
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

Joseph Adolphe Thas

Translation 4-gonal configurations

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 56 (1974), n.3, p. 303–314.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1974_8_56_3_303_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1974_8_56_3_303_0
http://www.bdim.eu/


Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1974.



JOSEPH Adolphe Thas, Translation 4—gonal configurations 303

Geom etrie finite. —• Translation 4-gonal configurations. N ota di 
Joseph A dolphe T has, presenta ta  ^  dal Socio B. S egre .

R iassunto. — Introdotte certe configurazioni 4-gonali di traslazione, in relazione alla 
transitività del gruppo G delle loro traslazioni, si mostra la loro equivalenza colPesistenza 
in G di taluni T-insiemi formati da sottogruppi, si definisce un campo F detto il loro nucleo 
e si stabilisce che G può venire considerato come il gruppo additivo di uno spazio vettoriale 
sopra un sottocampo F ' di F. In ogni caso [G : F '] =  3 n, con n intero positivo, e la configu
razione ammette una certa struttura canonica. Se [G : F] =  3, la configurazione vien detta 
desarguesiana ed essa può venire caratterizzata dalla proprietà di risultare isomorfa ad una 
configurazione 4-gonale di Tits.

i. Introduction and review

A finite 4-gonal configuration of order s ( >  1) [2] is an incidence structure S’=  (P , B , I), 
with an incidence relation satisfying the following axioms:

(i) each point is incident with s -f- 1 lines and two distinct points are incident with 
at most one line;

(ii) each line is incident with s -f- 1 points and two distinct lines are incident with 
at most one point;

(üi) if -T is a point and L is a line not incident with x, then there are a unique point 
x ' and a unique line L ' such that xYL' lx ' IL.

If S =  (P , B , I) is a 4-gonal configuration of order s (>  1), then | P | =  | B [ =  
=  s3 +  s2 +• t  +  I [2].

Let S =  (P , B , I) be a 4-gonal configuration of order s (>  1) and let x  and y  be distinct 
points of S. The trace of x  and y  is defined to be the set tr (x , y) =  { all 0 e P || z is collinear 
with both x  and y  }. The pair ( x , y) of distinct points is said to be regular provided each 
point collinear with at least two points of tr (x , y) is actually collinear with all points of 
tr (x ,y) (if the points x  and y  (x 4 -y) are collinear then evidently the pair (x ,y) is regular). 
II (x ,y) is a regular pair, the span of x  and y  is defined unambiguously as the set sfi (x ,y) = 
=  tr (z , w) for ^ny distinct points z ,w  in tr {pc , y) (for collinear points x  and y  (x 4=y), we 
have sp (x ,y) =  tr (x ,y)). When for a point x  each pair (x ,y) ,x=j=y, is regular, x  is 
said to be regular. These definitions are easily dualized for lines. A point (resp. line) 
is called coregular provided each line (resp. point) incident with it is regular. And a point 
or line which is both regular and coregular is said to be biregular (then necessarily  ̂is even [5]).

Let x  be 3i regular point of a 4-gonal configuration S of order s (> 1). Let II* be the 
incidence structure whose points are the points of S collinear with x  and whose lines are the 
spans of the (necessarily regular) pairs of distinct points of II*. Then II* with the natural 
incidence relation is a projective plane of order [6]. This theorem is easily dualized for a 
regular line L of S.

2. Translation 4-gonal configurations

2.1. Translations. Let S(x<x) =  (P , B , I) be a 4-gonal configuration 
of order s (>  i) which possesses a coregular point The j  +  i regular lines 
L i , • • •, LJ+1 which are incident with are called the ideal lines of S(Xco\  and

(*) Nella seduta del 9 marzo 1974.
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the i-2 +   ̂+  I points which are collinear with x ^  are called the ideal points 
of S{x°°\ We also introduce the following notations:

{Li , L2 , • • •, L J+1} and {all ideal points of S(Xoo)}.

A  collineation 0 of S(Xoo) is called a translation if 0 is the iden tity  or if 
0 is a collineation satisfying L® =  L- VL- e (this implies th a t x l0= x oo) 
and x e =j= x  Wx e PX^P^ .

2.2. THEOREM. A  translation 0 of S^Xoo) induces a translation 0?- o f the affine 
plane  (.L i s  the ideal line o f this affine plane), i e  { i , 2 , - - * , ^ - | " i } .

Proof. The points of the projective plane II L; are the - f  I lines
of S(x<x>) which are concurrent w ith L -. Lines of Uu  are (a) the line (h) 
the sets L j w ith elements the s +  I lines of S(Xoo) incident w ith the point 
x i>j=¥lX  oo» where x itj IL 2 ( j  — i , •••,  j) (c) the sets w ith elements the s -j- I 
lines of S(Xoo) which are concurrent w ith L- and a line L  e B not concurrent 
with L z (i.e. the sets tr  (JLZ- , L), L  c B and L ? , L  not concurrent).

The translation 0 induces a perm utation 0* of the pointset of the projec
tive plane IIL.. M oreover L /  =■ L, J  =  i , • • - , s +  I. Now we show tha t 
0/ is a collineation of the projective plane IIL..

F irst of all we rem ark  th a t N ext we consider a lineZ ) of type
(p). Then (.L } f l ~ L / ,  where =  X;j>. F inally  we consider a line L  of
type (c) of n L., where L  =  tr  ( L - , L), L t B  and L z- , L  not concurrent. Then 
the elements Mi , M2 , • • M , , Ly(i=j= j )  of L  are m apped by 0 onto the lines 
M i , M2 , • • •, M 0 , L j  =  Ly which are concurrent w ith L 0 =  L- and L 9 (rem ark 
th a t L e is not concurrent w ith Ly). Consequently Ü i =  {M? , M^ , • • •, M 0 , 
Ly) — tr  (L,-, L 0) is a line of type (c) of IIL.. We conclude th a t 0,- is a colli
neation of the projective plane IIL.. As Ly* =  Ly , VLy e L œ , 6t- can be consi
dered as a d ilatation of the affine plane U t f . N ext we prove th a t 0,- is a tran 
slation of the affine plane Iï£°°.

For th a t purpose we suppose tha t 0 is not the iden tity  and th a t L° =  L  
or L®‘ =  L, where L  is a point of H L. and L  € Z œ . We rem ark th a t #®y =  x itJ, 
w ith L I x ZiJ I L , . N ext let y  be a point of PN^P^ which is not collinear with x i f j . 
Call M and z  the elements defined by y  I M I z lL  and M ' and z' the elements 
defined by j Z l M T / I L  (rem ark th a t z  f f ix ^ f ) .  Then evidently M '= M e and 
# '=  ^  (rem ark th a t z Q f=  z  and M 0={=M). If  M is concurrent with L^ (i =f= k), 
then also M ' =  M 6 is concurrent w ith L Â (we also rem ark th a t the points m  
and m ', defined by M lm lL ^ and M r Im lL k (m '=  m Q), are distinct). N ext let 
N and u  be defined by y IN I u lL -  and N ' and u ’ be defined by y e IN 'I« 'IL ,. 
(rem ark th a t u  £ { x œ , x itJ}). Then evidently N ' =  N e and u  =  uQ. As L* 
is regular there exists a point v which is incident with N and M ', and there 
also exists a point v r which is incident with N ' and M. Let us suppose a m o
m ent th a t u ffiu ®  (then v f=  y e and y = f= z/) and consider the dilatation 0/ 
of the affine plane Ti f f ,  Z=\= i. Let / with x ^ j f f i x ^ ,  call a and A  the
elements defined by x ^ j  I A I aYL, and call X i j i and A! the elements defined
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by aQlA ' I x i j '  , ÎL t . Then evidently x ^ y  =  x \ j  . Now from a =)= aQ there 
follows th a t x \ j  =}= x h j . Consequently the only fixed points of the dilatation 
0/ are the ideal points L i , L2 , • • •, L f+1 of the alfine plane 11̂ ° . There results 
th a t the dilatation 0/ is a translation of the affine plane Il£~. As A  , A ' =  A e =  
=  A  * , L, are collinear points of the projective plane II /, the ideal point 
L i is the center of the translation 0/ of the affine plane Il£~. Now we suppose 
th a t I £ { i  , k} . Let b and B be defined by y l B l  b lB l and b' and B ' by 
y 6 IB ' lb f I L / . Then B ' =  B6 =  B0/ and br =  bQ. From  the preceding there 
follows th a t b =|= bQ and th a t B , B ', L, are collinear points of the projective 
plane I IL/. There follows th a t there exists a point ce  P such th a t NI H B ' .  
So we obtain a triangle in S(̂ oo) (with vertices c , v , y 6 and sides M 0, B 0 , N), 
a contradiction. So we conclude tha t u  =  uQ. There follows im mediately 
th a t v — y Q and v' =  y  and so N =  N 0 =  N \  As N =  N 6* and L ,=  L°* 
ÇLe L ^  and N € Z J ,  the dilatation Q- of the affine plane IIl®0 is the identity.

From  the preceding there follows tha t each translation 0 of S(Too) induces 
a translation 0,- of the affine plane I I l00.

2 .3 . THEOREM. The set G o f a ll translations o f S^Xoo) is a group.

Proof. If  0 is a translation of S(Too) then evidently 0" 1 is also a transla
tion of S(x°°\

N ext let 0 , 0' be two translations of S{Xoo\  Then L 06 =  L - , VL e L
j i 1 * * 00 *

and 00 induces the translation 6- 0* of the affine plane Ilf00, i  e  { 1 , 2 , • • - ,
, * • •, s +  I }. Now let us suppose tha t x60' =  x  , x  E P N P ^ . Call and M,-
the elements defined by x l M ;  lx- I L - , i  =  1 , 2 , • • •, s +  1. Then evidently 

60' 0.0'-
Mi  =  M /  =  M ï , i  — I , 2 , • • - , + 1 . Consequently the translation Q- 0*
of IIl®0 is the identity, i  =  1 , 2 , • • •, s +  1. If  follows tha t L 00' — L, 
VL e B, and so y m' =  y , Vy e P. Hence the ■ collineation 00' of S(Xoo) is the 
identity . We conclude th a t for any two translations 0 , 0' of S(x°°\ the product 
00' is also a translation of S^x°°\

From  the preceding there follows im m ediately th a t the set G of all tra n 
slations of S(Xoo) is a group.

2.4. R em ark . If  G, is the group of all translations of the plane I I l00, 
then O, : G -> G,-, 0 -> 0Z* is a hom om orphism  of G into Gz (i ~  1 , 2 , • • •
• • •, s +  1).

2.5. T h eo rem . I f  x  and  y  are elements o f P X P ^  then there is at most 
one translation 0 o f S^°°  ̂fo r  which x e =  y .

Proof. If  x 6 =  y  and Xe' =  y , then x e0/“1 — x. Hence 00' ” 1 is the iden
tity , and so 0 =  0'.

2.6. D e fin it io n . If  the group G of all translations of ${Xoo) is transi
tive on P X P ^ , then we say th a t S(Xoo) is a translation 4-gonal configuration 
(from 2.5. there follows th a t the translation group G of a translation 4-gonal 
configuration S(Xoo) is sharply  transitive on P X P ^).
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2.7. Theorem. Let S^00* be a translation \-gonal configuration. Then 
(a) the order s of Ŝ Xoo) is a prim e pow er p h; (fi) the group G of a ll translations 
of S(Xoo) is an elementary abelian group.

Proof. If S{Xoo) is a translation 4-gonal configuration then the group 
G®' =  G; is transitive on the points of the affine plane Tit00 (i =  1, 2 ,■■ ■
• • •>•*■ +  !)■ Consequently f i f“  is a translation plane and G ■ is the group G; 

of all translations of IIt°°(i =  1 , 2 j  +  1) [2]. Hence the order j  of 
n£°° (i.e. the order of S(Xoo>) is a prime power p h, and G,- =  G®‘ is an elementary 
abelian group [2].

Next we consider the mapping 0  : G -> G,- XG,., e (6,., 0 ■) ( i f i j ) .  
It is easy to show that © is a monomorphism of G into G, xG y . As G, and 
Gy are elementary abelian groups of order j2 =  p**, there follows immediately 
that G is an elementary abelian group (of order s3 =  p 3h).

3. THE 4-GONAL CONFIGURATIONS G ( T )

3.1. T-sets. Let G be an abelian group of order ss (s >  1). Suppose 
th a t is a set of  ̂ -|- i subgroups of order s of G,
and th a t H,- Hy H k =  G Vf , j  , k  w ith i  , j  , k  distinct. Such a set T  is called 
a T — set of the abelian group G.

F irst of all we rem ark th a t iü{ Pi Hy =  { i } , f =|= j .  The cosets of the
subgroup YLi , f =  i, 2 , • • - , s + 1 , are denoted by H,- =  H,-f l , H /)2 , • • .
(so we obtain s% T  *£2 cosets). Each coset contains s elements of G and 
through each elem ent of G there pass s +  1 cosets. From  H,- n  Hy =  { 1}, 
* =hj> there follows im m ediately th a t two different cosets have at 
m ost one element in common. As H-  Hy ¥Lk =  G (Vf , j , k  w ith i  , j  , k  
distinct), there do not exist three cosets H {}j, H j> , H*/,y„ w ith H,-,y Pi 
Pi H,vfy, == { a"  }, H i’jr  Pi H it,jn  =  { a } ,  H v,jn  Pi H,v  =  { aJ } and a , an 
distinèt elements of G. So the tactical configuration w ith as points the s3 
elements of G, w ith as lines the s3 +  s2 cosets H iyji and w ith the natu ra l inci
dence relation, does not possess triangles.

Now we consider the cosets of H ,., i  e { 1 ,2  , • • •, .y +  1}, having an ele
m ent in common with the set H iU  H2U * • • U H s+1. From  the preceding there 
follows th a t in this w ay we obtain s2 —  s -j- 1 cosets (one of these cosets is
the g toup  H,). So there rem ain j  —  1 cosets H,*^ , H,-fy2 ,•••, .  H o f
T he set H,- u  H ^ u  • • • u  H*,y ^  is denoted by H* (f =  1 , 2  , • • •, s +  1).

3.2. Theorem. The set H* is a subgroup {of order s2) of G (f 
■, s +  1).

I, 2

Proof ‘ Consider the natural homomorphism ai : G G/H,-, a a '. 
We introduce the following notations: Hj* =  { i'} , Hy* — Hy(y =f= f), =
=  {hi},  H,-‘ya =  {h f}  , ■ • •, =  { X - i} ,  H ' =  { i f i l , h* , ■ • •, h's^i}. We
remark that H  ̂ n  H/ =  { i '} (k =j= I), that U H 2 U • • • U H '+1 =  G /H ,,
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that Hy ( /  =j= t) is a subgroup of order s of the group G/H,- (of order A), and 
that PL H/ =  G/H,- (k =j= I , k =f= i  , /  =j= i). Now we prove that H/ is a sub
group (of order s) of G/H,-.

Let h'k be an element of H *. If H'-, then ft/T1 e H/ for some /  (/=j= i) 
and so hke H i , a contradiction. Now we consider two elements hk, fit of H - . 
Suppose a moment that k'kk'i&H'i. Then h'k ,h' i^Hj  for some /=)= i. We 
have h'k =  u„vn, with ùn e H)-\{i'}> e H \ { i ' } ,  n e {  1 ,2  i } \{ *  , / } .
If n = ^ n ' (n' e { i  , 2 , • • •, s 1 } \ {  i  , j }), then evidently As
I {1 , 2 , • • i } \ { *  , j ]  I =  r —  I there exists a m e { 1 , 2  , • • -, s - \ - i }\{7  , / }
such that u'm =  h'k h'i. There results that h'k =  tik t i iv„ ,  with vm g H X { i '} -  
Hence hi =  zLT1 e H m\ {  1 '}, a contradiction. Consequently flk Ht e H ) , and 
so H,- is a subgroup of G/H,-.

t a .“J ^
We conclude that H* * =  H* is a subgroup (of order y2) of G.

3.3. REMARKS. i ) H ( o  Hy =  { I } and H * Ĥ . =  G(z=j=y). 2) T he subgroups

H,-, Hy* (/=j=£) constitute a congruence partition of the group G/H* (of order a2). Conse
quently with each subgroup H* of G there corresponds a translation plane of order s [2].

3.4. Theorem. I f  the abelian group G of order ss (sy> 1) has a T-set) 
then s is a prim e power p h and  G is an elementary abelian group.

Proof. From 3.3. there follows immediately that G/H,-is an elementary 
abelian group, and so .s* is a prime power p h.

Now we consider the mapping 0  : G -> G /H Z X G/H, , a { ai ,  a i)  
(? Evi dent l y © is a monomorphism of G into G/H, XG/PI;-. As G/H,- 
and G/Hy are elementary abelian groups of order A =  p %h, there follows 
immediately that G is an elementary abelian group of order p 3h.

3.5. T h e  4 - g o n a l  c o n f i g u r a t i o n  G (T ) o f  o r d e r  s =  p h. Define 
points as (i) the A elements of the group G (ii) the A +  s  cosets of the subgroups 
H * , H2 , • • •, H*+1 (the cosets of H* are denoted by H* =  H * x, H* 2 , • • •, H * , 
(hi) one new symbol xœ. Define lines as {a) the A-f- A cosets of the subgroups 
H i , H 2 ,• • H ì+i (è) the sets L,- =  { H * x , H *2 ,• • -, H * ,} , i  =  I , 2 , • • •
• • •, r +  I . Incidence is defined as follows: Points of type (i) are incident 

only with lines of type (<z); here the incidence relation is the natural incidence 
relation. A  point H ,(;- of type (ii) is incident with all the cosets of type (a) 
which are subsets of the coset H*y and with the line L,- of type (b). Finally, 
the unique point x œ of type (iii) is incident with all lines of type (b).

The configuration so defined is a tactical configuration G (T ) =  (P , B , I) 
satisfying the following: j P | =  | B | = A T  s2 +  j +  i; each point is incident with 
j  +  i lines and two distinct points are incident with at most one line ; each 
line is incident with j + i  points and two distinct lines are incident with at most 
one point. Moreover it is not difficult to prove that G (T ) does not possess 
triangles. Now a rather easy counting argument shows that G (T ) =  (P , B , I) 
is a 4-gonal configuration of order s.
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4. The eq u iva len ce  o f th e  4-gonal con figu ra tion s G (T )
AND THE TRANSLATION 4-GONAL CONFIGURATIONS S(Xoc,)

4.1 . THEOREM. The po in t x ^  is a coregular po in t o f the \-gona l configu
ration G (T).  Moreover G (T) =  G ( r ) (*00> is a translation \-gonal configura
tion fo r  which the group o f a ll translations is isomorphic to the group  G.

Proof. First of all we prove that x^  is a coregular point of G (7 ’). For 
that purpose we consider the line Lt- , f e { 1 , 2 , ■ • •, j  +  1}. A  line which 
is not concurrent with L,- is of the form , i f i=j .  The r -f- 1 lines which 
are concurrent with L, and Hy,* are the line Ly and the j  cosets H,-,^ , H,-,, , • - •
• • - , H,-,^ of H, which have an element in common with the coset H -tk. We 

remark that is a coset R of the group H ; Hy . This
coset R contains also j  cosets Hy,h  =  Hy,* , Hy,*2 ,• • - , Hy,is of the subgroup 
Hy . Now we remark that the lines 1 , 2 , • • •, s'), L { are concur
rent with the lines YLi>h , H,:,/2 , • • • , H,Vt , Ly. There follows that the pair 
(L,•, Hy,*) is regular. Consequently the line L, is regular, i  =  1 , 2 , - ■ ■, s f  1. 
So we conclude that the point x  is coregular.

Now we consider the following bijection 0a, a e G, of the pointset P of 
G (T ) onto itself

(1) x 6“ =  ax  for each point x  of type (i);
(2) (H*y)6" =  a t ì* j  for each point H*y of type (ii);
( 3 )  T o o  T o o  •

Evidently 0a is a translation of the 4-gonal configuration G (T ) lXœ\  As the 
group { all 6,. Il a e G } gë G is transitive on the points of type (i) we conclude 
that G (T )<Xno) is a translation 4-gonal configuration for which the group of 
all translations is isomorphic to G.

4.2. Remark. The translation plane of order s which corresponds with H* (see 3.3.) 
evidently is isomorphic to the translation plane n£°°, with Zoo =  {Li , L2 , • • •, L^+i}.

4.3. Theorem . L et S(roo) =  (P , B , I) be a translation 4-gonal confi
guration w ith coregular po in t x ^ .  I f  G is the group o f a ll translations o f S(x°°\ 
then S(Xoo) is isomorphic to a 4-gonal configuration G (Z).

Proof. First of all we remark that we use the notations of 2.
Let o be a point of S(Xoo) which is not collinear with Now we define 

the following bijection co of P X P ^ onto G:

co : P \ P œ -> G , x  -> 0 4==> oQ =  x.

Next we consider a line L of S(Xoo) which is incident with o and we suppose 
that L is concurrent with L , . Then from 2.2. and. 2.7. there follows that the 
set of points of PXP^ which are incident with L is mapped by co onto the 
kernel H,- of the epimorphism <£>,-. In this way we obtain s - f  1 subgroups 
H i , H2 , • • - , H J+1 of order s of the elementary abelian group G of order s3
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(rem ark th a t H,-nHy. =  { 1 }, i  =j= y (i)) . We shall prove th a t H i Hy H Â =  G, 
W  , /  , k  w ith i , j  , k  distinct.

For th a t purpose we have to show th a t H- Hy.nH* =  { 1 } ( t  , j  , k  distinct). 
T aking account of (1) it is sufficient to prove th a t 00'€  H k , V0 e H , \ {  1 } 
and V0'e  H y \{  1 }. Suppose a m om ent tha t 00' e H k , 0 e H ,- \{  1 } and 
0'e H ^ \{  I } (evidently 00'=}= 1). I f  o5 6 =  x  then o , x  are collinear, and the 
line defined by o and x  is concurrent w ith L, ; if x 6' =  x ' then x  , x ' are col- 
linear, and the line defined by x  and x ’ is concurrent w ith Ly (this follows from 
the fact th a t 0' belongs to the kernel of ®y). Now from. oee' =  x  and 00' e H k 
there follows th a t also o , x r are collinear and th a t the line defined by o and 
x ' is collinear w ith L*. So we obtain a triangle (with vertices o , x  , x ')  in S{Xoo\  
a contradiction. Consequently H,-HyH* =  G, V i , j , k  with t , j , k  distinct. 
We conclude th a t T  =  { H i , H 2 , • • •, H J+1} is a T -set of the abelian group G.

If  L  € is a line of S{X(X>) which is concurrent w ith L i} then the s points 
of P X P ^  which are incident with L  are m apped by co onto the points of 
a coset of H z. In  this w ay we obtain the s^-\- s2 cosets of the subgroups 
H i , H2 , • • *, H J+1 of G.

Now we consider the point x t- IL, which is collinear w ith o (i =  1, 2 , • • •
• • - , s +  1). Notations are chosen in such a way tha t x £ =  x itl. The s2 points 
of P \ P œ which are collinear with x { are m apped by co onto the points of the 
subgroup H* =  H /?1 of G (see 3.1. and 3.2.). We rem ark tha t H* is the sta
bilizer G^.. In  this w ay we obtain the s +  1 subgroups H * , , * • - , H*+1
of G. N e x tle t  x itJ-^= x œ be an arb itra ry  point which is incident w ith L -. It 
is not difficult to show tha t the s2 points of P X P ^  which are collinear with arc
are m apped by co onto the points of a coset H*y of H* (we rem ark th a t 
H*,y =  { all 0 e G II x z- =  x^j}) .  In  this way we obtain the +  s cosets of 
the subgroups H* , H J , • • •, H*+1 of G.

F inally  we define the following bijection co* of the pointset P of S (x°°} onto 
the pointset of the 4-gonal configuration G (7"):

(fi) #od =  Xqq ;
(b) X ij  =  H,-5y , i ■= I , 2 , -  j  -f I , 7 =  1 , 2 , • • - , j  ;
(c) * “* =  *<■> V x e  P \ P TO .

As co* defines an isom orphism  of the translation 4-gonal configuration S{Xoo) 
onto the 4“&onal configuration G (T ), our theorem  is completely proved.

5. The kernel of a translation 4-gonal configuration

5.1. D e fin it io n . Consider the translation 4-gonal configuration S(Xoo) 
of order s (>  2) and the corresponding 4-gonal configuration G (T).  If  
T — { H i , H? , • • - , H ,+i} and j  >  2, then the kernel of S(A;oo) is the set F  of 
all endom orphism s a of the group G w ith H “C H,., i  == 1 , 2 , • • •, s +  1; 
if s ~  2> then the kernel of S(Xoo) is the set F  =  { identity  autom orphism  of 
G, null endom orphism  of G }. W ith the usual addition and m ultiplication 
of endom orphism s F  evidently  is a ring.
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5.2. THEOREM. The kernel F of the translation a g o n a l configuration S(Xoo) 
is a field .

Proof, (a) I f  s =  2 then F  evidently is a field.

(b) s >  2. Let a be an endom orphism  of the group G of all translations 
of °°  ̂ w ith H,- C H,-, z =  I , 2 , • • • , s T  I . Then a induces an endom orphism  
oc- of the group G /H ,, w ith ( H /) “' =  H ,“' C U j , i e {1 , 2 r  , s +  1} and 
j f i = i  (we use the notations of 3.2.). Now we shall prove th a t H ^ ' C H -

First of all we rem ark th a t Hy * n  H* 2 =  { F }, k fi= i, j f i= i ,  k  =j-j. 
Let us suppose a m om ent th a t ä ,<x*'/H|-, with a! e H /\{  i f }. Then a!*1 =  
=  bfi H yxjV }, w ith /=f= i. Now we choose an arb itra ry  elem ent bn e H y \{ i'} - 
Then there exist a k e {1 , 2 , • • •, s +  i} \{  i  J  } and an element c'e H *\{ i '  }, 
such th a t a! =  bnc {see proof of 3.2.). Consequently b1 =  a 1 =  b”*1 c*1 
or b’ (bn ) 2 =  c ' .  As b’ (bn ) * e Hy and A e H  ki there follows th a t c ' =  1 '
and b' (bn ) * =  F. So b’ ~  bn 1 Vbn e H y \{  F}. Since oq induces an endo
m orphism  of the group Hy, we have necessarily | H y \{ F } | — 1 or | Hy | =
=  s =  2, a contradiction. So we conclude th a t H* T H / .

From  H* ' C H z- and (Hy') ' C H y ', j  i, there follows th a t a, belongs to 
the kernel of the translation plane defined by H , , and so a,, is the null endo
m orphism  of G/H,- or an autom orphism  of G/H,- [2]. If  Ff- is the kernel of 
the translation plane defined by H- (i.e. the translation plane I l f 00 (see 4.2.)), 
then A,- : F -> F,-, a a, evidently is a hom om orphism  of the ring F  into 
the ring F,- (i — 1 , 2 , • • - ,  ̂+  1). Now we shall prove th a t A,- is a mono
m orphism  (i =  I , 2 , • • •, j  -f- I ).

Suppose th a t a,- is the null endom orphism  of G /H , and th a t A,- (a) =  a , . 
Then we have a* e l i ■ Wae G, and so aa =  1 V ^ e H i u  • • • u  H,._xu  H,-+1u  • • ■
• • • l / H , +1 . Now we consider ay =  Ay(a), j  =j= i. If  a e H ^ \{  1 }, k d { i  , j } ,  
then aa =  1 and so (aHf i J =  Hy. Consequently ay, j  =j= i, is the null endo
m orphism  of G /H ,. There follows th a t aa e H y , Va e G and Vj  e { 1 , 2 , • • •
• • - , ^ +  I }. Hence cd — 1 Va e G, and this means th a t a is the null endo
m orphism  of G. So we conclude tha t A,, is a m onom orphism. F inally  we 
prove th a t a is the null endom orphism  of G or an autom orphism  of G.

We suppose th a t a* =  1, a e G \{  1}. W hen agU, - ,  then (aHty  =  H,- and 
consequently a,- is the null endom orphism  of G/H,-. From  the preceding there 
follow^ im m ediately th a t a is the null endom orphism  of G. We conclude tha t 
any  elem ent a € F  is the null endom orphism  of G or an autom orphism  of 
G, and so the ring F is a field.

5.3. Theorem. The kernel F of the translation 4-gonal configuration 
gV°o) 0f  or(ger s  — pk a subfieid  0y  kernel F,- of the translation plane  I l f 00 
(of order s =  p h), i  =  1 ,2  , s -fi 1. Consequently | F | <  s and  | F | =  p h’
( l < h ' < h ) [ 2 ] .

Proof, (a) If  Jr == 2, then F  =  F, =  G F (2).



Joseph Adolphe Thas, Translation q—gonal configurations 3 1 1

(b) s >  2. In  this case the theorem  follows im m ediately from the fact 
th a t A,- is a m onom orphism  of the field F into the field Ft-.

5.4. The vector space G. The group G m ay be regarded as the addi
tive group of a vector space over any  subfield F ' of the kernel F  of S(Xoo). This 
vector space is also denoted by G and its dimension is denoted by [G : F ']. 
W e rem ark  th a t [G : F '] >  3 (if [G : F '] =  3 then necessarily F =  F ').

5.5. T heorem . We have [G : F '] =  3 », n >  1.

Proof. The subgroups H i , H2 , H3 of the group G m ay be regarded as 
subspaces of the vector space G over F '. As | H i | =  | H 2 | =  | H 3 | =  
we have [H i :F ']  =  [H 2 : F '] =  [H3 : F '] =  « ( « >  1). From  H i H 2 H 3 =  G 
and I H i | | H 2 | | H 3 | =  | G j, there follows im m ediately th a t [G : F '] =  
=  [ H i : F '] +  [H 2 : F '] +  [H 3 : F 'j  -  3 ».

5.6. DeSARGUESIAN TRANSLATION 4-GONAL CONFIGURATIONS. The 
translation 4-gonal configuration S(a?oo) is called desarguesian if [G : F] =  3 
(i.e. if I F  I — y). If  is desarguesian then | F r- | =  s, and consequently 
the translation plane T i i f  is desarguesian (i =* r , 2 , • • •, j  -f- 1) [2].

6. T he 4 -gonal c o n f ig u ra t io n s  -T(» , q)

6 .1. T h e  4-GONAL c o n fig u ra tio n s  T (» , q). In  PG (3 » •— 1 , q), q a 
prim e power and n  >  1, we consider qn +  1 ( n -— i)-dim ensional subspaces 
PG(1) (» —  I , q), PG(2) (n — 1 , q) , • • *, PG(<7 +1) (» —  1, q), every three of them  
being joined by PG (3 n  ■— 1 , q) (w ith such a set of subspaces there corre
sponds a (gn +  i)-arc K of the projective plane over the total m atrix  algebra 
of the n X n - m atrices w ith elements in GF(y) [8]). In  [8] we have proved tha t 
th rough PG(ï) (n ■— 1 > q) , i  — 1 , 2 , • • •, qn -f- 1, there passes one and only 
one subspace ì PG(*} (2 n  •— 1 , q) of PG (3 n — 1 , q) which has no point in 
common w ith the set PG(1)(^ — 1 , q) U * * • U PG^“ 1̂ ^  —■ 1 , q) u  PG(' +1) 
(n ■— I , q) u  * * * U PG(? +1) (n —  1 , q) (with the qn +  1 spaces PG(z)(2 n  —
—  I , q) there correspond the qn +  1 tangent lines of the (qn +  i)-arc K [8]).

L et PG (3 n  •— 1 , q) be em bedded as a hyperplane in PG (3 n  , q) = P .  
Define points of the incidence structure T (n , q) as (i) the points of P \ H cx) 
(ii) the 2#-dim ensional subspaces X of P for which X n  H œ =  PG(z)(2 n —
—  I , ç), i  e  { I , 2 , • • •, qn -f- I } (iii) one new symbol x œ . Lines of the 
configuration are (a) the ^-dimensional subspaces of P which are not 
contained in H^ and pass through one of the spaces PG(1) (n —  1 , q) , 
PG (2)(» -— I , q) , • • •, PG(ör +1) ( f t '— I , q)y and (b) the spaces PG(1) (n —  1 , g), 
PG(2)(» ■— I , y) , • • - , PG(<? +1) (n —  I , q). Incidence is defined as follows: 
Points of type (i) are incident only with lines of type (a); here the incidence 
is that of P. A  point X of type (ii) is incident with all lines C X  of type (a) 
and with precisely one line of type (ÿ), namely the one represented by the
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unique space PG{t) {n —  i , y )  in X. Finally, the unique point of type 
(iii) is incident w ith no line of type (a) and all lines of type (b).

The incidence structure T  (n , q) so defined is a 4-gonal configuration of 
order qn [9].

6.2. The 4-gonal configurations T ( i , q) of J. T it s . For n =  i 
we obtain 4-gonal configurations T ( i  , q), of order y, arising from (q +  i)-arcs 
in PG(2 , q). Consequently the configurations T ( i  , q) are the 4-gonal con
figurations (of order q) constructed by J. T its [2].

7. The  equivalence of the  4-gonal configurations T ( n , q )
AND THE TRANSLATION 4-GONAL CONFIGURATIONS S {Xoo)

7.1. Theorem . The po in t is a coregular po in t o f the \-gonal configu
ration T  (n , q). Moreover T  (n , q) =  T  (n , q'f'Xoo) is a translation \-gonal 
configuration fo r  which the group  G of a ll translations is isomorphic to the group 
of a ll translations o f the a fine space AG (3 n , q) =  PG (3 n , q)H°°. F inally the 
fie ld  G F (q) — F ' is a subfield o f the kernel F  o f T ( n ,  q fXco\  and  [G : F '] =  3 n.

Proof. F irst of all we prove th a t is a coregular point of T  (n , q). For 
tha t purpose we consider the line FG{t)(n —  1 , q) =  G - , i  e { 1 , 2 , • • •, qn+  1 }. 
A  line which is not concurrent with L- is of the form PG (n , q) with 
PG (n , q) T and PG('/) (n — 1 , q) C PG (n , q) (i =j= j ) .  Let PG (2 n , q) 
denote the 2 ^-dim ensional projective space joining PG(2) (n —  1 , q) and 
PG (n , q). The qn +  1 lines which are concurrent with L z and PG (n , q) 
are the line Ly =  PG0) (:n — i , q ) and the qn lines P G ^  (n , q), P G ^  (n ,q) , • • •
• , PG * {n , q) (of type (a)), for which PG( /} (n , q) C PG (2  n , q) and
PG(0 (n — I , q) C PG * (n , q) (t =  1 , 2 , • • •, qn). N ext let PG( ^ (n , q) — 
=  PG (n , q), PG 2 (n , q) , • • •, PG( q \ n  , q) be the qn lines (of type (a)) 
for which PG(/) (n —  I , q) C PG(̂  (n , q) and P G ^  (n , q) C PG (2 n , q) 
( t ~  I , 2 , • • •, qn). Now w e  rem ark  th a t the lines PG^^ (n , q) (t =  1 , 2 , • • •, qn) 
and L- are concurrent w ith the lines PG(/l) (n , q), (n , q) , • • •
• • •, PG q (n , q)y Ly. There follows im m ediately tha t the pair , PG (n , q)) 

is regular. Consequently the line L^ is regular, i  =  1 , 2 , • • •, qnf  1. So we 
conclude th a t the point x œ is coregular.

N ext we rem ark th a t each translation of the affine space AG (3 n  , q) ~  
=  P G (3 ^  , q)H°° induces a translation of the 4-gonal configuration T  (n , q){x°°l 
As the group of all translations of AG (3 n , q) is transitive on the points of 
AG (3 n  , q) (i.e. on the points of T  (n y q){Xoo) which are not collinear with x j ) ,  
there follows im m ediately th a t T  (n , q)(Xoo) is a translation 4-gonal configu
ration for which the group G of all translations is isomorphic to the translation 
group of the affine space A G  (3 n , q ) .

Now we observe th a t it is easy to prove th a t the field G F  (q) =  F ' is 
a subfield of the kernel F  of T  (n , ^)(Xoo) (the m ultiplicative group F /\{ n u l l
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endom orphism  of G } corresponds w ith (and is isomorphic to) the group of 
all dilatations of AG (3 n , q) w ith center o £ H œ (see 4.3.)). As | G | == q*n 
and [ F 7 | =  qr we have [G : F '] =  3 n, and so the theorem  is completely 
proved.

7.2. THEOREM. Let S{Xoo) be a translation 4-gonal configuration (o f order 
s) w ith  coregular po in t x œ and  translation group  G. I f  G F (q) =  F ' is a sub

fie ld  o f the kernel F  of S (x°°\ where [G : F '] =  3 n, then S(Xoo) is isomorphic to 
a 4-gonal configuration T  (n , q).

Proof. We consider the 4-gonal configuration G ( T )  , T  =  { H i , H 2 , • • • 
s+i }  (s =  qn), defined by S(x°°\ W ith the vector space G over 

G F  (q) =  F ' there corresponds a 3 ^-dim ensional affine space AG (3 n , q) 
(the subspaces of AG (3 n , q) are the cosets of the subgroups of the group G). 
If  is the ideal hyperplane of AG (3 n  , q), then AG (3 n , q) =  PG (3 n  , q')H°°, 
w ith PG (3 n , q )  the 3 ^-dim ensional projective space over G F (q) defined
b y A G (3 n ,q)-

W ith the cosets of the group H,. there correspond the q*n ^-dim ensional 
subspaces of PG (3 n  , q) which are not contained in and which pass through 
a certain PG (,\ n  —  i , q) C H M (i == i , 2 , • • •, j  +  1 =  qn +  1). As the 
«-dim ensional subspaces H t , Hy , ( i , j , k  distinct) of the affine space 
AG (3 n , q )  are joined by AG (3 n , q), the projective spaces PG(,) (n •— 1 , q), 
PG(y)(« —  I , q), PG(i)( * - i , ?) are joined by the (3 n  ■— i)-dim ensional 
projective space H m .

W ith the s cosets of the group H* (see 3.) there correspond the qn 2 n- 
dim ensional subspaces of PG (3 n , q) which are not contained in I I ^  and 
which pass through a certain PG(?)(2 n  —  1 , q) C (i =  1 , 2 , • • •, qn +  1). 
F irst of all we rem ark  th a t PGG)(^ ■— 1 , q) is a subspace of PG(0(2 n ■— 1 , q) 
(this follows from C H*). As the subspaces H* , (i = f j )  of the affine 
space AG (3 n , q) are joined by AG (3 n  , q \  the projective spaces 
PG(*}(2 n  —  * > q) f PG0) (n —  1 , q) (i =j= j )  are joined by . Consequently 
PG(?) ( 2n  —  i , q ) r \  PG(;) (n —  1, q) =  0  (i =j= j ) .  So the space PG(?) (2 n -— 1 , q) 
has no point in common with the set PG(1) (n ■— 1 , q )\j  • • • u  PG(î" 1}(^ '— 1 ,q) \j  
U PG(* +1) (n —  I ,q )  u  * • • U PG (̂ +1) (n —  1 , q).

Now we see im m ediately th a t the 4-gonal configuration T  (n , q), defined 
by the subspaces PG(1) (n —  1 , q), PG(2) (n —  1 , q) , • • •, PG(**+1) (n —  1 , q) 
of the (3 n — i)-dim ensional projective space , is isomorphic to the 
4-gonal configuration G (7"). W e conclude tha t S^x°°* is isomorphic to T  (n ,, q).

7.3, Theorem . The translation 4-gonal configuration S^Xoo) is desarguesian 
i f  and  only i f  it  is isomorphic to a 4-gonal configuration T ( i  , q) o f Tits.

Proof, ^ e t  S^00̂ be a desarguesian translation 4-gonal configuration of 
order p h =  q. Then [G : F] =  3 (i.e. n  =  1) and F =  G F (q). From  7.2. 
there follows im m ediately th a t S(Xoo) is isomorphic to a 4-gonal configuration 
T  (1 , q) of Tits.
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Conversely, let us suppose that the translation 4-gonal configuration S(A:oo) 
is isomorphic to a 4-gonal configuration T ( i  , q) of Tits. Then | G | =  q3 and 
! F j >  q (see 7.1.). As q is the order of S^00* there holds | F | <  q (5.3.), and 
so I F J =  q. Consequently [G : F] =  3, i.e. S{x̂  is desarguesian.
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