  o {respectively L  [9] >  o) rather than L  [9] =  o, then (3.1) is valid
provided equality is replaced by '> (respectively <  ).

Proof '. Following the proof of the theorem  it is easy to see th a t (3.4) holds 
with equality  replaced by the appropriate inequality, provided 9* is non­
negative in H ^. Then, upon simplification of (3.4) as before, the assertion 
follows.

To show th a t 9* is non-negative in is equivalent to showing th a t W  
in (3.3) is positive on (1 , kf).  F irst notice tha t W 1 (k) is positive for k  >  1
as follows from (3.1) for 9 = 1  or by use of the hypergeom etric integral for

real negative z  =  - -  (1 —  kf).  Now, recalling W  (kf) =  o, it is easy to see tha t

W  does not have a zero on (1 , kf); for, if so, then S tu rm ’s separation theorem  
applied to W  and W i would require Wi to have a zero on (1 , kfi ,  contradic­
ting the positivity of Wi. Hence, W  is of one sign on (1 , kf)  and this sign is 
positive since W  (kf) =  o and W ' (kf) <  o from (3.8). This completes the 
proof of the corollary.
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