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Geometria differenziale. — Some Results for Surfaces with Flat
Normal Connection ®. Nota di Banc—veEn CHEN, presentata ® dal
Socio B. SEGRE.

RIASSUNTO. — Vengono classificate le superficie di uno spazio euclideo 7—dimensionale
dotate di connessione normale piatta, con lo studio di opportune equazioni alle derivate
parziali. Alcuni casi particolari vengono approfonditi, facendo varie applicazioni.

§ 1. INTRODUCTION

Let 1 M — R” be an isometrical immersion of a surface M in an
m-dimensional Riemannian manifold, R, and let V and V' be the covariant
differentiations of M and R™ respectively. Let X and Y be two tangent vector
fields on M. Then the second fundamental form #4 is given by

(1.1) VY=V, Y+ 42(X,Y).

It is well-known that 42 (X, Y) is a normal vector field on M and is symmetric
on X and Y. Let £ be a normal vector field on M, we write

(1.2) V€= —As(X) +Dg &,

where — Az (X) and Dy & denote the tangential and normal components
of Vi & Then we have

(1.3) A (X),Y) = (X,Y), &),

where (,) denotes the scalar product in R”. A normal vector field £ on M
is said to be parallel/ (in the normal bundle) if D = o. The mean curvature
vectorr H is defined by

(1.4) H = (trace 4)/2.

The length of H is called the mean curvature of M. A surface M in R™is
said to be minimal if H = o identically. If the mean curvature vector H
is nowhere zero and the second fundamental form /4 satisfies

(1.5) (A (X,Y),H) =1 (X,Y)

for all tangent vectors X, Y on M, then M is said to be pseudo-umébilical.
Let R’, R and RN be the curvature tensors associated with connections
V',V and D respectively. For example, RN is given by

RN (X s Y) - DxDY"——DY DX_—'D[X,Y] .

(*) Work done while the Author was partially supported by NSF Grant GP-36684.
(**) Nella seduta del 9 febbraio 1974.
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For a surface M in R”, if the curvature tensor RN vanishes identically, then
M is said to have flat normal connection, and if the curvature tensor R vanishes
identically, then M is said to be faz. It is known that: the only minimal sur-
faces in a euclidean space E” with flat normal connection are surfaces in a
3-dimensional linear subspace of E”; the only flat surfaces in E* with parallel
mean curvature vector are open pieces of product surface of two plane circles
(including straight lines); for surfaces in E”, the flatness of the normal con-
nection is equivalent to the absolute parallelism of the normal bundle and
it is also equivalent to the simultaneously diagonalizability of the second
fundamental tensors. From these facts, it seems to be interesting to study
surfaces in a euclidean space with flat normal connection.

§ 2. FUNDAMENTAL THEOREM FOR SURFACES WITH FLAT NORMAL CONNECTION

Let M be a surface in an m-dimensional Riemannian manifold R”,
X,Y,W,Z any tangent vector fields on M and let £ and 7 be any normal
vector fields of M in R™. Then the Gauss and Ricci equations are given by

@D (R'X,VZ,W)y=(R(X,YV)Z, W)+ (h(X,2),2(Y,W))
— (A (Y, Z), 5 (X, W)},

(22)  (RIX,VE, 1) =(RYX,V)E,n) + (4 (A (X),Y), )
— (A (A (Y), X), m)

respectively. For the second fundamental form %, we define the covariant
derivative, denoted by Vy7%, to be

23  (VxB(,2)=Dg(h(Y,2)—h(VyY,Z)—h(Y,V,Z).

If the ambient space R™ is euclidean, then the Codazzi equation is given by
(2.4) (Ve &) (Y, 2) = (VA (X,2).

The Gauss and Ricci equations reduce to

(23) (RX,VNZ,W)y=(%(Y,2),5X, W) —(5(X,2),5(Y, W),
(26)  (REX,YV)E,m) = (A (A:(Y),X),m) — (A (A (X), Y), 7).

If the normal connection is flat, RN = o, then, by Propositions 1.1 of
Chapter 4 in [1], we see that there exist (at least locally) 7 — 2 mutually
orthogonal unit normal vector fields & ,---, %, _5 such that

(2.7) Dg =D& = .-+ =D, 2=o0.

Moreover, from (2.6) and the fact RN = o, we see that

(2'8) [Aa’Aﬁ]zoy O(,B=I,"',77Z"—2,
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where A, = A, . From (2.8) we see that there exist two mutually orthogonal
unit tangent vector fields ¢;,e; on M such that, with respect to frame

€1,6,% ," ", &m—g, the second fundamental tensors A, are given by
lq O
(29> Ad:(;aéa)) a=1,2,"--,m—2.

Since M is two dimensional and our study is local, we may assume that
M is covered by isothermal coordinates (x, ) such that the metric on M has
the form ds?2 = E (dx? 4 dy?). In the following, we denote the coordinate
vector fields 9/3x and 9/3y by Xi and Xa respectively, and we put

(2.10) L=42(X1,X1) , M=4(X1,Xs) , N=2(X,,X,)
and
(2.11) Vy,; X =ET X,
Then we have
X1 E X E
(212) Th=Th=—Th=""~ , Th=Th=—Th="""".
Therefore the Codazzi equation (2.4) gives
(2.13) Dx,L—DxM=X:E)H,
(2.14) Dx,M —Dx,N=—(X:E)H .
Since X; and Xg are orthonormal, we may put

(2.15) X1 = cos e; +-sin B¢, , Xg= —sin O¢; + cos Oe, .
Then, with respect to the frame Xi, Xo,&;,---,&,_2, the second funda-
mental tensors are given by

a, cos2 0 -+ b, sin% 0 % (by—ay)sin2 6
(2.16) A, =

% (by— @) sin 2 0 @y sin2 0+ 4, cos? 6

From (2.7), (2.16), the Codazzi equations (2.13) and (2.14) reduce to

(2.17) 2% (@ OS2 0 -+ by sin2 6) — = {(b,— a,) sin2 0} = %(aa + 6y,
El . ) . oE

(2.18) 2 (@qsin? 0 -+ &y cos? 6) — 3 {(by — ay) sin20} = = (@ + b4) .

Moreover, since ds? = E (dx? + dy?), by virtue of (2.9) Gauss equation
(2.5) reduces to

m—2 32 22
(2.10) glaaba———-—%(w—l—v)lnli.

Consequently, for a surface M in E” with isothermal coordinates (x,y) and
metric ds? = E (ds? 4 dy?), if the normal connection is flat, then locally
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there exist 27 — 3 functions (0, ., &,) satisfying the system (2.17), (2.18)
and (2.19).

Conversely, suppose that D is a disc around the origin of the (x,y)-
plane with isothermal metric ds? = E (da® + dy?). Suppose that there exist
2m — 3 functions (0, a4,8,), =1, -+, m—2, satisfying (2.17), (2.18)
and (2.19).

Let N=DXE”? be the Riemannian product of D and euclidean
(m — 2)-space E”"%. We consider N as the total space of a vector bundle
over D with metric ds?. Then N is a Riemannian vector bundle with a usual
connection D. Let & ,---,&,_5 be an orthonormal parallel frame of N.
Such a parallel frame exists because D is the usual flat connection on E™Z,
We define X = 9/ax, Xz = 9/3y and

h (X1, X1) = 2, (g cos? 0 + &, sin® 0) &, ,

(2.20) (X1, Xe) = — 2 {(bs—a,) sin 20} &,

ke (Xe, Xg) = 2, (ay sin2 0 + &, cos? 0) &, .

Then, by the fundamental theorem of submanifolds (see, for instance, p. 48
of [1]), we sce that there exists an isometric immersion of (D , ds2) into E”,
with N as its normal bundle and % as its second .fundamental form, if and
only if E and /% satisfy the Gauss, Ricci and Codazzi equations (2.1), (2.2)
and (2.4). Since R' = o, Gauss equation follows immediately from (2.19);
Codazzi equation reduces to (2.17) and (2.18); Ricci equation (2.2) is

— RY(X;, X & =2 (Aa (X)), X)) — 4 (As (X)), X)),

for¢,j=1,2and « = 1,2, -+, — 2. The left-hand side is zero because
g, are parallel and the right-hand side vanishes on account of the definition
(2.20) of 4.

To sum up, we have the following fundamental theorem for surfaces
with flat normal connection:

THEOREM 1. Let M be a surface isometrically immersed in a euclidean
m—space B with locally isothermal metric ds® = E (dx? + dy?). If the normal
connection of M in E” is flat, then, locally, there exist 2m — 3 functions
O@E, 9,0, y),b(x,9),0=1,2, -, m—2, satisfying (2.17), (2.18)
and (2.19).

Conversely, let D be a unit disc in the (x ,y)—plane with an isothermal
metric ds? = E (da? + dy?). If there exist 2m — 3 functions (0, a,, b,) on
D satisfying (2.17), (2.18) and (2.19), then there exists an isometric immersion
of (D, E) into E” with flat normal connection and with second fundamental
Jorm h given by (2.20), where &, are parallel orthonormal normal vector fields.
Such isometric immersion is unique up to motions in E”.

13. — RENDICONTI 1974, Vol. LVI, fasc. 2.
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The first part of this theorem has already been proved and the second
part follows immediately from the rigidity theorem of submanifolds (see,
for instance, p. 49 of [1]).

§ 3. FLAT SURFACES IN E” WITH FLAT NORMAL CONNECTION

In Theorem 1, we have proved that, locally, surfaces in a Euclidean
m~-space E” with flat normal connection are in one-to-one correspondence
with the solutions (0, @, 4,) of system (2.17), (2.18) and (2.19). In this
Section, we shall try to obtain such solutions for flat surfaces in E? with
certain properties.

Now, we consider a flat pseudo-umbilical surface M in E* with mean
curvature vector H. Then it is clear that the normal connection is flat. Let
£, & be two mutually orthogonal unit normal vector fields such that

(3.1 H=[H[E,

and let ¢;, ¢, be two mutually orthogonal unit tangent vector fields which
are in the principal directions of As. Then, with respect to the frame field
e1,¢3,8 ,8, we have

(3.2) A=(2%) A2 %), e=IHI.

o 2« o —a

Since the normal connection is flat, there exist uniquely two mutually ortho-
gonal unit normal vector fields &;, & such that &, &, are parallel. Let
¢ = ¢ (x,y) be a function defined by

(3-3) . E =cosof +singk, = —sinp& + cosgky,
with @=0 at a fixed point P in M. Now we define a function 6=0 (x,%) by

£l . 2 .
(3.4) X1=§—=c056e1—]—sm6e2 , X2=®=——sm9el—|—coseez.

Without loss of generality, we may assume that (x,y) = (o, o) at P and
0 (0,0) =o0. Then, with respect to the frame field X,;, X,,&,, ?;'2 ,
second fundamental tensors are given by

A acos@ +asingcos20 —asinesin20
(3-5) 17 —asingsin20 acosg—asingcos20
—asing +acospcos20 —acospsin20
(3.6) A= (——acos in20 —asin ¢ — 0/
¢ sin 2 asin ¢ — a cos ¢ cos 2
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Since &, , &, are parallel and E = 1, Codazzi equations (2.13) and (2.14)
reduce to

—3% (cos ¢+ sin ¢ cos 26) + % (—asin o+ acoscpcoszﬁ)—%(zasin o sin 20)

(3-8)
= gf? (sin¢gsin 20) — 2 —99% (asin@cos 20) — —g% (acos @sin20),
——g—; (sin ¢ sin 20) — 2 —g% (a sin ¢ cos 20) — % (@ cos ¢ sin 20)
(3.9)
oz . 20 . 20 . .
= -, (cos ¢ — sin ¢ cos 20) — 5 (@sing +acos ¢ cos 20) + 2 9—(051ncps1n20),
X X X
97 (i -+ ze_aq’< 0s ¢+ asi 20)— 220 in 20
—W(smcp cos @ cos 20) 5y (@cosg+asin ¢ cos ) » (@ cos @sin20)
(3.10)
da . 2l . . 20
=— - (cos @ sin 26) - = (asin ¢ sin 20) — 2 o (@ cos ¢ cos 26) ,
da . 30 ) . .
— % (cos ¢ sin 20) — 2 £ (a cos ¢ cos 20) -+ £ (a sin ¢ sin 20)
(3.11)

= ._@% (sing+-cos @ cos 20)+ 2 *-z% (acos @sin 20) — g;i (acos@ — a sin¢ cos 20).

By computing cos ¢ X (3.8) — sin ¢ X(3.10), we find

dlna __ . op
(3.12) y = Slé 295 cos 20

29
y

By computing cos ¢ X (3.9) =+ sin ¢ X (3.11), we find

(3.13) 5 — cos 2022 sin 20 %% .

ox oy

By computing sin ¢ X (3.8) + cos ¢ X(3.10) and applying (3.12) and (3-13),
we find

29 20 . 20
(3.14) 3 = 08 2055— sin 26@—/—

Similarly, by computing sin ¢ X(3.9) — cos ¢X(3.11) and applying (3.12)
and (3.13), we find

o . 20 0
(3.15) —a;r———smzﬂa—x—}—coszew

Now, by 'substituting (3.14) and (3.15) into (3.12) and (3.13), we find

dlna 20 dlna 20
(3.16) 5 w0 wm —
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From (3.16) we have

#Ina Plna
(3'17) ng + 3}/2 = 0

Since ds? = E (d2? + dy?) on M, (3.17) implies that In @ is harmonic, i.e.,
Alna = o0, where A denotes the Laplacian on surface M. Consequently,
we have:

PROPOSITION 2. Let M be a flat pseudo-umbilical surface in E*. Then
the mean curvature a = |H | satisfies

(3.18) , Alna=o.
As a consequence of Proposition 2, we have

THEOREM 3. Let M be a complete flat pseudo-umbilical surface in E*.
If the mean curvature is bounded below from a positive number, then M is a
Clifford torus, i.e., M is the product surface of two plane circles with the same
radius.

Progf. Since M is complete and flat, M is parabolic in the sense that
there exists no nonconstant negative subharmonic function on M (see, for
instance, chapter 1 of [1]). Since ln @ is harmonic and hence subharmonic,
the hypothesis implies that « is constant. Hence this theorem follows imme-
diately from Proposition 2 and the following

"THEOREM 4 [2]. 7he only flat pseudo-umbilical surfaces with constant
mean curvature in E* are open preces of a Clifford torus.

COROLLARY 1. The only compact flat pseudo-umbilical surfaces in E*
are Clifford tori.

This corollary follows immediately from Theorem 3.

§4. LOCAL CLASSIFICATION THEOREM FOR FLAT PSEUDO-UMBILICAL SURFACES

From Theorem 3 we see that the only compact flat pseudo-umbilical
surfaces in E* are Clifford tori. In this section we shall give a classification
theorem for the local case.

Let M be a flat pseudo-umbilical surface in E* with mean curvature
a=|H|. Then, by §3, we see that, locally, there exist two functions
0=10(x,y), ¢ =09 (x,y) defined by (3.3) and (3.4), satisfying equations
(3.12), (3.13), (3.14), (3.15), (3.16) and (3.17) with the initial conditions

(4.1) 6P =0 , o) =o.
From (3.16) we find

20 | 30
(4.2) W_I—W:O’
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where (x,y) are isothermal coordinates around P with ds2 = da2 + dy2
From (3.14) and (3.15) we find
0 0 0 30

. 302 M\2 6
(4.3) cos 20 45——9},——1- 5T e =251n26{<5’)—(9—x)_m].

Consequently, we have:

PROPOSITION 5. Let M be a flat pseudo-umbilical surface in E* and P
be any point in M. Then there exist a neighbourkood U of P, isothermal coordi-
nates (x,y) on U with metric ds® = dx? + dy?, and a harmonic function
0 = 0 (x,y) satisfying equation (4.3).

Conversely, we shall prove the following existence theorem.

THEOREM 6. Let D be the unit disc centered at the origin in the (x , y)—
plane with the usual metric ds? = da? 4 dy2. Let 0 = 0 (x,y) be a harmonic
Junction on D satisfying equation (4.3). Then, up to motions and similarities
in BY, there exists one and only ome isometric immersion of (D, ds?) into E*
such that

(1) the immersion is pseudo-umbilical, in particular, the normal connec-
tion is flat, and
(2) O satisfies
El

(4.4) % = cos e, - sin Oey, 5= sin fe, + cos Oe, ,

where ¢, , ey are orthonormal vector fields whick are in the principal divections
of the second fundamental tensors.

Proof. Let D be the unit disc centered at the origin in the (x, y)-plane
with the usual metric ds? = d«%2 4 dy2. Let 6 = 0 (x,») be a harmonic
function which satisfies (4.3) on D. We consider a differential system given
by

% . £l o . 26 £l
(4.5) —ay—coszeg smzeg , &——smzea—x——kcpszeg-
Then (4.3) implies that the two equations of system (4.5) are coincident.
Since D is simply-connected, there exists a unique function ¢ = ¢ (x,¥)
on D with ¢ (0, 0) = 0. Now, since 0 is harmonic, the following system is
also coincident

dlna 20 dlna 20
(4-6) ¥y ’ x
Hence, up to a constant, there exists a unique function @ = a (x, ) satisfying

(4.6). Now, let @ = a(x,y) be the given solution of (4.6). By using (4.5)
and (4.6) we find

dlna

4.7) %

=—sin26& —00526ﬁ ,
ox Ay

dlna o9 . o
(4.8) 5 — cos 20—~ smzﬁgy- .
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Now, we define four functions a1, a2,61, 82 by
a=a(cos@ +sinew) , @ =al—sing + coso),

by =a(coso—sing) , by = a(—sing—cosg).

Then, by using (4.5), (4.7) and (4.8), we see that functions (0, @ , @y, b1, b5)
satisfy equations (2.17), (2.18) and (2.19) with E = 1. Hence, by Theorem 1,
there exists an isometric immersion of (D, ds?) into E* with second funda-
mental form 4 given by

2
2(X,X) = 2 (@ cos?0 + b, sin20) &, ,
a=1

2
(49) }L<X: Y) = E(ba_aoc> sin29§a,

a=1

2
(Y, Y)= D, (a,sin20 + 4, cos20) %, ,
a=1

where &;, & are two orthonormal parallel normal vector fields. From (4.9),
it is easy to see that the immersion is pseudo-umbilical and 6 satisfies (4.4).
This proves the first part of the theorem. The second part follows then imme-
diately from the rigidity theorem of submanifolds.

From Proposition 5 and Theorem 6, we have

THEOREM 7. Locally, flat pseudo-umbilical surfaces in B* are one-to-ome
correspondent to a pair (9, c), where O is a harmonic function satisfying (4.3)
and ¢ is a nonzero constant. Let the surface associated with (9, ¢) be denoted
by M (0,¢). Then M (0, ¢) is an open piece of a Clifford torus if and only if
0 2s constant.

Proof. The first part of this corollary follows from Proposition 5 and
Theorem 6, where constant ¢ comes from similarities. For the proof of the
second part, if M (6, ¢) is an open piece of a Clifford torus, the mean curvature
vector is parallel. Hence ¢ is constant. Hence, from (4.5), 0 is constant.
Conversely, if 0 is constant, then (4.6) implies that the mean curvature is
constant. Thus, by Theorem 4, M (0, ¢) is an open piece of a Clifford torus.

REMARK. It is very interesting to decide whether the only harmonic
functions satisfying differential equation (4.3) are constant functions. If
it is so, the local version of Corollary 1 holds. Otherwise, there exists some
flat pseudo-umbilical surface in E* which is not an open piece of a Clifford
torus.
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