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Equazioni differenziali ordinarie. — ZBoundedness of solutions
of perturbed systems of differential equations. Nota di RopNey S.
RamBaLLy, presentata @ dal Socio G. SANSONE.

RIASSUNTO. — L’Autore considera il sistema x'=f(¢#,x) e il sistema perturbato
y'=f@&,y)+g(,y) e da condizioni sufficienti atte ad assicurare la limitatezza delle
soluzioni del sistema perturbati. In particolare ¢ considerato il caso in cui f(#,y) & lineare.

1. We consider the systems of differential equations

(D) x' =7, x)

(2) Y =50 +gt,y)

where x , ¥, f and g are z-dimensional vectors and where #(¢, 0) = o, thereby
making x = 0 a solution of (1). Let |-| denote a convenient vector norm and

a corresponding matrix norm.
Assume there exists a solution x(#) of (1) which is defined for all # > #,.
Recall that the solution x = o of (1) is said to be

a) uniformly stable if for each &> o0 there exists a § = §() > o0
such that if x(#) satisfies |x(#)| < & for some # >#,, then |x ()| < ¢ for
all >4 ;

b) uniformly asymptotically stable if, in addition to (a), there is a
8 > 0 and for each € > o there exists a T = T(¢) > o such that whenever
|2 (#)| < 8 for some # >1¢,, then |x(¥)| < e for all £>4# + T.

We shall usually denote the solution of (1) through (7, , o) by x(¢, ¢, , x,)
and similarly the solution of (2) through (4,5, by ¥ (¢, %, ¥o)-

2., For the first theorem we assume that f satisfies a uniform Lipschitz
condition on Dy = {(¢#,%):¢#>0,|x|<M,M >o0}. Let L be the Lip-
schitz constant.

THEOREM 1. Leto <t < oo and o<r <H. Assume there exists o >0
such that whenever |y|<a, |gt,y)|<o(,|y|), whre o(t,r) is a
continuous, scalar function which is monotone, non-decreasing in r for eack

Jixed t and whick satisfies

[o9)

{m(t,c)dt<oo Jor o<ec<H, o< a < oo,

!

a

Assume that the solution x = o of (1) is uniformly asymptotically stable. Then
Jor each & > o there exists a 8 > 0 and T > 0 such that if t,>T and |y,| < 3,
then |y(¢,ty,v0)| << for all t>1¢,.

(*) Nella seduta del 9 febbraio 1974.
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We need the following lemma in order to prove the theorem.

LEMMA 1. Let x(t,1y,5y) and y(¢,1y,7,) be solutions of (1) and (2)
respectively.  Assume that |y(¢,1y,7)| < a for te€[iy,iy+ 7] for some

T>0. Then
7

¢ 10, 50—, To, T < & [a(e, ) ds
fo
Jor te iy, 1, + 7]
Proof. For simplicity, we denote y(s,1y, %) and x(s, 1y, ) by v(s)
and x(s) respectively. Now

Iy<t’zorj70>——x<trf0’j}0)!

4

~

370+J s y() +g(s,v(s)]ds

%,

—Fo— | f(s,x(s)) ds
J

0

/ Lf(s, 9(8) —F(s 2 () + g (s, ()] ds
1,

< [L|y(s)—x(s)[ds+fco(s,|y(s)|)ds.
i iy

Hence (Brauer [1], Lemma 2)

|y, 1, 50) —x(, 1o, Fo) |
K
< J (s, [y(s)]) &= ds
o
‘t
geLTJw(s,oc)ds.

fo

Proof -of Theorem 1. Let all constants corresponding to (1) be starred.
Let o <e<a Choose § = 3(c) = 3" (¢/2) (where 8 is as in the definition
of uniform stability of the zero solution of (1)) such that § < e. Let 7 = ©(c) =
= T"(3/2) and choose T large enough such that

’ 3
’co(s,oc)ds< —
2¢

T
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Finally choose 4y > T and |, | < 3. Note that for such a y,, |2 (¢, 2, Vo) | <ef2
for ¢=¢ and |x(¢,4,yy)| <8/2 for ¢t >ty + T"(3/2). Provided that
ly(,2,50)] <e<a for €[4, 4+ ©], we have, using Lemma 1,
ly@ 20,20 <1y, 20, 90) — 2, to, 30)| + 1%, %, y0)]
4
geLTJ o(s, oc)ds—l—;
Za
t

<" {m(s,oc)ds—}—;
J
T

3 >
Thus y(¢,#,, ) can be continued to the whole of [#, %, + 7] and on this
interval |y (¢,%0,50)| <e. Let yy =+ 7v,%,%). Then
Iyl <Im—=x@+ 7,2, 20| + 12+ 7,%,0]
3 3

Assume that for some 7 >o0,|y(t,2,,70)| <e for #€[t,t,-+ mr] and
that |y (2o + mv, 2y ,50)| <3. Let v, =y +m7,%,5). We would
like to show that [y (z,2y,50)| <e for t€ [ty +mv, 2ty + (m + 1) 7]. Let
us consider y(z, ¢y + mv,y,) on [ty+ mv,ty+ (m + 1) 7]. Provided that
ly@t, 2o+ mT,9,)| <eon [ty+mr,ty+ (m+ 1) 7] we have

|J/(l',l‘o+m’f,ym)| é U/(l‘;l‘o-l—m’F ,ym)—x(f:l‘c»‘i‘m’r y.ym>l
+lx(, o+ mT, 9,)l

¢
< eL’fw(s, o) ds+%
to+mT

t

L~ €
<e Jm(s,oc)ds—{—?
T

<Xic .
2 2
Thus |y(¢,%,50)| <e on the entire interval [ty + mt, 2ty + (7 -+ 1) 7].
Finally, let ¥,.1 =y(tg+ (m + 1) v,%y,%y). Then
| Y| <N ylo+ n+ 1) 7, g+ mr,y,)
_x(tO—I—(m—i_ I>Tyl‘0+m’t’ym)l
+ 2@+ (m+1) 7,20+ mr,9,)]|.
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This follows because y (¢, 4, ¥o) can be continued to #, + (# + 1) 7, thereby

making y (¢ + (m + 1) 7,24 ,50) and y(to+ (m+ 1) 1,4+ m7,y,) equal
Thus

3 3
Since |y (2,2 ,50)| <e on every interval [y + mT,#,+ (m + 1) <], then
|¥(¢,%,%0)| <e on [t,00). The proof of the theorem is now complete.

We shall now consider the case when our homogeneous system (1) is
linear. In Theorem 2, we study the systems

(3) ¥=ABx
4) V=ABy -+, y)+ 60,

where A(?) and f are continuous. Let X (#) be a fundamental matrix of (3)
and let Xj be the subspace of points in R” which are values for # = o of the
bounded solutions of (3). Let Xz be a fixed subspace complementary to X;
and let P; and P2 be the corresponding projections of R” onto X; and Xas.

THEOREM 2. Assume that

¢ 9]

J |X@® Py XN ) [ ds + || X (@) P2 X 1(s)|7ds < K

if ¢
- for some positive constant K. Let f(t,y) be a continuous function such that
lf(ﬁh)"f(%%)l SYIyl_yZ‘ where YK<I"

0 <t<oo, [y |<B, |yl <B for some constant B. Assume that | 6(¢)| €
€L’[o, o), where 1<p<oco and 1p+ 1lg=1 and let the 17 norm of
[6@)|, 161,, be such that

(1 —vK)
T

Then there exists a unique solution y(£) of (4) such that |y(£)| <P.

Proof. Let y(¢£) be any continuous function such that | y(#)| < p and let

w@=fX@HXﬂ®@®+ﬂaﬂmms
0

—fX@mXﬂ®@®+ﬂ«ﬂmw&
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We claim that 7 is a contraction mapping. This follows because

|1 — 1y | = | J X () Py X(5) (b(s) + £ (s, 21(s) ds
0
—| X (8) Py X1(5) (B(s) + /(s 1 31 (5))) ds

_ / X (2) PLXN(s) (6(s) + £ (s, 92(s) ds

o0

[ XORXNOCO+/6, 7 @) ds

¢

_ i J X (@) Pr X7 (f(s, 51() —F (s, pa(s))) ds
[}

+ j X (8 Py XU(s) (F(5 5 23(9)) —F (51 21.(s))) ds

< f X&) Py XU (5, 91() —F (s 32 ()] ds
0

+ j | X () Pe XL() | 1G5, 91(5) —F (s, ()| ds

gle@PlX‘l(snY1y1<s>—y2<s>rds

+[|X<t> Po X-1(5)] v | 91.(5) — ¥2(s) | ds

< |y1—x2| YK.

We wish to prove that |ty (¥)| <B. Now

ey (@) = ' IX(&‘) PrX7(s) (6(s) +/ (s, y(s)) ds

— [XO P X0 ¢ +76, 36 ds
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t t

gf]X(t)Plx—l(s)é(sﬂderf]X(z) Py X71(s) £ (s, (s)) | ds
0 0

(o)

+f|X<r> P2 X 6| ds+ [ 1X() PaX2(5) £ s, y() | ds

11

g( f| X P X—1<s>|“ds)wl b ,p+YBf| X () PL X71(s)| ds
0 0

o0 e}

H [ixorxa@ra)is], e [1X0nx©l o

t

This last inequality was obtained by applying the Hélder inequality. We
now conclude that

@1 <16],2K" 4+ yBK <.

By the contraction principle, the integral equation y = 1ty has a unique
solution y(#) such that |y(#)| < 8. Bydifferentiation, we see that this y ()
is a solution of (4).

Let us now assume that our perturbed linear system is

(5) Y=ABy+fE, ),

where |f(¢,y(®)| €L[o, 00). Let the I norm of Jf(t,y) for |y| < B be
denoted by | f IE and let X (#), P1 and Pz be as previously described.

THEOREM 3. Assume that
¢ [e]
1/g 1/g
<f|X(¢)P1 X“l(s)lqu> +(f|X<¢>P2 X‘l(s)l"ds> <K.
0 ¢ ‘

Let x(¢) be a solution of (3) such that | x(£)| < a for some constant o and
assume that

20 o

Then there exists a solution y(t) of (5) such that |y(#)| < 2a.
Proof. For |y(#)| < 2a define the integral operator G by

G@)=x@®+ f XOPIXs) f(s,p(s) ds
0

fee]

— [X@OP X0/, (s ds.

¢
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Then

Gy <1x@] + f!X(f) Pr X ()£ (s, ()] ds
0

oo}

+ J'i X (2) P XL(5)| | (s, #(s)) | ds

t

<t f X0 B X lqu)wif e

0

<+_

( f[ X (0 P X0 ds] 172

<a+|f["K
<ot o=2a

Thus Gy is uniformly bounded for all y(#) such that |y(#)| < 2a. The
continuity of f can be used to establish the continuity of G. Now Gy is a solu-
tion of

©) V=A@ v+f(,yQ@).

since x (#) is a solution of (3). Hence Gy has a uniformly bounded derivative
on finite intervals, from which it follows that { Gy } is equicontinuous. All
hypotheses of Schauder’s fixed point theorem are satisfied and hence the
equation Gy = y has a solution y (¢) such that |y(#)| < 2a. Because of (6),
this y (¢) is also a solution of (3).

Remark. To handle the case when p = 1 we assume that
IX@OPLXT()| <K, o<s<y,
IX@ P X< K, o<r<s.

The proof remains almost the same.
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