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Equazioni funzionali. —  A  fix ed  point theorem based on the use 
of an auxiliary fu n c tio n a le). Nota di C h r i s t i a n  F a b ry ,  presen
tata (**) dal Socio G. S a n so n e .

RIASSUNTO. — Si presentano teoremi di punti fìssi per funzioni non necessariam ente 
continue definite su spazi topologici com patti o su sottoinsiemi debolm ente com patti di spazi 
vettoriali topologici. I risultati generalizzano teoremi ottenuti da W. A. K irk per applicazioni 
nonespansive.

i. The aim  of this Note is to present a fixed point theorem  which 
provides a generalization for the following results of W. A. K irk [1, 2].

Theorem i. Suppose X is a nonem pty, weakly compact, convex subset 
of a Banach space E, and suppose that X has normal structure. Then, fo r  every 
nonexpansive m apping  T  : X X, there is a po in t a: in  X such that x  =  T x.

Theorem 2. Suppose X is a nonempty, weakly compact subset o f a Banach 
space E. I f  T  : X —>■ X is a nonexpansive m apping which has dim inishing  
orbital diameters, then there is a po in t a: in  X such that x  =  Tx.

Let us recall th a t a m apping T  : X -> X is nonexpansive if || T x  — T y  || <  
<  \\ x  —  y  \\' for all # , y  in X and th a t it has dim inishing orbital diam eters 
if, for each j e X ,  x  =j= T x,

8 (Q (x)) <  00 and lim S (Q (T*x)) <  8 (Q (x))
« - >  00

where 8 (Q (x)) is the diam eter of the set Q (x) =  { T nx  ; n =  o , 1 , 2 , • • • }. 
On the other hand, a bounded convex subset X in a Banach space E  is said 
to have norm al structure if, for every convex subset H of X which contains 
m ore than  one point, there is a point x  e H which is nondiam etral, th a t is, 
for which

sup { Il x  — y  II : y  e H } <  S (H) =  sup { || x  — y  || : x  , y  e H }.

2. O ur first result provides a fixed point existence criterion in the ge
neral fram ework of a com pact topological space X; it involves the use of a 
function (Ji : X x X - > R  (with adequate continuity and boundedness proper
ties) such th a t ^ (Tx  , Ty) ;< ty (x , y) .  O ther fixed point theorem s based on 
the use of an auxiliary  functional have been given by M. Furi and A. Vi-

(*) Lavoro eseguito durante un soggiorno dell’Autore presso l’Istituto di M atem atica 
A pplicata. Facoltà d ’ingegneria. U niversità di Firenze.

(**) Nella seduta del 9 febbraio 1974.
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gnoli [3] and by J. H. George, V .M . Sehgal and R. F. Sm ithson [4] (see 
also J. W. Thom as [5]); the m ain difference with the present approach is 
th a t the auxiliary  functional was defined on X ra ther than  on the product 
X x X .

Theorem 3. Let X be a nonempty compact topological space and  let 
T  : X -» X (not necessarily continuous). Let ms assume that a function  

: X X X -> R  exists such that

(i) (fix  € X) , ^ (pc , •) is lower semi-continuous (l.s.c., in short),

(ij) (Vy e X ) , i | i ( - j )  is l.s.c.,

(iii) (fix  g X) (Vy e X), the set { (x , T ny); n  =  o , 1 , 2 , • • •} is 
bounded in  R,

(iv) (Vy G X), the fu nc tion  Q (• , y )  =  limsup ^ (• , T ny) is l.s.c.,
n — >  00

(v) 0/ x e X ) { V y e X )  ,<ï (Tx , T y ) < < b  (x ,y) ,

(vi) (VH C X : H closed, T  (H) C H, H containing more than one point) 
(3x  e H , y  6 H) , limsup (x  , T n y )  <  sup {ty ( x , y )  : x  e H  , y e  H }.

« - » O O

Then there is a po in t r e X  such that x  — T x.

Proof’. 1) Let <I> be the fam ily of closed and nonem pty subsets H of X
such th a t T  (H) C H (invariant sets). The fam ily <D is nonem pty, since 
X G $ , and can obviously be (partially) ordered by inclusion. It then results 
from the com pactness of X and from Z orn’s lem m a th a t €> contains a m inim al 
element, say  K.

2) For y  e X , let K 0 (y )  =  { x  e K  : Q ix  , y)  =  inf Q ( u , y ) }; as Q ( •, y )
U G K

is l.s.c., the set K 0(_y) is nonem pty and closed. M oreover, it is invarian t since 
Q 0 ^x  > t) <  Q (x  , y )  for i g X j g X !  By the m inim ality of K, it then 
results that, Vy G X , K0(jy) — K and tha t Q (x  , y )  is independent of x e K .  
Let us then introduce the function r  : X -> R  defined by r  (y)  =  Q (x , y),  
x  being any  elem ent of K.

3) Let r0 =  in f {r  (y)  : y  G K}; it is clear that

(Vs >  o) (3y G K) f i x  G K) (3N >  o) f i n  >  N) , ( x , T * y )  < r 0 +  e.

The set S (x , s) =  { y  G K : ^ (x , y)  <  r0 +  s )  is nonem pty and closed; 
as K is com pact and as the fam ily {S (x , s) : x  G K , s >  0} has the finite 
intersection property, the intersection S =  n  n  S (x , s) is nonem pty and 
Closed. £>0 xeK

4) ^  be shown now th a t T (S) C S which will imply, by the m ini
m ality  of K, th a t S =  K. Indeed, Vx  G K, Vy G S, the following relations 
hold:

+ ('Lr , Ty) <  (x , y)  <  rQ
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and, therefore, sup { (x , T »  : x  E T  (K) } <  r 0 , for all y  E S. But, the closure 
c lT (K ) of T (K ) is invarian t because T (K ) C cl T (K ) C K, which implies 
th a t cl T  (K) =  K. As ^ (• , y)  is l.s.c., it then follows th a t sup f ix , T y) :
x  e K } <  r0 or th a t T y  E S, for all y  E S.

5) For all x  E K  , y  E K,  the following- relation then holds:

^ (x , y)  <  r 0 =  in f { limsup ^ (x , T ny)  : x  , y  E K } ;
«—>00

this relation, together with hypothesis (vi), shows th a t K m ust consist of a 
single point.

3. A  sim ilar result can be given when X is a weakly com pact subset 
of a locally convex topological vector space (LCTVS) E. In th a t case, it is 
possible, as shown by the following lemma, to m ake appropriate hypotheses 
about the function ^ (• , y )  : X R in order to get the required properties 
of sem i-continuity for the function Q (■ , y)  =  limsup ^ (• , T ny).  Let us

n - >  00

recall th a t a function ip : E -> R  is called quasi-con vex if the sets P (r) =  
=  { y  E E : ty(y)  <  r},  r  E R, are convex.

LEMMA. L et E  be a locally convex topological vector space. I f  a fa m ily  
{ : n  =  o , I , 2 , • • • } o f real quasi-convex functions defined on E is bounded
at each po in t o f E and is equi continuous, then the function  Q : E -> R : x  -> 
-> limsup (x) is quasi-convex and  l.s.c., and thus weakly l.s.c.

n - >  00

Proof. It m ust be shown th a t the sets P (r) =  {x  E E : Q (x) <  r}, 
rE  R, are convex and closed, and thus weakly closed.

1) Let us prove first that, Vr E R, the set P (r) is closed.
Let x  E cl P (r); the equicontinuity  of {<pn : n ~  o , 1 , 2 , • • •} implies that

(Vs >  o) (3u  e P (r)) Qtn >  o) , | <\>n (x) —  ^  (u) | <  s/2 .

On the other hand, it results from the definition of Q that

(Vs > 0 )  (Vu e E) (3N >  o) (Vn >  N) , (u) — Q (u) <  s/2 .

Therefore, it is clear tha t

(Vs >  o) (3N ' >  o) (Vn  >  N ;) , (x) <  r  +  s ,

which shows th a t Q ( x ) < r  and th a t P (r) is closed.

2) Let x 1 , x 2 E P (r) and let us show tha t any  point x  belonging to 
the segm ent \ x ± , x 2] is also in P (r). By hypothesis, Q(x^) < r  for i — 1 ,2  
and, therefore,

(Vs >  o) (3N,. >  o) (Vn  >  N,) , ^  (xt)  <  r  +  s ( I  —  I , 2);
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taking N — m ax {Ni , N2} and using the quasi-convexity of ip, one obtains 

(Vs >  o) (3N >  o) Qs/n >  N) , (x) <  r  +  s

or Q(x)  <  r  for x  G [x1 , #2]-

We are now able to state our m ain result. In the theorem , X is a weakly 
com pact subset of a LCTVS E and O denotes the fam ily of nonem pty inva
rian t subsets o f X which are intersections of X with closed convex subsets 
of E.

THEOREM 4. Let X be a nonempty weakly compact subset o f a LCTVS E 
and let T : X -> X (not necessarily continuous). Let us assume that a function  
+ : E x E - ^ R  exists such that

(i) ( V t e X ) , t ) i ( r , - )  is quasi-convex and  (strongly) l.s.c. on E,

(ii) (Vy G X) ( •, y) is quasi-convex on E,

(iii) the fa m ily  o f functions  { ^ (•, y) : y  G X } is (strongly) equicon- 
tinuous on E,

(iv) (fix  G E) (Vy g X), the set { (x  , T ny) : n =  o , 1 , 2 , • • •} is 
bounded in  R.

(v) (V* e X) (Vy  e X ) 4  (T x  , Ty) <  * (x  , y ),

(vi) (VK € <I> , K containing more than one point) (3x  e K j e K ) ,  
limsup ^ (x  , T 71 y )  <  sup { ^ (x  , y ) : x  , y  e K }.
n—>oo

Then , there is a po in t r t X  such that x  =  Tx.

Proof. The proof follows very closely th a t of Theorem  3 and will be 
given only in its broad lines; the notation will be similar to th a t of Theorem  3.

1) It is clear th a t ® has a m inimal element K, a set H e ® being 
closed for the topology induced on X by the weak topology of E.

2) For y  e X, let again Ko(y) =  {x  £ K : Q (x , y ) =  in f Q (u , y ) };
ue K

as Q ( - , y )  is l.s.c. and quasi-convex (lemma), the set K o(y) is nonem pty 
and is the intersection of X w ith a closed convex subset of E. M oreover, 
K o(y) is invariant, and therefore K o ( y ) ~ K .  As in theorem  3, a function 
r  : X - > R  can be introduced by the definition r ( ÿ )  =  Q (x , y),  x  being any 
elem ent of K.

3) If  r0 =  in f {r ( y ) : y  e K}, the sets S ( x  , e) =  { y  G K : ^ (^r, y)  <  
< r 0 T  s} where r e K , s > o  are nonem pty and are intersections of X 
w ith closed convex subsets of E. The same will be true for S =  n  n  S ( x ,  e),

£ > 0  xe K
4) It can be shown th a t S is invariant and thus th a t S =  K. Indeed, 

it is clear th a t sup {ty(x  ,T y) \ x  e T  (K)} <  r0 . But, the intersection of K 
with the convex closure cocl T  (K) of T  (K) is invariant; it then results th a t 
K =  K n  cocl T  (K) and th a t sup { ^ (x , Ty) : x  G K} <  r0 .

5) The conclusion then follows as in Theorem  3.
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In  fact, the function need not be defined on the whole product E  X E, 
bu t only on cocl X X cocl X, the hypotheses being then modified accordingly. 
On the other hand, it can be seen that, when E is a Banach space and is 
defined by , y )  =  \\ x  — y  | | , Theorem s 1 and 2 are special cases of T heo
rem  4, as hypothesis (vi) m ay be replaced by either one of the following two 
conditions:

(vi') (VK e , K containing more than  one point) {fix e K), 
sup (x , y)  : y  e K } <  sup { + (x , y)  : x  , y  e K} ,

(vi") Qix £ X , xf i=Tx)  , lim [sup {ty(Tmx  , T nx)  : m  , n  >  N}] <
N ^ o o

<  sup { ^ (Tmx  , T nx) : m  , n >  o}.

Indeed, the first condition obviously implies (vi) whereas the second one 
implies that, for any  invarian t subset K of X, either K contains a fixed 
point or there exists i e K ,  N >  o such tha t

sup { ^ (TN;r , T nx)  : n  >  N } =  sup {vp (Tmx  , T nx)  : m  , n >  N } <

<  sup { ^ ( x  , y )  : x  , y  e K} .
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