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Fisica matematica. —■ On the tensor with given divergence on 
Riem annian manifolds (,). N o ta  d i C a rlo  M o r o s i , p re s e n ta ta  (**) d a l 
S ocio  B. F i n z i .

R iassunto. — Si fornisce la soluzione del problema dell’equilibrio, considerato come 
problema aggiunto della congruenza. A tal fine si utilizzano le condizioni di congruenza 
ottenute in un precedente lavoro [1], precisando l’eliminazione delle funzioni arbitrarie 
ivi contenute.

i. I n tr o d u c tio n

The necessary and sufficient congruence conditions, th a t is the com pa­
tib ility  conditions of the system

(■̂ *•0 >̂tk (Sifk +  Skji) o (z , k  =  I , 2 , • • •, N)

where \ ik and s{ are the infinitesimal strain and displacem ent fields respec­
tively, have been obtained both for the case of R iem annian N-m anifolds 
with a group of rigid motions [1], and for the case of no rigid motions [2].

I f  there are no rigid motions, the congruence conditions are obtained [2] 
in an invarian t tensor form, by m aking zero some linear and homogeneous 
com binations of the strain  and its tensor derivatives.

Instead, in the case analyzed in paper [1] they  m ay contain some arb i­
tra ry  functions; the elim ination of these a rb itra ry  functions allows us to give 
the congruence conditions a linear and homogeneous form: hence we can 
obtain the general solutions of the equations

(i-2) Pki,k =  o ; pkijk = /  (* , k =  I , 2 , • • •, N)

th a t we call equilibrium  equations, generalizing from the case N =  2 , 3.
In  fact, as suggested by [3], [4] and applied by [2] and [5] to the cases 

of R iem annian N-m anifolds w ith no rigid motions and of the ro tation surface 
respectively, if the congruence conditions are given an operator form

(1.3) , ^  =  ° )

O being the linear congruence operator, and if the equilibrium  problem  is 
the adjoint of the congruence problem  (1.1), then the general solution of the 
homogeneous equation (1.2) is

(1.4) P =  OX ;

(*) Work done in the sphere of activity of the Group of Mathematical Research of the 
C.N.R.

(**) Nella seduta del 9 febbraio 1974.
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therefore it is constructed by m eans of the adjoint operator Q and it depends 
upon as m any arb itra ry  functions X as the essential congruence conditions are.

By m eans of the the congruence conditions in the form (1.3), in this 
paper we obtain the solutions of Eqs. (1.2), discussing their structure and 
giving a few simple exam ples (sec. 2). In  order to clarify how to give the 
congruence conditions the form (1.3), the elim ination of the a rb itra ry  func­
tions is analyzed; w ith the exception of some particular cases, the explicit 
use of a coordinate system  is required, hence the possibility of a directly 
invarian t form ulation is lost: the procedure followed and the results obtained 
are sum m arized for a few particu lar cases (sec. 3).

2. T h e  e q u il ib r iu m  problem

In  this section the solutions of Eqs. (1.2), both homogeneous and complete, 
are given.

a) General solution o f the homogeneous equation.

W e suppose th a t we can choose boundary conditions physically m eaning­
ful so th a t the equilibrium  problem  be the very adjoint problem  of the 
congruence.

Thus we can rewrite Eqs. (1.1) and (1.2) in operator form

(2.1) D j  =  Ç

(2.2) D p =  o ; D p  =  — 2 /.

If  the congruence conditions (1.3) are given, th a t is if the congruent strain  £ 
belongs to the null manifold Dl (Q) of the congruence operator Ü, then  the 
solution p  of the ad joint problem  (that is the solution of the homogeneous 
Eq. (2.2) to which suitable boundary conditions are associated) belongs to 
the range 3t(Q ) of the adjoint operator Q of Q [7, 6], hence it has the 
form (1.4). It can be given another interesting form, m aking its structure 
m ore evident: th a t will be shown in the following, after discussing the deter­
m ination of particu lar solutions of the complete Eq. (2.2).

b) Particular solutions o f the complete equation.

As for the complete Eq. (2.2), it has a solution if and only if

(2.3) ( f > v ) =  j f t vi d'u =  o
T

where v{ is the general solution of the Killing equation 

(2-4) Dv =  vat +  VkH =  o .
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Now we analyze a few particu lar cases; firstly we consider the Euclidean 
space E3: referring to orthogonal Cartesian coordinates x ky the rigid displa­
cement field v f  is

(2.5) v(P  == at - f  Zijkx k <0

where and co-7 are a rb itra ry  constant param eters and zijk is the perm utation 
symbol; then Eq. (2.3) becomes

(2.6) < / ,  v > == ai R‘ +  co M,. =  o ,

being

(2-7) R ' ^ J / d T  ; M, ^
T T

the sum of the field forces and the sum of the moments, about any  point, 
of the field forces; therefore, on account of the arbitrariness of a{ and co*, 
the well-known global equilibrium  conditions follow from (2.6).

Now we consider a R iem annian manifold VN : as for its structure, we 
recall (see [1] for more details) tha t the subm anifold V r is. given at any 
P € VN by the r  K illing congruences and VN_*. is its orthogonal com plem ent

(2.7) vN =  vr©vN_r
spanned by (N ■— r) vectors A /f-(A being (N •— r) functionally independent 
invarian ts constructed by the m etric tensor of V N and its o rdinary  derivatives). 

If  /  e VN_f , i.e. if we can define

(2 .8) f i  ^  fa  A n  (oc =  r +  I , . . . , N )

the condition (2.3) is verified; in particular this is always true if there are 
no rigid motions (r =  o), e.g. for a m em brane upon a generic surface. 
Instead in the case of a ro tation surface, a force field is balanced only if it 
is paràllel to the curvature gradient

(2.9) ■/. =  x K/f

but not, generally, if it has the form

(2.10) /,• =  XK/(- + p (.

(where viy parallel to the congruences K =  cost., is the Killing vector giving 
the rigid displacem ent of the surface), unless p. satisfies to the global condition

on 2 : j [jiz;2 dS  =  o, according to (2.3). M oreover, if f  has the form (2.8), 
s

a particu lar solution of the complete Eq. (2.2) can be obtained directly in 
tensor form by only applying differential operators to in fact as the vector 
com ponent u e VN_ r of the displacem ent s solution of Eq. (2.1) has the ope­
ra to r form

C2.11) u =  RÇ
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it follows from (2.8)

(2.12) < / , o  =  </>«>•
Thus the tensor

(2.13) Çl =  ---- 2 R /

is a particu lar solution of the complete Eq. (2.2); in fact by (2.13), (2.1),
(2.11), (2.12) we have

(2.14) <Dÿi +  2 f , s )  =  — 2 ( D R / ,  j > +  2 < / ,  J )  =  —  2 < R / ,  ç> +

+  2 { f , s )  =  —  2 < / , R £ > + 2 < / , « >  =  0

hence — •— 2 /, on account of the arbitrariness of .s*.
Instead if /  satisfies to (2.3) but not to (2.8), it is not possible, we believe, 

to give a particu lar solution of the complete Eq. (2.2) only by using diffe­
rential operators on / :  in this case [1, sec. 3] the displacement field induced 
by E, has the form

(2.13) s =  U  +  v =  RZ +  SZ +  v ,

S being a linear integro-differential operator; then one can verify, as well 
as for (2.13), th a t the tensor

(2.16) £2 =  — 2 L / = — 2 R / — 2 S /

is a particu lar solution of the complete Eq. (2.2).

c) Structure o f the general solution o f the complete equation.

On account of the previous hypotheses and the supposed linearity  of 
the equilibrium  problem, the general solution of the complete Eq. (2.2) is 
given by the tensor

(2.17) p  — OX — 2 L / .

To explain the structure of this tensor, we briefly recall how the operator O 
can be obtained (see [1] for more details).

T he necessary congruence conditions (they are easily shown to be also 
sufficient) have been searched as follows: for any displacement vector field s, 
solution of Éq. (2.1), the existence conditions of its intrinsic  components 
s and  ̂ are considered; the scalar functions s are univocally obtained by the
oc m a
strain  £, being the following linear and homogeneous combinations 

(2.1-8) j s e e B S A ®  ( a , p  =  r + i , . . . , N )

of SA(£) [1, sec. 3], whereas the com ponents  ̂ are the eventual solutions of
P m

the system

(2.19) s/i =  A A /i  +  M v { —
m mol a  m l I

A A /i  +  S v { +  E vi
mcc a  m i l  m l I
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where A and S = ( M  +  M )/2 =  S are known  scalar functions of the strain,
ma m l m l Im Im ’

and E == (M  —  M )/2 — —  E are arb itra ry  scalar functions Ti, sec. 2I.
m l  v  m l I m '  Im J L ’

Two sets of congruence conditions are thus obtained: if the first set is 
verified, th a t is if

(2.20) Cik =  (A A ji +  M v ) jk — (A A jk +  M v k)n =  o ,
m ma a m l I ma a m l I

the right hand m em bers of (2.19) are •“ irrotational ” , hence the components
s exist. The second set is obtained by m aking zero (N —  r) (N —- r - f  i)/2
intrinsic components cr(oc , ß =  r  +  1 , • • - , N) (which belong to the sub­
m anifold Vn_^) of the tensor

(2.21) Oik =  £>ik (unk H- nkfi) ,

the  vector

(2.22) u - ^ sA h
a a

being the vector com ponent of on V x -r [i, sec. 3].
The com ponents or (containing no arb itra ry  functions) are linear and 

homogeneous functions of the strain and its tensor derivatives (they do not 
exist if r  =  N, i.e. if any displacement field is a linear com bination of rigid 
displacements); furtherm ore, the arb itra ry  functions E, if they  are present,

ml
can be elim inated from  (2.20) (as will be explained by a few examples in the 
next section). Therefore the conditions (2.20), as well as the conditions 
0 = 0 ,  can be given respectively the following operator form

(2.23) Qi £ =  o

(2.24) 0 2 1 =  o

corresponding, all together, to (1.3). In  contrast w ith the case r  =  o [2], 
where the highest order of derivatives can be directly determ ined, in this 
case it can be obtained only after the elim ination of the arb itra ry  functions.

Furtherm ore one can easily verify that, if Ç satisfies to (2.20) (i.e. to 
(2.23)), the conditions (2.24) are equivalent to the following ones

(2.2s) ( I — DL)£ =  o

where 1 is the iden tity  operator and the operator L  is defined by  (2.15) and 
(2.19), which are integrable on account of (2.20).

So the tensor (2.17) can be written as

(2.26) p  == p x -f- —  2 L /

where

(2.27) A  =  Qi X

(2.28) A  =  0 2 u =  (I —  L D ) (a =  (a— L D p ,.
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A t last it m ust be rem arked th a t p x exists only if r  =j= o (that is for m anifolds 
w ith groups of motions), whereas p 2, which is obtained by adding to an 
a rb itra ry  tensor another tensor constructed by m eans of L  and its divergence, 
has the sam e formal structure as the general solution of the homogeneous 
Eq. (2.2), when there are no groups of motions [2].

In  the particu lar case of a ro tation surface (see [5] for m ore details) 
we have two congruence conditions, the first one of the form (2.23) and the 
second one of the form (2.24): hence the solution (2.26), where X and y are 
two arb itra ry  scalar functions, depends upon these two functions and their 
tensor derivatives.

3. Elimination of the arbitrary functions

In  the previous section the solution of the homogeneous Eq. (2.2) has 
been w ritten as the sum of the tensor (2.27) (typical of the m anifolds with 
rigid motions) and of a  tensor w ith the sam e formal structure as the general 
solution of Eq. (2.2) for the m anifolds w ith no rigid motions [2]. I t  m ust 
be stressed th a t one has to calculate the adjoint operator of Oi in order 
to obtain  the tensor (2.27), i.e. the a rb itra ry  functions E m ust be elim inated

m l
from (2.20) (if they  are present): in the general case these functions are 
r ( r —  i)/2, hence they  do not exist when r  =  I (e.g. on the rotation surface), 
and they  reduce to only one function when r  =  2 (e.g. on the surface with 
zero or constant Gaussian curvature). I t  m ust be pointed out that the elim i­
nation of E  does not seem possible if the form of the m etric tensor is not

m l

specified (this m ay be not true in some cases, e.g. if N =  5 and r  =  3 the 
three functions E can be elim inated from (2.20) by solving only an algebraic 
system): therefore if the congruence conditions are w ritten in a linear and 
hom ogeneous form, the invarian t form ulation is lost, differently from  the 
case analyzed in [2]. In  this paper we limit ourselves to showing explicitly 
the procedure in the simplest case, th a t of the Euclidean plane, and to sum ­
m arizing the results for the Euclidean space and the Schwarzschild four- 
m anifold.

For the Euclidean plane (r =  N =  2), it is A =  o, S =  — \ ml, a-k =  :
ma m l 2 m 1 1

the congruence conditions corresponding to or =  o do not exist (r =  N) andaß K '
the conditions (2.20) correspond to the following ones

(3-0 Q Ev;lk v*
s i I m

V 1 +  - E/.'O ’si m
V -
lr

where Q are known functions of the strain and V  — v{ vi .
srm  lr  I r

Referring to orthogonal Cartesian coordinates, the two translations can 
be chosen as linearly  independent Killing vectors: vt =  S,-; defining

(3-2) E ^ A ( 5 , 1 8) ! - S , 2 y ,
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where the function A  is undeterm ined, the two non-homogeneous congruence 
conditions are obtained

(3-3) Q =  A/j-C&ji Sm2 —  8ml 8,2) +  A /wf(8rl 8j2 —  K i K2)
srm

which are equivalent to the unique condition (homogeneous in %ik)

(3-4) 2(Q/2 —  Q/i) =  o
112 212

not containing A; the condition (3.4) is a linear, homogeneous, second order 
differential iden tity  in \ ik \ it is the well-known St. V enant condition for the 
plane, as one can im m ediately verify.

For the Euclidean space, one has to proceed in an analogous way, 
though more complicated: still the components cr do not exist (r =  N) and 
(2.20) give nine non-homogeneous conditions, with three arb itra ry  functions; 
by choosing cartesian coordinates and — §h-, one can reduce them  to six  
linear, homogeneous and second order differential conditions: they  correspond 
to the com ponents Q -  of the St. V enant congruence tensor [8, p. 7].

A t last, let us consider the simplest case of a non-Euclidean four-m anifold, 
th a t is a static and spherically sym m etric m anifold of the Schwarzschild 
type; there are three linearly independent Killing congruences and the solution 

of the Killing equation (2.4) is

(3.5) =  (a ; o ; b cos x 3 +  c sen x 3 ; d  +  cotg x 2 • (—̂- b sen x 3 +  c cos x 3))

(where a , b , c , d  are four a rb itra ry  param eters), if the “ spherical ” coordinate 
system (x° , x 1 , x 2 , x 3) is used where the metric tensor is [9, Ch. 11]

(3-6) aik =  diag • (A (x1) ; —  i /A (x1) ; —  (x1) 2 ; — (x1) 2 sen2 (A2)) .

The congruence conditions can be obtained by the same procedure given 
in [1], just applied in this section to the Euclidean case; otherwise we recall 
th a t the displacem ent sz-(%mn) can be obtained more easily w ith reference to 
its contra varian t components s* th a t is if (1.1) is given the form

(3-7) flit =  \ik  —  O,» s"  +  akm s“ +  aa ,„ sm) =  o.

In  correspondence to any invarian t O not identically zero ^  and in the chosen 
coordinate system  the com ponent s1 is

(3.8) V =  8®/®' (O' s  dO /d*1)

independent of the choice of ®, if \ ik is congruent.

(1) If A ^ 1) =  I — cc/x1 (a =  const.), the metric tensor is a solution, if x 1 =|= o , of the 
field equations '=  o; therefore any scalar invariant constructed only by the metric and 
R^ is identically zero, whereas an invariant constructed by the metric and ~R.ikmn is gene­
rally non zero.
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T hen by the three equations

(3-9) '‘'lio =  o ; v)2D =  o ; 7)30 =  o

one directly  obtains the components s° , s2 , s3 (with three a rb itra ry  functions), 
while the seven conditions

(3-i°) *)<# =  o ; >)oo =  o (a , ß =  I , 2 , 3)

are the searched congruence conditions.
In conclusion, we point out th a t this procedure allows to calculate the 

displacem ent field j,- (whose explicit form is not w ritten here), i.e. the general 
solution of (1.1), as an affine function of the strain \ ik and its derivatives, 
w henever Eik is congruent. As for the particu lar case of the Schwarzschild 
manifold, a paper w ith a detailed analysis of the essential congruence condi­
tions corresponding to (3.10) and the displacem ent field si is forthcoming.

4. Concluding remarks

In  the case of m anifolds w ith rigid motions, the congruence and equi­
librium  problem s discussed in [1] and in the previous sections seem to have 
some peculiar properties, in contrast with the case of no rigid motions [2].

F irstly, two sets of congruence conditions are “ natu ra lly  ” obtained: 
by the first one, given by (2.20), the possibility of obtaining a vector field 
si(&mrò fr°m the strain ^mn is assured; this field is the very solution of Eq. (1.1) 
on account of the second set of conditions, obtained by m aking zero the 
intrinsic components or.

As already stated, arb itra ry  functions m ay be contained in the first 
set of conditions, and can be elim inated, in general, only by an explicit use 
of a particu lar coordinate m apping; for that, and in contrast with the case 
of no rigid m otions [2], the essential congruence conditions and the most 
general second-rank sym m etric tensor w ith zero or given divergence cannot 
be obtained directly  in an invarian t tensor form.

Even if this m ethod seems less elegant and general than  th a t used by [2], 
and the actual elim ination of the arb itra ry  functions is somewhat compli­
cated, notw ithstanding this procedure and the results obtained m ay be of 
some interest, on account of the sym m etries of the m anifolds analyzed and 
their physical m eaning.
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