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A n a lis i m a te m a tic a . —  Theorem s o f the L io u v ille  type f o r  ellip tic  
system s o f p a r tia l  d ifferen tia l equations. N o ta  di O l g a  A . O le i n ik ,  
p rese n ta ta  (#) dal Socio B. S e g re .

R iassunto. — Si considerano sistemi ellittici generali di equazioni alle derivate parziali 
e per essi si stabiliscono teoremi analoghi a quello classico di Liouville sulle funzioni armo
niche, poggiando su di una proposizione relativa all’analiticità delle soluzioni di certe equa
zioni ellittiche. Alcuni teoremi del tipo di quelli qui ottenuti trovansi già in [1].

This paper has been the subject of a lecture given at the «Centro Linceo 
Interdisciplinare di Scienze matematiche e loro applicazioni ». In it theorems— 
similar to the Liouville theorem on harmonic functions—are proved for gene
ral elliptic systems of partial differential equations, on the bases of a theo
rem about the analyticity of solutions of elliptic equations. Some theorems 
of this type were already given in [ 1 ].

Let co be a domain in R“ =  (aq , • • - , x n) , 0  =  c o x { | # o l < T }  and 
Û C Rw+1 =  (x0 , x x , • • - , x n) =  (.x0 , x). Let us consider in Q a system of 
partial differential equation of the form

(O

where

We suppose that system (1) is elliptic in £Ì; this means that there exist 
two sets of integers s±, * • •, and tx, • • •, such that for any k  and 
J ( h , j =  I , • • •, N), we have

N
mkj<Sk  +  tj , £ Sj +  tj  =  m  , mkj =  o ,  if sk +  t j <  o,

J=1

and, for any vector (£0 , ^  , • • •, Q  =  (£0 , 5) C R*+1 with | Ç0 | +  | E, [ o 
and for any (x0 , x) C Q.

p *(*o , £0 , I) .= det

where E,a =  Çï1 • • • Ç“*. We can suppose that sk <  0 and tj >  o.

ao + Ia I = L&+
f \ k j  Z<x0 $Ta ^a0a So S =H°>

£  2  ®“ Uj =  o ,
y= i  ao + ia i ^ mkj

k =  I . •■• .N.

a — (oq , • • •, aÄ) , | a | — ai +  * * * +  a* ,

a*0 * a*. , ®: =  ® * . • .  ®> .

(*) Nella seduta del 9 marzo 1974.
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System (i) is said to be uniformly elliptic in Q if, for any (£0 , Ç) e Rw+1 
and (x0 , x) e £2, the inequality

\ (\ l o t  +  \l 12f /2 <  ! P J*o  , *  , $0 .5 ) I <  X-1 (I y 2 +  I ? t)mß , X =  const.

holds.
Let us consider in co an elliptic system of partial differential equations of 

the form
N

( 2 )  2  2  [J.“"®“ Uj =  o , k =  I , • • •, N,
7=1 oc0+ I a |  < m hj

[x e R1. We define the norm

(co)~ SI a 1<M
sup I ®a/1  .

Lemma i. Suppose that the uniformly elliptic system (1) is defined in a 
domain £2 =  co x  { | #0 ! <  T} and  d^a  (x) e C"^‘+Yl1 (co), y =  const. >  o. 
Then any solution (ux , of system (1) such that 6 C^”1"1 (Û)
extended as an analytic function of x 0 +  zy0 m domain

Qs (G) =  {*<>■, * . y 0 ; (xo . x)  € G» 17 0 1 <  S}

where G =£• X { | #0 | < T  — 1}, g  C R" and  f  C co , 8 =  const. >  o. In  addition, 
derivatives of Uj up to order tj +  y — 1 can be extended as analytic fu n c 

tions of x 0 +  iy0 in  Q§ (G) and the inequality

(3) sup ! Uj I <  C sup I u  I , j  =  I , * • • , N
QS(G) Q

is satisfied, where | a | <  tj -f  y — 1, the constants 8 and  C depend o n \ yn ,N ,m,  
the norms of ^  C~^'+Y+1 (co) and the distance between G and  £2 only.

Theorem i . Suppose that system (1) is uniformly elliptic in  R*+1, 
d ^ 0c (fi) e C“V+1 (Rw). ^  (x) =  (ux (x) 2% (#).) ^  æ solution of system
(2), (̂ r) e C^'+1 (co) fo r  any finite domain co. Suppose that

(4) I «y (at) I < M ± exp {Sx I x \ }  in R” , j  =  1 , • • •, N

M x , Si are constants, 8X >  o.

«y =  o in Kn , j  =  I , • • •, N,

i f  [x >  [xo Sx— [xo 8 +  In C <  o, where the constants 8 C depend
on X ; ^  , N , m and the norms of d ^ a in C~ŝ'+1 (Rw) only.

Proof. Let us denote

&* =  { x q , * 1 \ x0 \ < s  , \ x \ < s }  , cof =  { x ; \ x \ <  s ] .
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It is easy to see that w (xQ , x) — exp { iy. x 0} u (x) is a solution of system (1) 
in RM+1. According to Lemma 1 the vector-function w  (xo , x) is analytic 
with respect to x 0 +  iy0 , and the estimate

(5) sup I w  I <  C sup \ w\
<Va*> Q*+i

is valid where the constants 8 and C do not depend on s. From the estimate (5) 
it follows that

sup I u  I <  C exp {— [a8} sup \ u\  =  exp {— p8 +  ln C} sup | u |
“j+i “j+i

and therefore

sup j u I <  exp (— [aS -j- ln C)} sup \ u \ .

Since (4) is valid, we have

sup j u I <  exp { j (— [aS -f  ln C } Mi exp { 81 (j0 +  s) } =

=  Mi exp {81 jo) - exp ( j  (— ptS +  ln C +  81)} =  <ps.

If ■ (a8 +  ln C -j- 81 <  o, then ç, -> o as s -> 00 and therefore « • — o,
7 — 1 , * • • > N.

THEOREM 2. Let <0 and  to0 be unbounded domains in  R” , w0 C to. For 
^  e too we define a function p  (x) which is equal to the distance from  # to the 
boundary o f to. Suppose that p ( x )  ->oo as \ x \ - r  00, system (1) is uniformly 
elliptic in  û = t , ) x { - o o < A # <  +  00 } and  e C~A'+/+1 (Q), / > o.
Then fo r  any solution u (x) =  (ux (x) • - , u N (x)) o f system (2)

2  ®“ « , - W l < M e x p { - 8 0/(A)}
I a j< tj'+l—l

fo r  any x e <ù0, i f  [x >  fx0 , Uj (x) e C^+1 (g) fo r  any bounded subdomain g  of 
co and i f

(6) sup I u I <  Mo exp {S ip(x)}

fo r  any x  e coo, where M , Mo , S0 , Sx are constants, — S^o +  ln C +  So +  Si <  o, 
So, Si >  o, Ŝ ( )̂ is a ball o f radius p  (x) with center in & and  C depend on 
X, ^ ,N , / ,w  and the norms in  C“ ‘̂+/+1 (co) only.

Proof. Let x  be an arbitrary point in co. Let us consider balls g  , g 2 , • • •
* ’ radhis 1 > 2 >* * *, [p (*)] respectively, with center in x . Here
[p (.x)] denotes the entire part of p  (pc). Let Gs =  gs X { \ x 0 \ < s} , 
s — 1 > * * *> [p (^ ))  • If u (.x) is a solution of system (2) in co, then

v (x0 , x) =  exp { i\pxo } u(x)
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is a solution of system (1) in Q =  coX{— 00 <  %q <  -f- 00}. According to 
estimate (3) we have

N
( 7) sup 2  2  13)“ vj I <  C sup \ v \ .

Qs (Gpy=i \*\<tj+i-i Gs+X

Since the solution u (x) of system (2) satisfies condition (6), it follows from (7) 
that

SUP I Uj I <  exp { — +  In C } sup | u | <
S\ gi

<  exp { (— 8 [i +  ln C) ([fi (x)] — 1)} sup | u | <
gU>(x)]

<  exp {(— Sp, +  In C)([fi(x)] — 1) +  S1f i (x)}M0 <  M exp{— S0 f i(x)}  

for any x  e <o0. Thus the Theorem is proved.

Remark . Suppose that

co =  { T# ; x  c g  , T >  I } and co0 =  { ; x  e , t >  1},

where ^  is a bounded domain not containing the origin and g Q is a subdomain 
of £•, g0 Cg. Then it is easy to see that

k± I x  I <  fi (pc) <  y£2 I x  I ,

whepe kv and k2 are constants.
Similar theorems can be proved for parabolic systems in the sense of 

I. G. Petrovsky.
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