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Equazioni differenziali. — Remarks on some boundedness theorems 
of Ezeilo and Tejumola. Nota di H. O. T e ju m o l a , p re se n ta ta  (#) 
dal Socio G. S a n so n e .

R iassunto. — L ’A utore estende un risultato di definitiva lim itatezza delle soluzioni 
di un ’equazione differenziale del quarto ordine non lineare da lui precedentemente ottenuto 
in collaborazione con J .O .C . Ezeilo.

In  the paper [2] we considered the differential equation 

( 0  * IV +  &iX +  a2x  +  (p (x) x  +  a±x =  p  ( t , 'x , x  , x  , x ) ,

where a± , a2 , a4 are constants and the functions 9 and p  are continuous. 
It was shown th a t all solutions of (1) are u ltim ately bounded if al > 0 ,  a2 >  o, 
aA >  o and if

(2) 9 (V) >  o , a ia2 (p (x )~ (p 2 (x) —  a*a4 > 8  for \ x \ > i ,

(3) I P ( t , ^  , y  , ^ , u) I <  A0 for all t , ^  , y  , z  , u ,

where 8 >  o , A 0 >  o are constants.
T he object of this note is to point out th a t this result extends readily  

to an equation (1) w ith the constant replaced by a function of x  which is 
not necessarily nearly  constant. *A sim ilar consideration applies to the equa
tions studied in [3].

Consider the equation

(4) ^ IV +  % x  +  (x) x  +  9 (x) % +  x  =  p  ( t , x  , x  , x  , x),

in which ip is a continuous function, a1 , a4 are, as before, constants and 9 , p  
are continuous. The following result holds.

Theorem i . Let
y

( s )  ^  (y)  =  j  G O  ds
b

and suppose there is a constant a2 >  o such that

(6) {¥ * 0 0  —  a2 y }  =  o( i )  as | y  | -> 00  .

Let 9 , p  sattsfy condittons (2) and  (3). Then there is a constant D >  o whose 
magnitude depends only on a1 , a2 , a4 , § , A 0 and  XF such that every solution

(*) Nella seduta del 9 febbraio 1974.
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x(i) of (4) ultimately satisfies

(7) 1*001 < D  , \ x( t ) \  <  D , | * ( 0 | < D  I *  (if) I I).

Ezeilo’s exam ple [1; §1] of a function ip (y) defined by

(y)  =  «2 +  Y  sin { y  ne^j

and for which condition (6) holds shows th a t (6) does not necessarily im ply 
th a t Y  (y) is nearly  constant or u ltim ately positive. A  consequence of this 
condition is the estim ate

(8) I Y  (y)  —  a2y  | <  M for all y,

for some finite constant M.
The proof of Theorem  1 is essentially the same as th a t of [2] except 

for some modifications which we now point out. T ake (4) in the system  form

* = y  . , y  =  z z =  u —  a1 2 — ®(x)  —  { xF ( y ) — a2 y},

(9) u =  —  a2z  —  a4 x  +  p  ( t , x  , y  , z  , v \
X

® (x) =  j  9 (s) d^ v =  u  —  a± z  —  ® (x) —  { Y(_y) — a2 y }
0

and use the function V =  Vi +  V 2 +  V3 defined by (4.3)-(4.6) of [2] but 
w ith ax , a2 , a4 playing the roles of a , b and c respectively. For precisely 
the same reasons in [2, §5] V  satisfies

(10) V , y  ) # , u) -> +  00  as x 2 f i  y 2 f i  z2 f i  u2 00  .

Because of the term  — { Y (j/)  —  a2 y }  in (9) above, which is absent in (4.1) 
of [2], the expression (6.2) of [2] for Ü i will have to be augm ented by

—  {a2x  +  a1y  +  z}  [Y (j/) —  a2 y \  

so that, in view of (8), the estim ate (6.6) of [2] would now read

(11) Ux <  —  D 8 (*2 +  z2) +  D 9 Q x \ + \ y \  +  \z \ + \ u  \ +  1),

for some constant D9 >  o w hich depends also on M. The other relevant 
details which lead to the proof o f 3(4.8) of [2]:

(12) V* <  —  I provided x 2 f i  y 2 f i  z2 f i  u2 >  Dò

are as in [2; §7]; the term  D9 | ^ | in  (11) being com pensated for b y —~D$z2. 
Corresponding to the equation (1.4) of [3] we consider

(13) x <m +  ax x  +  (f) (£) x + g  (£)'+  ai x  =  p  ( t , X , x  , x , x ),

where ax , aA are constants and the functions 41, g  and p  are continuous.
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THEOREM 2. Let be defined by {fi) and suppose there is a constant a2 >  o 
such that conditions (6) holds. Suppose further that ax >  o , <z4 >  o and that

(i) there are constants Y]0 >  o, dx >  o such that

g(y)ly> 0 (l^l>ï)0),

Æ i Æ 4 > d i  ( I  . y  I >  % )  >

(ii) p  ( t , ̂  , y  , z y u) satisfies (3). Then there is a constant D >  o 
depending only on a1 , a2 , aA , v)0 , di , A 0 , and g  such that every solution 
x  (t) of (1.3) ultimately satisfies (7).

In  the special case ty(x)==a2 , Theorem  2 reduces to [3, Theorem  1].
Let V0 == V0 (x  , y  , 2 , u)  be the function (4.1) of [3] and consider (13) 

in th e  system  form

± =  y  , j  =  z , z =  u —  { T ( » —  a2 y ) ,

u =  — ay u  —  a2z —  { g ( y ) — ay ( Y ( y ) — a^y)} — a4 x + p ( t ,  x , y ,  z  , v),

v =  u  —- { Y  (jj/) •— a2 y ) .

Then, in this case, the expression (4.5) of [3] for V0 will have to be augm ented by 

—  [2a4x  +  a2 s —  ax u] { Y (jk )— a2 y ) ,  

so that, by (8), the estim ate (4.3) of [3] now reads

(14) V 0 <  —  D3 (y 2 +  u2) + D 4 ( | ^ | + | y | + | ^ | + | 2 / |  +  1)

for an appropriate choice of D 4 >  o which also depends on M. In order to 
take care of the term  D4 | x  | in (14) (but which is absent in (4.3) of [3]), 
redefine the functions Vi =  Vi (x , u), V2 =  V2 (y , z) given by (5.2) and (5.3) 
of [3] as follows.

f k u s g n x  , \ x \ > \ u \ \
Vi — I I I I I I , X — a. D . I ,\Kx sgn u , I u  I >  I. x \ )  4 4

_ / —  (2D4 +  Xa2) j s g n ^  , \ z \  > b | \
2 _  (2 D4 +  X«2) 2 sg n ^  , \ y \ > \ z \ )

Then, as in [3, §5], one shows th a t V = V o + V i + V 2  satisfies (10) and 
( 12) for a suitable choice of the constant D ò .

O ur last result concerns the equation

(15) x ÏVjr f { x )  x  +  4* (•£) ^  +  as % +  a± x  =  p  ( t , x  , x  , x  , x),

in which a3 , aA are constants and / ,  f i  and p  are continuous functions
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T h eo rem  3. Let a2 >  o be a constant such that the function  Y  defined 
by ( 5) satisfies (6) and suppose that

(i) there are constants Ço >  o  ,  62 >  o such that

/ 0 ) >  o  ( U l > g ,
« 2  /  0 )  —  <4 —  a4f 2 (z) >Ó2  ( I  z  I >  Q ,

(ii) p  ( t , x  , y  f 2 , u) satisfies (3). 7%^^ zT <2 constant D >  o whose
magnitude depends only on a2 , a3 , a4 , Ç0 , d 2 , A 0 , /  Y  such that every 
solution x  (f) of (15) ultimately satisfies (7).

Take , (15) in the system  form

± = y  , j  =  S , £ =  « ---{Y  ( j ) ------------- ,

ü =  — / (*)  \u ~  { T O ')  —  a2 y } ] ~  (HZ —  a*y +  +  P (t , x  , y  , z  , v)  ,

» =  « —  { 'F ( j ) — a2 y}>

and consider the function V  =  Uo +  U i +  U2 given by  (10.1) of [3] but 
w ith /  playing the role of i|;. H ere the expression (9.2) of [3] for Üo has to be 
augm ented by

—  \a2 a4x  +  a2 a3 y  +  —  2 a4) s +  a3u — f (2) { 2 a4 y  +  a2 u}] { Y  (y)  —  a2 y  }

and the estim ate (9.6) of [3]:

Ûo <  — D4 ( y 2 +  z2) +  D5 (I x  I +  I y  I +  12 I +  I u I +  1)

still holds for Ü 0 (for a suitable choice of D5 >  o) since | f  (fi) | is bounded 
and Y  satisfies (8). The rem ainder of the argum ents em ployed in § 10 and 11 
of [3] to show th a t V==Uo +  Ui +  U2 satisfies (10) and (12) carry  over 
to the present case.

Remark. Theorem  3 extends to an equation

x lY+ f  , x) * +  + (fi) x  +  a3 it +  a4 x  =  p ( t , x  , x  , x  , x),

in which /  depends on x  as well as on x  provided the corresponding restrictions 
on (x , x) in [3, Theorem  3] are placed on f ( x ,  x)  and Y , p  satisfies (8) 
and (3) respectively.
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